1O. 1. ZKypasnés, FO. A. ®aépos,
M. H. Bsanbri

JIncKpeTHbI aHaJIn3.
OcHOBBI BbICHIElT aJaredphl

Nz panue BTOpOE,
HUCIIPAaBJIEHHOE U [OIOJIHEHHOE

Pexomendosaro Yuebro-memoduvweckum 066eIUHEHUEM BBLCULUL
yuebnoir 3asedenuti Poccutickot Pedepayuu no obpasosaruto 6
064aCMU NPUKAAOHDIT MAMEMAMUKY U PUSUKY 68 KAYECTEE
yuebro20 nocobusa no Kypcy ochos evicuiets an2ebpvl

M3 IIpecc
Mocksa 2007



VIIK 512.624
BBK 22.144
K91

Cepus «EcrecrBennbie Hayku. Maremaruka. Uudopmarnkas

Pemaknmonnsrii coer cepunm:

Bemnuxos E. I1.

Bamuukos B. II.

Kunrcen A. C.

JleBanos E. .

Jlo6anos A. . (OTBETCTBEHHBIH CEKpETAPh CEPUH)
Pusnanyenko I 1O.

Xomomos A. C.

ITapanua A. A.

Penenzentsr:
Jokr. dus.-mar. Hayk, npod. B. K. Jleonmves (BL] PAH)
Kadenpa maremarukun MNOO

10. . 2XKypassaéB u ap.

2K91 uckpernsrit anagn3. OcHOBBI BbIcIeit ajrebpsr — 3. 2,
ucnp. u gou. / FO. N. 2Kypasnés, 10. A. ®uépos,
M. H. Bsagerit — M.: M3 IlIpecc, 2007. — 224 c.

OTa KHHTA SIBJISIETCA YIeOHBIM ITOCOOMEM II0 OCHOBAaM BLICIIEH aJI-
rebpel. OHa HammcaHa Ha OCHOBE MaTepHasioB Kypca <« IuckpeTHbIi
aHaJIU3» , IPOBOJUMOTO MHOTrUEe Tojbl Juid cryaeHnToB PYIIM MOTU.
B meit uznararorcst Hagasa Teopun TPYIIN, TEOPUU KOJIEIT U TEOPUH TIO-
steit. Ocoboe BHUMaHUE yIAEJIEHO KOHEYHBIM OJIAM. B KadecTBe mpumepa
TPUJIOYKEHUT KOHEYHBIX TOJIeH TPUBOISITCS HAYAJBHBIE CBEJICHUS IO
TEOpUU KOJOB, MCIIPABJISIONINX OITHOKH.

u1st cTy1eHTOB, CrenuaJTu3upYIONIUXCs Ha TPUKJIAIHOW MaTeMaTH-
K€ ¥ U3yYAalOINX BBICIIYIO aireopy.

ISBN 5-94073-101-5 VAK 512.624
BBK 22.144

©10. 1. 2Kypasnés, 2007
©MS Ilpecc, 2007

(©B. A. My3bruenko,
au3aita obsoxkek cepun, 2007



OrJiaBJjieHue

IIpeaucioBue

Bsenenne

1.

2.

T'pymmbr
1.1. Omupenenenne u mpocreiinme CBOUCTBA . . . . . . .
1.2. TIpuMepnI TPYIIT . . . « v v v v v v e e e e e
1.2.1. IIpumepsb! abeeBbIX TPYIIT . . . . . . . . .
1.2.2. T'pymmser nmpeobpazoBanuit . . . . . . . . . .
1.2.3. TI'pynmsl cuMMeTpu# . . . . . . . . .o ...
1.3. IumramdeckKue IPymmbl . . . . . o oo« v v v v v o ..
1.4, Ilomrpymmbl. . . . . . . . . .. .. .. ... .. ..
1.5. 3BajanHue rpymibl TOPOXKIAKOIUMA U COOTHOIIEHN-
SAMI « o o o v e e e e e e e e e e e
1.6. MWzomopdusm u romomopdusm . . . . . . . . . ..
1.7. HopMmajbHBbIE TOATPYIIBL . . . . . « « o o o o . . .
1.8. Compsi)KeHHBIE JIEMEHTBL . . . . . . . . . . . . . .
1.9. HeiictBug rpynn. Jlemma Bepucaiina . . . . . . . .
1.10. QaKTOPIPYHIBL . « « « ¢ v o v e v v e et e e
1.11. dapo romomopduaMa . . . . ... ...
1.12. AGeJieBBI I'PYIIIBI . . . « v o v v v v e e e
1.13. Bagaam . . . . . ...

KoJabiia

2.1.  Ompeziesienne KoJIbIla U IPOCTENIIHE CBOWCTBA,
2.2. KoOJIbIIO MHOTOUIEHOB . . . . . .« o v v v o v o
2.3. Usomopduszmbl u roMOMOPMU3MBI KOJIEI, . . . . .
2.4, Upmeastbl . . . . . . ...
2.5. KoJjboa KaaccoB BBIYETOB . . . . . . . . . . . . . .

16
16
17
19
22
24

31
34
40
42
46
o1
54
57
68



4 OrviaBsienue
2.6. Tena u moJist, MakKCUMaJIbHBIE UIEAJBI . . . . . . . 98
2.7. EBKIUIOBBI KOJBIA . . « « « v o v v v oo e e u 101
2.8. OcHoBHas TeopeMa apudMETUKA . . . . . . . . . . 109
2.9. Kuraiickas Teopema 00 OCTATKAX . . . . . . . . . . 111
2.10. Bamagam . . .. ... 112

3. Koneunsbie noJsist uinu noJts lamya 128
3.1. IloJute BBIYETOB 11O MOJYJIIO IPOCTOrO 4mucaa . . . . 128
3.2. Amromopduszm ®@pobennyca . . . . ... ... 130
3.3. HenpuBoammMble MHOTOYJEHBI . . . . . . . . . . . . 132
3.4. Jluneitnast anrebpa HaJ KOHEYHBIM TOJIEM . . . . . 138
3.5. KopHu MHOrO4IeHOB HaJl KOHEYHBIM IoJleM . . . . 145
3.6.  MysbTunyMKaTUBHAS IPYIIA OIS . . . . . . . . . 151
3.7. CymecrBoBaHue 1Mojist U3 P’ JEMEHTOB . . . . . . 154
3.8. EpumncrBennocTh moJsisg u3 p'* JIEMEHTOB . . . . . . 159
3.9. [ukauyeckue MOAIPOCTPAHCTBA . . . . . . . . . . 160
3.10. Bamadum . . . ... e 164

4. Koapl, ucnpapJsoiine onimoKu 169
4.1. OcnoBHas 3aja49a TEOPUU KOJUPOBAHUSA . . . . . . 169
4.2. IUKIAIeCKHE KOJBL . . . . « v v v v o v e oo o 174
43. Koger BUX . . . . . . .. ... ... ... .. 175
4.4. KBagpaTudIHO-BBIYETHBIE KOABI . . . . . . . . . . . 178
4.5. Cosepiennniii ko [omest . . . . . . . .. ... .. 181
4.6. Koapt Puma — Comomona, . . . . . .. .. ... .. 183
4.7. Kogubt Puma — Mamnepa . . . . . . .. ... ... 186

OTBeThI, yKa3aHUsl, PEIIeHUs] 188

Cnoucok JimTepaTyphbl 213

IIpeameTHsblii yKa3aTeJib 216



ITpeauncinosue

OTa KHUTA HAIMCAHA HA OCHOBE KypCa JIEKINH, TPOYNTAHHBIX
FO. 1. 2KypasyiéBbiM [ijisi CTYIEeHTOB (baKyabTeTa yIpPABJICHUS U
NPUKJIAIHON MareMaTuku MOCKOBCKOTO (bU3MKO-TEXHUIECKOTO
nuactuTyTa. OHA MOCBSIIEHa BBEIEHNUIO B BRICITYIO ajredbpy. B Heit
paccMaTpUBAIOTCSA OCHOBHBIE aJjireOpamvyecKue CTPYKTYPBL: I'DYII-
1B, KOJIbIIA, 11oJ1st. Kypc JeKIuit, KoTopbiii ObLI IOJI0KEH B OCHOBY
KHUTH, SBJISETCA 9aCThIO ODIIEro TPEXCEMECTPOBOIo Kypca «/luc-
KPEeTHBIN aHajm3». 1[09TOMY HEHTPaJbHYIO POJIb B 3TOM Kypce
UI'PAET TeopUsi KOHEUHBIX I10Jiefl, KOTOPhIE SIBJISIOTCS OJHUM W3
BaKHEHIINX MHCTPYMEHTOB B KOMOMHATOPUKE U TEOPETHIECKO
nadopmaruke. OIHAM U3 KJIACCHIECKUX TPUMEPOB MTPUIOKEHUS
KOHEYHBIX I0JIell SIBJISI€TCS TeOPHUs KOJIOB, UCIIPABJISIIONIIX ONIIN0-
ku. B KHUTE naercs KpaTKoe BBEIEHUE B 3Ty TEOPUIO.

Kuaura comepxkur muOro 3aa4. 4acTs u3 HUX — yIpPaXKHEHUsT
Ha I[OHMMAHWE MaTepuajia OCHOBHOI YaCTH KHUTH, YACTh JIAeT
[IPEJICTABJIEHUE O TAJbHENINX Pe3yJIbTaTaX B TEOPUU I'PYIIIL, KO-
JIell U I1oJIeli.

Kuaura npegnasnadena i1 u3ydeHust OCHOB BBICIIIEH aJiredpbl
CTyZeHTaMy MJIaImux KypcoB. HanboJtee mojie3Hoil oHa OKayKeTcst
JUIsT CTYJIEHTOB, CHEIUAJIN3UPYIOMNUXCS Ha TPUKJIAIHON MaTeMa-
THKE.

ABTOpBI O1aromapsiT BCEX, KTO CIIOCOOCTBOBAJI BBIXOMY 3TOM
kuauru. Ocobas 6maromapaocts — C. EnymoBy, A. Kypaxwumny,
A. Mepzakpeesoii, H. Ilycrosoiitosy u /. CasHKuHY, KOTOPBIE
B3sJIn Ha cebsl HeJIETKU TPYJl 3allUCh U PACHIN(MPOBKU JIEKITHA.



BBenenue

Asrebpa n3ydaeT MHOXKECTBA U OIpeieJIeHHbIe Ha HUX Olepa-
nuu. OHa 3aHUMAET IEHTPAJIBHOE MECTO B COBPEMEHHOU MaTeMa-
TuKe. Bejmka TakKe poJib aJreOphbl B MPUIOKEHUSX. JTOT KypC
IIOCBSIIIEH KPATKOMY BBEIEHHWIO B TEOPUIO OCHOBHBIX aJirebpan-
YECKUX CUCTEeM: TPYI, KoJier, noJeii. OCHOBHOI TeMoii siBJIsieT-
Csl TIOCTPOEHHE KOHEYHBIX TOJIeHl. DTHU yAUBUTEIbHBIE OOBEKTHI,
BO3HUKAIOIIUE U3 YUCTO aIre0paniecKoro pacCMOTPEHUSs, UTPAIOT
GOJIBIIIYIO POJIb B COBPEMEHHOI KOMOMHATOPUKE U WH(POPMATHUKE.

Mpb1 mpuBeieM JIAIIb OJIMH, HO OY€Hb BaXKHBIT, IPUMED UCIIOJIb-
30BaHUs KOHEYHBIX IOJIEN JJIsi PEIeHnsT KOMOMHATOPHON 33/ 1a9u
[IPUKJIATHOrO XapakTepa. Peub nier o Teopun KoJI0B, UCIPABIIS-
IOINAX OIIUOKH.

[MostBuIMCh 9TH KOJBI B CepeIMHE MPOILIOTO BEKa, KOTJIA JJIsi
nepeiaul CeKPeTHBIX COOOIIeHuil (CKaXKeM, IIPUKA30B B BOMCKA)
cTaJia AKTUBHO UCIOJIH30BAThCsI PaInoCcBa3b. CooDIIeHnsT HYKHO
ObLI0 M POBATH, & U3-3a TOMEX MIPH IepeIatie BO3MOKHBI OTITHO-
KI, KOTOpPbIE MOLYT CHeJIaTh pacimudPOBKY HEBO3MOXKHOM MJIN
6eCcCMBIC/IEHHO (MM TOTO Xy¥Ke: OCMBICIEHHON, HO OMIUOOTHOA ).
Yr00bI TOBLICUTDH HAJIE?KHOCTD COOOIEHN ST, MOYKHO IIEPEeIaTh KaXK-
JIBI CHMBOJI HECKOJIBKO pa3. CkazkeM, eciiu IpH Irepejade a30y-
Koit Mop3e mepeaBaTh KazKIyIl0 TOYKY TPHKIBI U KarXKI0€ TUDE
TPH2KJIBI, TO OJIHA OIIUOKA B II€pelade CUMBOJIA HE MEIIAeT BOC-
CTAHOBJICHUIO MCXOJIHOTO COODIIEHMUS.

Ho mpu Takom crmocobe KomupoBaHUS T€PEIABAEMBIX CHMBO-
JIOB JJTMHA, cOODIIeHust (M BpeMsl Iepeiadn) yBeJINIUBaeTCA B TPU
pasa. EcrecTBeHnHO BO3HHKAaET BOIPOC: KaK KOAMPOBATH COOOIIE-
Hue, YTOObI COXPAHMIACH YCTONINBOCTD K OMUOKAM U HE CHJILHO
BO3pAacCTaJa JUINHA COODIIEHUs. DTO U €CTh 3aJ1ada O OCTPOCHUHN
KO/IOB, MCITPABJISIFOIIUX OIIMUOKU.



Bseznernue 7

CpaBHHUTEJIBHO JIETKO MOXKHO MTOKA3aTh, YTO CYIIECTBYIOT «XO-
poIres KOJbI, B KOTOPBIX HYKHO HCIIOJb30BaTh HEMHOTO JOIOJI-
HUTEJIBHBIX CUMBOJIOB. HO 1jisi TPaKTUYIECKUX HYK]T OJHOM Teo-
PEMBI CYIIECTBOBAHUS MAJIO: HYKHbBI sIBHbIE KOHCTPYKIIUU KOJIOB.
Kpowme Toro, ecrecTBeHHBIM IPAKTHYECKUM TPEOOBAHUEM SIBJISICT-
Cs1 TIPOCTOTA, JIEKOIMPOBAHUS TIePeIABAEMbBIX COOOIIEHNUIA.

VAuBUTEIBHO, HO BCS TEOPUSI TIOCTPOEHUST XOPOIITUX KOJOB OKa~
3BIBAETCS TECHO CBSI3aHHOU C ajrebpoii. VI3yuus jumnib caMble oc-
HOBBI 9TO¥ HAYKH, MBI CMOXKEM ITOCTPOUTH TOJBKO IpOCTeiine
KOl Takoro tuma. OHU, BIpOYEM, OKA3BIBAIOTCS BEChMa BaK-
HBIMHU C TPAKTUIECKON TOYKHU 3peHus: Oaromgapst 3hPeKTUBHBIM
aJITOPUTMAaM JEKOIUPOBAHUS.

DTOT IPUMEP UCIIOIH30BAHUS AJIreOPHI SBJISIETCS BEChbMA IIOKa-
3arebHbIM. QUeHb YaCcTO B KOMOMHATOPUKE BCTPEYAETCS UMEHHO
TaKas CUTYaIWs: MOYKHO CPDABHUTEJILHO JIETKO JI0KA3aTh, 9TO 00b-
eKTbI C HEKOTOPBIME CBOHCTBAMHU CYHIECTBYIOT (MHOI/A JaKe, 94T
HOYTH BCE OOBEKTHI YIAOBJIETBOPAIOT HY?KHOMY CBONCTBY ), HO siB-
HO IPEIbIBUTH XOTsi ObI OJIMH TAKOW OOBEKT HAMHOI'O CJIOXKHEeE.
W B o4eHb MHOTHX CJIy4asiX SIBHbIe KOHCTPYKIIMA BO3HUKAIOT W3
anareOphl.

Heckouibko cjioB 06 ncropuu. Ajrebpa mpoliia HECKOJIbKO 3Ta-
OB B CBOEM Da3BUTHUH.

Ceifgac peleHuio JIMHEHHBIX U KBaIPATHBIX yPaBHEHUT 00y Ja-
0T B CPeIHEH IKOJIe, MOITOMY KaXKeTCsl, YTO PEIlarTh UX COBCEM
npocto. Ho moka He mosiBuInch OyKBEHHBbIE 0003HATEHUS, 3HAME-
HUTBIE a, b U ¢, BCe KBaJIpATHbIE YPABHEHUSI 3alMCHIBAJINCH CJIO-
Bamu. [IpescraBbre, 9T0 KBaJIpaTHOE YpPABHEHUE 3alMCAHO TaK:
«BO3bMU M3BECTHOE KOJIMYECTBO, JBa, pa3a yMHOXKEHHOE Ha HEU3-
BECTHOE KOJIMYECTBO, J00aBb K 3TOMY BTOPOE U3BECTHOE KOJIHMYe-
CTBO, YMHOX>KEHHOE Ha HEM3BECTHOE KOJIMYECTBO, I00aBb K ITOMY
TPeThe U3BECTHOE KOJMIECTBO, B CYMMe IOJIYYIUIb HIIero». Bor
BaM Takasl 3aJladKa, U OyIbTe JII0OE3HbI HANTH 9TO HEU3BECTHOE
KoJImaecTBO. JIpeBHUE erurrtsine ¢ 3Toi 3aa4eil ClipaBUINCh NMEH-
HO B Takoit hopmysuposke. [IpaBia, yauam 9ToMy MHOIO JieT, HO
KOIJ[a 9YeJIOBEK HaydaJiCs, OH HAXOJUJ OTBET TOYHO B TAKOM K€
BHJIe, KaK GopMmysmpyercs 3ajada. [IoToM Ha IPOTSKEHUH OYeHD
JIOJITOTO BPEMEHHU JIEJIAJIUCH TIOMBITKU PEIIUTE YPABHEHHST TPEThen
U YeTBepTON creneHu. B KOHIE KOHIOB pelleHns] ObLIN HOJIyde-
HbBI; 9TO BEChbMa JJINHHAA U 3aIlyTaHHAd UCTOPHs (OTKPBLI OJIUH,
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OILyGJIIKOBAJI JIPYTOi, CIIOPHI O IIPUOPUTETE U T.1I.), HO B PE3YJIb-
TaTe Mbl C BAMU YMEEM DeIlaTh 9TH ypaBHeHus. /lajiee Bo3HUKIIA
3ajlavua pelleHnsi ypaBHeHus H-if crerenu. V1 BOT 37ech HAYAINCH
cioxkuocTu. Jlonrue Ge3ycrientubie MOMBITKA HAWTH (DOPMYITY JIJIsT
pelleHust ypaBHEHUsST b~ CTeleHn 3aKOHYWJINCHL TeM, 9T0 AbGesb
JIOKa3aJI HEBO3MOYKHOCTD PEIeHUsT ITON 3a/1a9i B PAJINKAJIAX.

ITorom mosiBisiercst Tastya. O morub B BO3pacte 20 Jjer, HO
3aTO OCTaBHJI HOCJE cebst paboTy, KOTOpasl IPEIONPEIe/IIIIA Pas3-
BuTHe aJrebpel Ha MHOTO JieT Bruepes. Co3nannbie [aya Teopuun
[IPOJIOJIZKAIOT MCIIOJIB30BATHCS B COBPEMEHHON MaTEeMATHKE.

lastya mpe 10K UII paccy K aenue, KOTopoe JI0 CUX MOP sIBJISIeT-
Csl OJTHUM U3 OCHOBHBIX CPEJCTB paccyxkjeHuil B ayrebpe. [Ipe-
CTaBbTE, YTO BaM HAJIO PEIIUTh HEKOTOPYIO 331a49y. 312498, CJIOXK-
Hasl U HUKAK He pernraercs. MOXHO UITH ABYMSI IIyTSME: MOYKHO
CEeCTh U PeIaTh, PeIlaTh, PENIaTh, . .., & MOXKHO MONTH 10 APYTo-
My mytu. Hampumep, moka He IpuyMaJjd MHUMbBIE YUC/A, HEKO-
TOpBIE KBaJIPATHBIE YPABHEHUs OBLIO HEJIb3sI PEIUTh, & BOT KOTJIA
BBEJIN 9Ty MHUMYIO €IMHHUYKY, BCe Cpa3y CTAJO IIPOCTO. SHAUUT,
BTOPOIi CII0C06 COCTOUT B TOM, 4TOOBI PACIIUPUTEH MHOXKECTBO (4u-
ceJ1) Tak, YToObl y 3a/1a4K HOsABUJIOCH pellenue. [aya npe oKt
OY€eHb OO METO/T pelleHus ypaBHeHuii. Kcyin oHu He penaiorcs,
HAJIO PACIIAPUTH MHOXKECTBO BO3MOYKHBIX PEIeHUi, TOYHO TaK
Ke, KaK U B CJIydyae ypaBHEHHUsI BTOpoii cremenu. VI oH mpemyio-
2KWJI TAKUE PACIINPEHNUsi, KOTOPBIE TO3BOJISIOT PEIIaTh yPABHEHUS
J000H creneHn. DTO TaK Ha3bIBaeMble paciiupenus Lasya. Dta
ujest JI0 HACTOSIIErO0 BPEMEHH $IBJISIETCS OJHON M3 OCHOBHBIX B
coBpeMeHHOI MaTemaruke. Eciau 9ro-To He pemiaercs, TO, OBITH
MOXKET, Hy2KHO He OUTBhCsI JIOOM B CTEHKY, & PACCMOTPETH BO3MOXK-
HbIE PACIIUPEHUSI.



I'maBa 1

I'pyaib:

1.1. Onpenesienne n npocreiirme
CBOIICTBa

AbGcTpakTHas COBpeMeHHas ajrebpa OTJINYAeTCsl OT IKOJIbHOM
TEeM, 9TO B HEH PACCMATPHUBAIOTCS ITPOU3BOJIbHBIE OIEPAIUN, YIIO-
BJIETBOPSIOIINE 33JAHHBIM CBOficTBaM (aKCHOMAaM).

Mpui GyzieM paccMATPUBATH TOJBKO OUHAPHbBIE ONEPAUUL, KO-
rjla ornepanysi IPUMEHSIeTCs K JIBYM 3jieMeHTaM. [0BOpsAT, 4To
Ha MHOXKecTBe M onpejesiena OuHapHas ajredpandeckast ornepa-
AT *, €CJIU JIJIS BCAKUX JIBYX €r0 2JIEMEHTOB @ U b OJTHO3ZHAYTHO
OTIpeJIeJIeH 3JIEMEHT ¢ = a * b, Ha3BIBAEMbI npoudsedenuem dJie-
MeHToB ¢ u b (nmopsaok onepannos Baxken!). Ilpumepamu Taxux
olepanuii MOIYT CIYXKUTh OOBIYHBIE ONEPAIUH CJIOYKEHUsI, Bbi-
YUTAHUS WM YMHOXKEHUsl HA MHOXKECTBE JNEeHCTBUTEIbHBIX (Ujin
KOMILJIEKCHBIX ) YHCeJI, OllePAIlUsl YMHOYXKEHHs HA MHOYKECTBE KBa/I-
PATHBIX MATPHWI[ JTAHHOTO IOPSJIKA, OMepalius KOMIO3UIMHA Ha
MHOKECTBE TIEPECTAHOBOK M3 7. 3JIEMEHTOB, OIepalysl BEKTOPHO-
IO YMHOYKEHUSI HA MHOXKECTBE BEKTOPOB TPEXMEPHOI'O IPOCTPAH-
CTBA.

CaM TEepMHH <«IIpOM3BEJICHHUE» IOJCKA3LIBACT, YTO PE3YJIbLTAT
OMHAPHOI omepaluu, MPUMEHEHHO K dj1eMerTaM a u b, 0bo3Ha9a-
ercsi 00bIIHO a-b mim mazke ab. T0 MYALMUNAUKATNUCHAA 3AITUACH.
Wuorma ucrosb3yercss addumuehas 3alichb a + b, 0COOEHHO B TeX
Cydasx, KOIJa Ha OJIHOM MHOXKECTBE DPACCMATPUBAIOTCS CPa3y
nBe oneparyn. Korja ucrnoib3yercs aJiInTUBHAS 3aIHCh, Pe3yJIb-
TAT OIEPAIU OOBIYHO HA3BIBACTC CYMMOU.
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B o6mem ciydae omeparus IPUMEHSETCS K YHOPSIOYEHHO-
My HabOpy U3 N 3JeMeHTOB MHOkKecTBa M (1 HA3BIBAETCS TOTIA
n-apuoii). Ho nac Taxkoit obmuii cjiydaii uaTepecoBarh He OyJIer.

Ilo onperenenuio anredbpandeckas: OMepaIdst OTIHIAETCS TEM,
YTO ee pe3ysIbTaT He BBIBOAUT U3 MHOXKecTBa M (roBopsiT Takxe,
aro M 3aMKHYTO OTHOCHUTEJIBLHO OIpeeeHHON Ha HEM aJrebpa-
UYEeCKOl onepanuu). ITUM aarebpa MPUHIUIUAILHO OTIHIAETCSI
OT MaTEMATHYECKOI'O aHAJu3a. B MaTeMaTHuecKoM aHaJ/In3€e eCThb
olepaluu, KOTOpbIe BBIBOJAT U3 MHOXKecTBa. Hampumep, omepa-
I[UsT HAXOYKJEHUsI TIPOM3BOIHON HEIPEPBIBHON (DYHKIIMU BOBCE He
00s13aTE/IHHO JIAeT HepephIBHYI0 MyHKINIO. B anrebpe Takoe mc-
KJIIOYEHO.

PaccmoTpuM HECKOJIBKO IIPUMEPOB airedpaniecKuxX aKCUOM U
3a/1aBAEMBIX UMH AJIreOPAnIecKux CTPYKTYD.

Iosyrpynmnbi. Nmeercs enuncrsentas akcuoma a - (b - ¢) =
= (a - b) - ¢. Takoe CBOHCTBO HA3BIBAETCS ACCOUUATNUGHOCTIVHIO.
MHO2KeCTBO € OJ[HOI OITepalyeii, 0T KOTOPOil TpedyeTcst TOJIBKO ac-
COIMATUBHOCTD U HUYIErO OOJIBITIE, HA3BIBAETCA N0AY2pynnot. Mol
uMu 3aHUMATHCH He OymeMm. Ilosyrpynmbl BCTpedaroTcs JOBOJIb-
HO YacTo. Hampumep, oHM BaXXHbBI JIjisi OJHONU U3 COBPEMEHHBIX
MaTeMaTUIeCKUX TEOPUil — TaK HA3BIBAEMOI TEOPUU aBTOMATOB.

ITpumep 1.1. Ilycte A — koHeuHOEe MHOXKECTBO. CA060M B All-
daBuTe A HaA3BIBAETCS KOHEUYHAsS ITOCJIEIOBATEIBHOCTD 3JIEMEH-
ToB A. MuoxecTBo cjioB B ajipasure A obozuadaerca A*. g
CJIOB OIIPEJIeJIEHa OIIEPAITUST KOHKAMEHAUUL: TOTIICHIBAHNE OHOTO
cJIoBa, Besien 3a apyruM. Hampumep, koHKaTeHanus aa u bb maer
aabb. MHOXKeCTBO CJIOB C omepalineii KOHKaTeHaun o6pa3yeT mo-
sgyrpytmy. eficTBuTesIbHO, Pe3yIbTaT KOHKATEHAIUN CJIOB U, v,
W B KaXKIOM u3 JBYX ciydaes (uv)w u u(vw) — 3TO CJIOBO, KO-
TOPOE IMOJIYYaeTCs MOC/IEI0BATEIbHBIM BBIITACHIBAHUEM CHMBOJIOB
CJI0Ba U, 38 KOTOPBIMU CJIEAYIOT CHUMBOJIBI CJIOBA v, 38 KOTOPBIMHU
CJIEJTYIOT CUMBOJIBI CJIOBA W.

IIpumep 1.2. Omobpasicernue mHOKecTBa X B MHOYXKECTBO Y CTa-
BHUT B COOTBETCTBUE KAXKJIOMY JIEMEHTY MHOKECTBa X HEKOTODBIi
9JIeMeHT MHOXKecTBa Y (MOYKHO CUHTATH CJIOBA «OTOODarKeHHe»
u «dyHriua» cuHoHnMamu). O6bIYHO oTOOparkeHue f MHOXKe-
crBa X B MHOXKecTBO Y obo3Hauaercs Kak f: X — Y a 3anucu
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f:xz— yu f(r) =y ozuagaior, 94T0 OoTOOpaKeHUE f CTABUT B
COOTBETCTBHE 3JIEMEHTY & 3JIeMeHT Y (Y HA3BIBAECTCI 00pA30M ).
Ecin my1s1 Ka2K10r0 3/1eMeHTa y U3 MHOXKECTBa Y CYIIECTBYET XO-
Ts1 OBl OJUH 3JIEMEHT T U3 MHOXKecTBa X Takoil, uro f:x — y
(z B 9TOM CiIy4ae Ha3bIBAETCH NPOOOPA30M ), TO oTobparkenue f
HA3bIBAETCS 0MOOPadiceruem Ha MHOHCECME0 Y .

Ha orobpazkenusix MmuoxkecTBa X B ceds1 OmpeaeIeHa oePaliis
Komnozuyuy (MOCIeI0BATEILHOrO BhinoHenus ). Ecim f, g — nBa
oTobpakeHusi, To ux Kommosuius F' = f o g 3amaercs (popmysioii
F(z) = f(g9(x)). Orobpaskennss MHOXKeCTBa B cebst ¢ oleparneit
KOMITO3UITUH TAK¥Ke 00pa3yIoT MOJIyTPYIIILy:

(fog)(h(z)) = fg(h(x))) = f((g o h)(x)).
Ob6parure BHUMaHUE, 9TO B 000UX ITPUMEPAX ITOPSIIOK OIIEPAH-
JIOB CyIIIeCTBEHEH.

Mownougpi. Cruemyroriast ajrebpandeckast CTPYKTypa — 3TO
MHOXKECTBO C TAKOH ollepaliieii, 1 KOTOPOl KpoMe acCOUaTUB-
HOCTU TpebyeTcs ele HaJIudue eJuHUYDdL, T.€. TAKOTO JJIEMEHTA,
[IPOM3BEJEHNE C KOTOPBIM CJIEBA M CIIPABa OCTABJISET JIFOOOU APy~
roii 3JIEeMEHT HEU3MEHHBIM. /[ONOJIHUTEIbHO MBI TTOTPEOyEM, ITO-
ObI eIUHUYIHBIN 3JeMeHT ObLI €IMHCTBeHHLIM. VTak, mMeeMm Be
aKCHOMBL:

MIL: z-(y-2) = (z-y) -z (accouuaTuBHOCTB );

M2: (akcmoma eJMHUIbI) CYIIECTBYET €AMHCTBEHHDIH € IMHUIHbIH
3JIEMEHT € TaKOil, UTO JJjisi JIIOOOTO & BBIMTOJHSIETCS € - & =
=T-e=2x.

MHO0KeCTBO ¢ acCOIMATUBHON 1 00JIaJATOIIeHl e TUHUTICH OTlepaIin-
eif Ha3BIBACTCS MOHOUJOM.

PaccMmoTrpenHbie BbIIE MPUMEPBI SIBJISIIOTCSL HE TOJBKO TIOJIy-
IrpyIiaMu, HO 1 MOHOMJIAMU. B MHOXKeCTBE CJIOB €JMHUIHBIM 3JIe-
MEHTOM OTHOCUTEJIbHO KOHKATEHAIMH SIBJISIETCS NYCMOE CAOGO
(mocsreoBaresnbHOCTS AyiuHbl (). B MHOXKecTBe 0TOOparkeHuil e1u-
HUYHBIM 3JIEMEHTOM OTHOCUTEJIHLHO KOMIIOZUIMK SABJISIETCS 1MOJHC-
decmeenroe omobpasicerue: id: x — x.

3ameuyanue 1.3. IlockoabKy pe3yiabTaT Omepalmu, BOOOIe To-
BOpsI, 3aBUCUAT OT IOPsiJIKa OIEPAHIOB, WHOTA OBIBAIOT HYZKHBI
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AE6vle U MPABvLe ENUHUATBI. DJIEMEHT € HA3bIBAETCs JIEBOI €IMHI-
neit, ecyn Jisi JIIOOOrO T BBINOJHEHO ex = X. AHAJOrUYHO, s
IIPaBoOil eJIMHUIIBI BBITIOJIHSIETCS TOXKJIECTBO Te = .

I'pynner. I'pynna G = (M, %) — 370 Takas mapa U3 MHO-
kKectBa M w OmHapHOi omepanuu * Ha ITOM MHOXKECTBE, UTO
BBIIIOJIHAIOTCS CJIE/IYOIINe CBOCTBA (AKCUOMBL IPYILIIbI):

Gl: (x*y)*z =2 % (y*z) (ACCOIUATHBHOCTD );

G2: (akcuOMa eIUHUIIBI) CYIIECTBYET €IMHCTBEHHBI eJIMHIIHbI
3JIEMEHT e TaKOil, 4TO JijIsI JII0OOrO X BBIIIOJIHSIETCH € * T =
=x*e=u,

G3: 11 J1I060T0 JIEMEHTA X CYIIECTBYET POBHO OIIUH 00pamHbill
anemMenm, T. €. TAKOU JIEMEHT ¥, JIJisi KOTOPOTO Y*& = Ty =
= e (obpaTHbiil 3;1emMenT o6ozHauaeTcs rL).

I'pymist ¢ qo6aBIeHHBIM CBOMCTBOM KOMMYTATUBHOCTH OII€PA-
uu a*b = b*a HA3BIBAIOTCH KOMMYMAMUSHOIMU WX A0EAE6DIMU
(110 mMeHH HOpBEXKCKOro MareMmaruka AGesist, KOTOPbIi UX H3y-
qaI).

[Ipu ucnosib30BaHUN MYJIBTUILIUNKATUBHON 3AIUCH - Y WA TY
€IMHUIHBIH 3JIEMEHT IPYIIIIbl TPAIUIINOHHO HA3BIBAETCS € IMHUATIEN
n obosHavaercs e wian 1. Ilpu agauTUBHON 3amuCH €IMHUIHBINA
SJIEMEHT Ha3bIBaeTcs HysieM u obosnadaercs 0. Bmecro Tepmm-
Ha <«OOpaTHBI» NpHU aJJUTUBHON 3aIMUCH HUCIOTIb3YeTCs TEPMUH
<IIPOTUBOIIOJIOXKHBII» . [IpOTHBOIIOIOXKHBII K ds1eMeHTY Yy 00603HA-
yaercs —y. AJJIUTUBHAS 3alMCh OOBIYHO (HO JAJIEKO He BCerya)
UCIIOJIB3YeTCsl JIJisi 0003HAUEHUS] KOMMY TATUBHBIX OIIEPAITii.

I'pynna naseiBaercs konewnotl, ecau B Heil (a TouHee — BO
MHOXKecTBe M) KOHEUHOE YUCJIO JIEMEHTOB, KOTOPOE HA3BIBAETCS
NOPAJKOM TPYIIILL.

ITocmoTpuMm Ha npocteiiiue hopMasibHbIE CAEICTBUAA U3 I'PYII-
ITOBBIX AKCHOM.

[IepBas akcroMa IpymIibl 0O3HAYAET HE3ABUCUMOCTD PE3Y/IBTATA
MIpUMEHEHNsT HECKOJIbKUX OIepaIinii OT pacCTaHOBKH CKOOOK. ITo
WHJIyKITUU MOYKHO PACIIPOCTPAHUTD €€ Ha CKOJIb YTOIMHO JIJIMHHBIE
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BbIpaKeHus. JIpyrumMu cjaoBamMu, e€Ci e€CTh KOHEYHAs IOCJeI0-
BATEJIbHOCTD 3JIEMEHTOB I'DYHIBL A1, 42, . . . , Ay, TO IMEETCS OJIHO-
3HAYHO OIIPEJIEJIEHHBII 3JIEMEHT I'PYIIIbI

ajag ...0an,

KOTOPBIIT HE 3aBUCUT OT TOI'0, B KAKOM ITOPSIJIKE PACCTABIIEHBI CKOD-
KH B 9TOM BblpakeHud. JIokazkeMm 3TO yTBepK/eHre (popMaIbHO.

Bynem moka3bpiBaTh MHAYKIUEH 10 YUCIYy COMHOXKUTEJEH 1,
9TO TIpH JTI0O0H paccTaHOBKE CKOOOK ITPOM3BEIEHUE IJIEMEHTOB
ai,...,a, paBuo aj(az(...ay)...). OcHOBaHME HHIYKIMU N =
= 3 — 3T0 aKcmoMa accoraTuBHocTH. IIycTh yTBepKIeHne goKa-
3aHO JIJIsI IPOU3BE/ICHUIL N 9IeMEeHTOB. PaccMOTpuM 1iponsse/ieHne
(n+1)-ro snemenra. Ouo umeer sun L+ R, rine 8 L u R aj1eMeHTOB
He 6oJibine n. [loaromy 1o npexanooxkenuto uaayknuu L = ay- L/,
aL-R=(a1-L')-R=ua;-(L'-R). BL - R Bcero n 5jeMeHTOB,
TaK 9TO MOYKHO eIlle Pa3 IPUMEHUTD IIPE/IIO0JIOKEHNEe HHTYKIIH 1
BBIBECTH CIIPABEJINBOCTD JOKA3BIBAEMOIO YTBEPKICHUS JIJIsI IIPO-
usBenennii (n 4 1)-ro ssementa.

Bropas u TpeTbs rpynmoBble aKCHOMBI O49€Hb BarKHbBI, IIOTOMY
YTO MO3BOJIAIOT PENIATh YPABHEHHUS IIPOCTEUINEro Buia ar = b u
xa =b:

ar=b < alar=a"'d < z=a'h,

za=b & xzaa '=ba' & z=ba"

(3HAKOM < 0603HAYAETCS PABHOCHIBLHOCTD YTBEPIKICHUI).

Pemenust ypaBHeHMiI yKa3aHHOIO BUJIA B YMCIAX IIPOXOIAT B
MJIAJIIIMX KJIACCAX IIKOJIBI U JaJibHeInasl MKoJbHas ajiredpa Ha
HUX ONUPAETCs. FC/IU BBIMOHEHBI IPYTIIIOBbIE AKCUOMBI B KAKOM-
HUOY b GoJiee CI0XKHOM cuTyanuu (CKazKeM, JJisd JABUKEHUI 11PO-
CTPAHCTBA), TO HEKOTODble IIPUBBIYHBIE DABEHCTBA OCTAHYTCSI
cupapeyiuBbiMu. OOBIYHO IIPOBEPSITH I'PYIIIOBbIE AKCUOMBI IIPO-
1I€, YeM IIPOBEPSATH PA3PEIIUMOCTD JIMHEHHBIX ypaBHeHuil (ITo0bI
9TO MOYYBCTBOBATH, MTOMPOOYiiTe penuTh ypaBHeHne axr = b, rie
a — TIOBOPOT BOKPYT ocu 2z Ha 90° mpoTuB 4acoBoil crpesku, b —
HOBOPOT BOKPYT ocu 2 Ha 90° 110 4acoBoil crpelike).

OueHb BaKHO CBOWCTBO COKPAMUMOCTMU: €CJIU B3SITh JIBa He-
PABHBIX JIEMEHTA I'PYIIILL ¢ 7 b U YMHOYXKHUTD UX Ha OJUH U TOT JKe
9JIEMEHT ¢, TO CHOBA [TOJIyYaTCsI HEPABHBIE 3JIEMEHTHI: ac 7# bc. 1o
COBEPIIEHHO OUEBHIHO: €C/IH ac = be, To m acc™! = bee™ !, mosTomy
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a = b. Ananoru4noe CBOMCTBO BBIIOJIHSETCA U JJIsl yMHOMKEHUSI
cIleBa.

B kauecTBe emme 0JHOTO IPUMEpa HCIIONb30BAHUSA IPYIIIOBBIX
AKCHOM IPOBEPUM moJie3Hoe pasencTso (ab)~! = b~ta~!, xoTopoe
BLIpasKaeT OOpaTHBII K ab 3JeMeHT IPyIIIbl 9epe3 oOpaTHbIE K a
u b. Unmeem

b ta ™ H(ab) =b " ata)b=b"teb=b""b=e.

3/ech mepBoe PABEHCTBO IOJIYyYaeTCs IIOCJE JBYX IPUMEHEHUH
aKCHOMBI aCCOIUATUBHOCTH, BTOPOE CJIEAYeT U3 OIpee/IeHus 00-
PATHOTO, TPEThe — M3 aKCHOMBI €JIIMHHUIIBI, [TOCJIeHee — OISITh U3
onpeiesienns obpatHoro. Pasernctso (ab)(b~'a~!) = e mposeps-
€TCsl aHAJIOTTIHO.

CBOICTBO COKPATUMOCTH 00JIErdaeT nepedncienne HeGoIbIuX
rpyti. Oneparuio B KOHEYHOI IPYIIe eCTeCTBEHHO 3a/1aBaTh Tab-
JmIeif, CTPOKH KOTOPOii HHIEKCUPOBAHDI IEPBBIME OMepaHIaMu ),
CTOJIONBI — BTOPBIMH OIEPAHIAMHU, & B KAaXKJOW KJIETKe 3aIliCaH
pe3ybTaT IpUMEeHEeHHs omepaluu. Takasi TabJIuI@a Ha3bIBAETCS
mabauyets Kaoau (nnu mabavyet ymnootcenus). CBORCTBO COKpa-
TUMOCTHU O3HAYAET, YTO B KAXKIYIO CTPOKY U B KayKJbIil CTOJIOEI]
TabauIbl Ko/ KaxK bl 9/1eMeHT TPYIIbl BXOIUT He 6ojiee OgHO-
ro pasa. A TOCKOJIbKY YHUCIO CTPOK M YHCIO CTOJIOIOB TaOJIMIIBI
PaABHO YHCJIy 3JIEMEHTOB IPYIIIbI, TO MOXKHO YTBEPXKIATH, UTO
KKl 3JIEMEHT TPYIIIBI BXOJUT B KAXKJYIO CTPOKY U KaXKIbIi
CTOJIOEIT POBHO OJMH Pas3.

JlJist TpyIIBI U3 JABYX 3JIEMEHTOB Tab/MIla OyIeT BBITJISIIETH
TaK:

9]
ECERESIES)

TpI/I KJIETKH 3allOJIHAIOTCA 110 aKCUOME €JIUHUIIbI:

e a
ele a
ala ?

C y4eroMm CBOICTBA COKPATHMOCTH B YETBEPTYIO KJIETKY MOXKHO

1 Pasymeercs, urobbl 3amucarh TaGadily Ha GyMare, Hy»KHO IPHINCATD
BCEM 3JIEMEHTAM I'DYIIbI KAKHE-TO UMEHa (CHMBOJIBI).
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IIOCTaBUTh TOJILKO €. MoKHO IIpOBEPUTDH, YTO Ta6m/1ua

e a
el e a
a|la e

3aj7aerT Ipynmny. 3HAYWUT, CYNECTBYeT €INHCTBEHHas TPYIa W3
JIBYX 3JIEeMEHTOB. FJIMHCTBEHHOCTH 3/1€Ch HEJIb3s TOHUMATH OyK-
BaJibHO. Peasu3ariusi TpyImiibl MOXKeT ObITh OYEHBb CJIOXKHOI: Ipu-
JlaBasi PA3HbIil CMBICJI JIEMEHTAM €, ¢ U T'PYIIIOBON OIEPAINH,
MOYKHO TIOJIYYaTh COJIEPKATEIBHO pa3Hble mpuMepbl. OnuH u3 ca-
MBIX YIOTPEOUTEIHHBIX TPUMEPOB TPYIIILI BTOPOTO IOPSIKA —
MHOXKecTBO unces {—1, +1} 0THOCHTEILHO Ollepaliy Y MHOXKEHUS.

AHaJIOrnYHbIi AHAJIN3 MOXKHO [IPOJIEJIATD U JIJIsl IPYIII C TPEMsI
3JIEeMEHTaMU. B 3TOM ciiydae TakKe eCTh TOJBKO OJHA I'PYyIIa.

Akcroma eMHUIBI OCTABJISAET HE3AMOJHEHHBIMY Y€ThIPE KJIET-
Ku B Tabsure Kamm rpynmnsr u3 Tpex 371eMeHTOB:

b

L (0

a

blb

NSNS )

b
?
?

B 1neHTpasbHO KJIETKEe He MOXKET CTOATh a. Kcium B HEH crouT
€, TO IPUXOJUM K IIPOTUBOPEUHIO CO CBOHCTBOM COKPATHUMOCTH: B
TPEThEM CTOJIOIE BTOPOH CTPOKH JIOJIZKHO CTOSTDH b, HO B TPETHEM
crosibre b yxke ectsb. [TonydaeM eMHCTBEHHYIO BO3MOXKHOCTD

b

o o Qe

b
e
a

TR O

b

ObpaTure BHIMaHKE, UTO 3AM0JHEHHBIE YACTU MEPBOI CTPOKHU
u 1epBoro crosona Tabsmisl Kamu coBmajaoTr ¢ nepBoit CTPOKOit
U TePBBIM CTOJIOIIOM TO#l 94acTU TabJ/IMIIBI, KOTOPasi BbIIEIEHA, JIH-
HUsAMY (€JIMHUYIHDIH 9JIEMEHT CTOUT [epBbIM). B najibHeiimem npu
3aJIaHUU TPYIIIEl Tabauteit Kam Mbr 6y1eM Tpuaep:KuBaThC 3TO-
IO COIVIAIIEHUS — €IMHUYHBIA 3JIEMEHT CTOUT IIEPBBIM — U OyJieM
OIIyCKATH Ty YaCTh TAOJIHUIbI, KOTOPAasl JIEKUT CJIEBA U CBEPXY OT
JAHA.
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Krnaccudeckas peanuzaliys Ipynnbl U3 ABYX JIEMEHTOB HMEET
Bu: e = (0, @ = 1, rpynmnoBas oneparus — CJI0YKEHUE 10 MOJLYJIIO 2
(cymmupyeM u 6epeM OCTaTOK OT JieJIeHusl Ha 2). AHAJIOTUIHO 1115t
rpyHmbl u3 Tpex djeMeHToB: € = 0, a = 1, b = 2, oneparusa —
cJiozkeHue 1o MoAysio 3. Ilpumepst rpynm u3 4eTbIpex, IsTH U T. [I.
9JIEMEHTOB IIOJIyJAIOTCSA TOYHO TaK Ke.

W3 s1ux npuMepoB MOXKHO YBHUJIETb, 9TO JUJIsi JIIOOOIO HATY-
PaJIbHOTO 7. WMMEeTCsl XOTsl Obl OJHA TPyIa C 7 dJEeMEHTAMH.
CKOJIBKO €CTh CYNIECTBEHHO PA3HBIX IPYIIIL C 7 3JIEMEHTaMU ! DTO
TPyIHAs 33/1a9a, KOTOPAas 10 CUX IIOP B OOIIEM CJIydae He PelleHa.
(Toumnblii CMBICJI CJIOB «CYIIECTBEHHO PA3HBIX» — HEM30MODPQHBIX,
cM. HuKe paszgen 1.6.)

1.2. IIpumepsl rpynin

Paznuvubix rpymir cymecTByer oueHb MHOTO, U OHH He 00s13a-
TEJIbHO KOHEYHbIE. 1e0opust IPyII IIPOHU3BIBAET CErO/IHS BCIO Ma-
TEeMaTHUKY: OT 'eOMEeTPUYECKHUX JJ0Ka3aTeJIbCTB JI0 TEOPUH KOJOB,
HCIPABJILIONIX OmubdKu. B 9TOM pasnesie MbI IPUBOIUM OCHOB-
HBIE IIPUMEPHI I'PYIIL.

1.2.1. IIpumepsbl abereBbIX TPYIIIT

IIpumep 1.4 (uwucaosvie epynnut). Bee oObuHBIE YMCIOBBIE
CUCTeMBI: TieJible Z, panuonayubhbie Q, neiicrBurenpube R, koMm-
mwrekcable uncjia C — o6pasyroT abeseBbl ITPYIIIbBI OTHOCUTETHHO
cyioxkenrst. MHOKECTBO OTJIMYHBIX OT HyJsd 9UCes (DPAIMOHAJb-
ubix Q*, meficrBuresnbubix R*, kommiekcabix C*) Takxke o6pasyer
CPYIILYy OTHOCUTEIBLHO YMHOXKeHUs. [IpoBepKa IPyIIIOBBIX aKCHOM
BO BCEX ITUX CJIYUIAAX HE MPEJCTABIISLET TPYIA.

IIpumep 1.5. Baxwubiit qis #Hac mpumMep abeeBoOi TPYIIbI —
rpymmna OMHAPHBIX HAOOPOB IJIMHBL 1. BunapHvie HGOOPbL — ITO
nociieoBarebaocTr 13 0 u 1. Oneparusi HaJT HUIMI — ITOKOMITO-
HEHTHOE CJIOYKeHue 1Mo Moy o 2. CyMMoil 1ByxX OMHAPHBIX HAOO-

poBa& = (a1,...,a), 3= (01,...,0n), i, Bi € {0,1} naspBaercs
a®pB= (a1 +p1)mod?2, ..., (an+ B,) mod 2)
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(ucnosib3yeM aJITUBHYIO 3allUCh IPYNHIOBOil onepanuu). Hysem
sroit rpymmsr ssisercs 0 = (0,0, . .., 0). Kaxpiit Heryiesoit sJie-
MEHT COBIIQJIA€T CO CBOMM IIPOTHBOIOJIOKHBIM (HAIIOMHUAM, 9TO
POTHBOIIOJIOKHBIN — 3TO OOPATHBII 3JIEMEHT, KOTJIa UCHOJIb3y€eT-
Csl aJTATUBHAS 3aIUCHh OTEPAIAN). ACCONMATHBHOCTD OYEBUIHA.

1.2.2. I'pymmbl npeobpa3oBaHUit

IIpumep 1.6. Y orobpakenuss MHO2KecTBa X B ce0sl MOXKET He
OBLITH OOPATHOIO OTHOCUTEIHLHO OIIEPAIINN KOMIIO3UITUN OTOOpazke-
uuii. Ho ecim paccMoTperh MHOMKECTBO 63AUMHO 00HO3HAYHOLT
omobpasicenuti Muoxkecrsa X Ha cebs (Guekyuil), TO OHO OTHO-
CUTEJIBHO OTIepaIlii KOMIIO3UIMN 0TOOpaKeHuii oopasyer IpyIiry,
koropas oboznagaercsa S(X). Orobpaxkenue ¢: X — X HasbiBa-
eTCsi B3aUMHO OJJHO3HAYHBIM, €CJIU JJjIs JIIOOro sjieMeHTa £1 € X
CYIIECTBYET POBHO OJIUH To € X Takoi, 4To ¢: T9 — x1. OT0Opa-
JKeHHe cpfl : X — X, 3a1aBaeMoe mpaBuioM ga’l 1 X1 — Xg, OyIeT
06paTHbIM K @ B rpyiie S(X).

MHuorue BayKHbBIE TPUMEPHI TPYIIT — 3TO I'PYIIIHI OUEKITHii ¢ J10-
IIOJTHUTEJIbHBIMU YC.HOBI/IHIVII/I. I/IX MBbI 6yﬂel\4 Ha3bIBATH rpyliaMun
Ipeodbpa30BaHMIi.

IIpumep 1.7. Jsuosicernusn upocrpancrsa (1peobpaszoBanusi, Co-
XPAHSIONIAE PACCTOAHIE MEXKJLy TOYKAMU), 00pa3yioT IPyIILy OT-
HOCHTEJILHO OIEPAIIHI KOMITO3UIINY OTOOpaskeHuii. FlcHO, 410 KOM-
[IO3UINS IBUXKEHUI — JBUXKEHWE, U O0pPATHOE K JBUXKEHUIO —
TaK¥XKe JBUYKEHUE.

IIpumep 1.8 (mampuunsie 2pynnst). MaTpuipl ¢ HEHYJIEBbIM
olpeJieuTeeM 06pa3yioT IPYIIY OTHOCHTEIBHO ONEPAIlAU MaT-
PUYHOrO yMHOXKEHU. Dra rpymuma obosuadaerca GL(n) (n — pas-
Mep Marpur). OHa UMeeT TPsAMOe OTHOIIEHNE K TPYIIIaM IIpeos-
Pa30BaHUl, TIOCKOJIbKY MATPHIIAMHA Pa3Mepa 1 X 7. 3aliCHIBAIOT-
st JiuHEliHbIe IPeoOpa3OBaHUs N-MEPHOIO NPOCTPAHCTBA, & MAaT-
PUYHOE YMHOKEHUE COOTBETCTBYET KOMIIOBUIIMY TIPE0OPa3OBaHHUi.

Boijiesistst MATPHIBI CHENUAIBLHOTO BUJIA, TTOJLy 9a€M HOBbIE TIPH-
Mepbl MATPUYHBIX TPYMNI. B 9acTHOCTH, €CM OrpaHUuYUTLCS Op-
TOrOHAJILHBIMU MATDPHIAMHE, YIOBJIETBOPSIONMME ycoBuio X 1 =
= X! (TpamcrnormpoBaHHas MaTPHUIA COBIAJAET ¢ OOPATHOI),
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o nosyunm rpyiuy O(n), KOTOpasg COOTBETCTBYET JIBUMKEHUSIM
N-MEPHOI'0 IIPOCTPAHCTBA, OCTABJISIONUM HA MECTE HAYAJIO KOOP-
JuHAT (OPMO2OHAADHAA 2PYNNG).

MpbI HMYEro He cka3aju 00 JIeMEeHTaX MATPHUIl. DTO elle OJl-
Ha CTeleHb CBOOOJIBLI MpU BbIOOpE MATpUYHBIX rpyma. OT 31e-
MEHTOB MaTpHUIl TPeOYeTCss HEMHOTOe — UX HYXKHO CKJIaJIbIBATH U
YMHOKAThH IO OOBITHBIM 3aKoHaM apudmeruku. Hampumep, MOXK-
HO PACCMaTPUBATH I'PYIIILI MATPHIL ¢ PAIMOHAJIBHBIMU, JIEHCTBU-
TeJIbHBIMU MJIM KOMILIEKCHBIMU KO3 duimeHTaMu (BayKHO [HOHU-
MaTh, 9TO 3TO COBEPIIEHHO pa3uble rpymubl!). Ilosxke MbI pac-
CMOTPHUM JIpyTHe IPUMEPhl aaredpamdecKux CHCTEM, HOITyCKAIO-
mux takue onepanuu. Iloka OyjgeM cuuTarh (€CJaM HE OrOBOPEHO
IPOTHBHOE), YTO JIEMEHTHl MATPHI[ — JeHCTBUTEIbHBIE THUCIIA.

IIpumep 1.9 (epynna nepecmamno8ok UAU CUMMEMPUYE-
cKas 2pynna). DTO BaXKHBI YACTHBINA Ciiydail IPYIIBI IPeos-
paszosanuit. ITo oupenenennto, S, = S(X), rne X = {1,2,...,n}.
Taxum 0Opa3oM, nepecmarosxy, — 3TO B3AUMHO OJJHO3HAUHBIE OT-

obpaxkenust MHOXKecTBa {1,2,...,n} Ha cebsl.
ITepecTaHOBKY MOKHO 3allUCHLIBATDL B BHUJIE TAO/IHUIILI
1 2 3 ... & ... n
ty to t3 ... oty ... tn)

[IOPSAJIOK CTOJIOIIOB KOTOPOI HECYII[ECTBEHEH.
B rakux obO3HAYEHMSIX JIEFKO HAINCATH IPOU3BEIECHUE Iepe-
CTaHOBOK (KOMIIO3UIIUIO OTOOPAKEHNUIA ):

t1t2t3...ti...tno123...i...n_
V1 V2 V3 ... Ui ... Up tl tg t3... ti... tn
(1 2 3 ... % ... n
Vy U2 V3 ... Ui ... Up ’

3ameTbTe, YTO IPOU3BEEHUE T O 0 — ITO MEPECTAHOBKA, KOTOPAs
HoJIy4aeTcd IpUMEeHEHUEeM IIepeCTaHOBKU O, & 3aTeM IIepeCcTaHOB-
ku 7. Takoit MOpsiIOK COOTBETCTBYET IIPUHITOMY HOPSIIKY 3aIUCH
kommnozuiuu byuxuit: (7o 0)(i) = 7(o(i)) = 7(t;) = v;.

Euauma rpynmsl mepecTaHOBOK COOTBETCTBYET TOXKJIECTBEH-
HOMY OTOOparKeHUIO

1 2 3 ... & ... n
12 3 ... ¢« ... n)’
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Ob6paTHast mepecTaHOBKA,

123 i .oon\ " [ttty .t Ly
tl tQ t3 ti tn o 1 2 3 ... & ... n ’
I'pymmna nepecranoBok S, HeKOMMyTaTuBHA Upu n > 3. Bor

IIPOCTOI IIpUMeED, KOTJIa IIPOU3BEJEHUE IIePECTAHOBOK TPEX JJie-
MEHTOB 3aBUCHT OT IOPSIIKA MHOXKUTEJIEH:

BiD-C39-G1yr
7é(;> 3 ?):G 3 ;))OG § i’) (1.1)

[IepecTranoBKy Tak»kKe MOXKHO 33J[aTh, YKa3aB €€ UUKA080€ Pa3-
AOIHCEHUE:

= (ifiy. . ih,) (33 g, G T ) (12)
BuyTpu Kakmoit mapbl CKOOOK THCJIa IEPECTaBJISIIOTCS IIUKIINTIe-
cku: m(iy) = o, w(ia) = i3, ..., 7w(ix) = i1. Hukaosoe pasio-
JKEHIE OIIPeJIEJIEHO C TOYHOCTBIO JI0 IUKINYIECKUX CIABUIOB UUCEI
BHyTpPH CKOOOK. JacTo HCII0/Ib3yeTCsl COKPAIEHHAS IIUKIOBA 3a-
IIICH [I€PECTAHOBKY, IIPH KOTOPOii IUKJIBI JINHBI 1 IPOITYyCKAIOTCS.
ToxxecTBeHHASI IEPECTAHOBKA IIPU TAKOH COKPAIIEHHON 3alncu
BBINVIAIUT Kak mapa ckoOok: (). lukiioBast 3amuch Gosee KoM-
nakTHa. Bot, ckaxeM, Kak BoiriguT dopmyia (1.1) B rukioBoit
3aIHCH:

(123) 0 (23) = (12) # (13) = (23) o (123).

1.2.3. I'pymumbl cumMeTpun

CoOBOKyIIHOCTH TIPE0OPA30BAHUIN, COBMENMAIOIINX O0BEKT C Ca-
MUM c000ii, HA3BIBAETCS 2PpYNnnoti CuUMMEMPUL 005eKMa.

OO6BbeKTBI MOTYT OBITH PA3HOI TPUPOJIBI: TEOMETPUIECKUE Te-
Jia, MOJIEKYJIbI, nuddepeHimaibable ypaBHeHnsi, (DyHKIUU U T. II.
I'maBHOE, 9TOOBI OHU HE MEHSIJIUCH HMPU KAKUX-JTUO0 mpeobpaso-
Banusax. [IpeobpaszoBanms OBIBAIOT JUCKPETHBIMY WJIH HEIPEPDHIB-
ubiMu. Eciau npeobpa3oBanust JUCKPETHBIE U UX KOHETHOE TUCIIO,
IpyIIa, eCTECTBEHHO, OKA3bIBAETCsI KOHEYHOIA.
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Cs C, Cn Cn
C
=D LT
Ov oh
Cy
) ) )

Puc. 1.1. a) Ppynna BpaineHuii IpaBUIbHOIO TPEYTOJbLHUKA BKJIIO-
qaeT B cebst ocb Tperbero mnopsiika C3 W TPH OCH BTOPOIO
nopsizika Co.

6) Beprukasbhasi 3epKajbHas IUIOCKOCTb O, ¥ T[OPHU30HTAJIb-
Has Op,.

B) «Mosekyiiay , UMEIONIAs 36PKAJILHO-IIOBOPOTHYIO OCh 4€TBEPTO-
r'0 TOPsiIIKa Sy.

I'pynma cumMmeTrpun MOJIEKYJIBI COCTOUT U3 KOHEYHOI'O UHCJIa
JIBUKEHUI, TI0J] IeICTBHEM KOTOPBIX MOJIEKYJIA IIEPEXO/IUT CaMa B
cebst. Bee Takue npeobpasoBanust (9JIeMEHTHI CUMMETPHUHU) OCTAB-
JAI0T Ha MeCTe II0 KpaliHell Mepe OJHY TOYKY, II0O9TOMY TaKHe
IPYIIIbI HA3BIBAIOT TOYEIHBIMU.

IIpumep 1.10 (epynna mpeyzoavrukra). IIpumepom Toueu-
HOIl TPYIIBL siBJgeTCs Tpylia Tpeyrojbauka Ds (puc. 1.1 a).
B ,Ha,HHOI;'I IpyI1iiie 1Ba CymeCTBeHHO Pa3HBIX 3JIEMEHTA CUMMETPHN:
ochb Tperbero mopsigka Cs u MeprneHuKyJIsipHast eifi 0Cb BTOPOTo
mopsigka Co. V3-3a HAJMYHUS OCH TPETHErO MOPSIIKA TOSBIISETCS
TPU OCH BTOPOI'O HOPSIIKA.

Bcero B rpynmne tpeyrosbHuka 6 3JIEMEHTOB: TOXKIECTBEHHOE
npeobpa3oBaHue, JIBa I0BOPOTa BOKpyr ocu C3 U TpU IOBOPOTA
BOKDyT oceit Cy.

B obmem citygae B TOU€UHOI TPyIIie MOTYT OBITH TOJIBKO TPU
BH/Ia 3JIEMEHTOB:

1: TToopotr C), Ha yroJ 27w/n BOKPYI' OCU N-T'O HOPSIIKA.

2: OTpaxenue o, B IJIOCKOCTH, IIPOXO/ISINEN Yepe3 OCh, WU B
ILUIOCKOCTHU O, IEPIEHIUKY/IsipHOi ocu. WHaekcor v, h yka-
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3LIBAIOT Ha BEPTUKAJILHYIO HJIM TOPA3OHTAILHYIO ILIOCKOCTh
B IIPEIOJIOKEHUN, ITO OCh N-T'O TOPSIKA SBJISETCA BEPTH-
KaJibHOH, puc. 1.1 6).

3: 3epKaJyibHBIA TOBOPOT Sa,, = 01,Coy, T. €. IOBOPOT C OTPazKe-
HHEM B TOPU30HTAJIBHOMN IJIOCKOCTH. I TOOBI TTOC/Ie TIOBOPOTa,
Ha 27 MOJIEKYJIa BO3BPATWJIACh B HUCXOJIHOE COCTOSIHHE, I10-
PSZIOK 3€PKAJIbHO-TIOBOPOTHOM OCH JIOJI2KEH OBITH UETHBIM,
puc. 1.1 B).

B mpocTpaHCTBEHHBIX I'PYINIAX, OMUCHLIBAIONUX CUMMETPHUIO
0ECKOHEYHBIX IIPOCTPAHCTBEHHBIX KPUCTAJLIOB, K IIOBOPOTAM 1 OT-
ParKeHUsIM J100aBIIAIOTCs TPAHCIAIUY (IIEPEHOCHI) Ha, IOCTOSTHHYIO
PEIIeTKN M UX KOMIIO3UIUMK C IOBOPOTAMHU HJIM OTPAKCHUAMHU.
[IpocTpancTBeHHBIE TPYIIILI MOTYT OBITH KAK KOHEYHBIME, TaK W
OECKOHEUHBLIMH.

IIpumep 1.11 (epynna duadpa usu dusdpasvras epynna).
D10 rpyIna CUMMETPUil IPABUILHON IIPU3MBL (UJIM TPABUILHOTO
n-yrosibuuka). Ouna obosuagaercs D,,. JIerko nmoHgars, 4To B 9TO0#
IPyIIe eCTh OCh N-10 nopsiaka Cy, ¥ n NepIeHIuKyIAPHBIX et oceit
Broporo nopsiaka Co (Ha puc. 1.2 n306pazkeHbl OTIEJIBHO CIIydail
YEeTHOIO 1 ¥ CJIydail HeYeTHOro n).

Cn Ch
Cy Cs
C, Cs Cy | Cs
Cy C, 2 Cs | Cs

Puc. 1.2. T'pynner Dg u Ds

B rpynmne D,, Bcero 2n 37eMeHTOB: TOXKJIECTBEHHOE Mpeobpa-
30Banue, n — 1 moBopor BOKpyr ocu C),, U 7 OBOPOTOB BOKPYT
oceit Cy.

ITpumep 1.12. O6oikHOBeHHOE MU hEpeHITnaIbHOe YpaBHEHIE

dy z
@_f(z)
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UHBAPUAHTHO OTHOCUTEIBHO MPeodpa30oBaHuil PaCTIKEHMs
T AT, y— Ay, AF0.

Takoe ypaBHeHne HA3bIBAETCS OJHOPOIHBIM U PENIAETCS C IIOMO-
HIBIO [Iepexo/ia K HOBOM IepeMeHHOll z = y/x. Bce pacrsikenus
¢ pasHbiMH A o0Opasyior rpyumay R, KoTopas, 09eBHIHO, OECKO-
HEYHAs U HelpepbiBHAsi. dTOOBI 3a/1aTh Ipeodpa3oBaHue U3 ITOM
rpyIimbl, Tpedbyercs 3ajarh mapaMmerp A. KosmdecrBo mapamer-
pPOB, HEOOXOIUMOE I OJHO3HATHOTO 3aJIaHUs ITPEOOPA3OBAHMS
13 HEIPEPBIBHON IPYIIIBI CHMMETPUHU, HA3BIBAETCS PA3MEPHOCTHIO
u oboznagdaercs dim. B narmem npumepe dim R = 1.

IIpumep 1.13 (epynnsv. NPaBUABHBIL MHO202PAHHUKOS).
I'pynna (nmpaBuibHOrO) MHOIOIDAHHUKA COCTOUT M3 8paterull
9TOTO MHOTOTPAHHUKA, COBMEIAIONTNX MHOTOIPAHHUK C CAMHM CO-
6oii. Bparienuss — 9T0 He BCe CUMMETDPHM MHOIOIDaHHUKA (Cpe-
JI1 KOTOPBIX MOI'YT OBITh, HAIIPUMED, 3ePKAJILHBIC OTPAYKEHHUS ), a
TOJIBKO ITOBOPOTHI.

1.3. IukanvecKkue rpyniibl

OTu rpynmnsl HanboJiee MPOCTO YCTPOEHBL. B yukauueckod
2pynne ecTh TAKOI 3j1leMeHT (OH HA3BIBAETCS NOPOAHCOGIOUUM INE-
MEHMOM TPYIIIBI), YTO KAXKJIbIA 3JIEMEHT I'PYIIbI MOXKET OBITh
nostydeH (MHOTOKPATHBIM) IPUMEHEHHEM I'PYIIIOBOil olepanuu K
[TOPOKIAIOIIEMY.

YT00BI pazodpaThbcs ¢ MUKANIECKUME TPYIIaMUA, BBEIEM He-
CKOJIBKO ITPOCTBIX 0003HAYEHUH, KOTOPBIE TIOHAI00ITCS U B JAJIb-
meitiem. Enuanmny mer 6ygem 0003HAYaTh KaK HYJIEBYIO CTEIIEHBb
npousBosibHOTO 3emenTa: ¢ = a’. (To MpocTo Mose3HOe YCI0B-
Hoe obozHavenne. Ero MoxHO cumtath onpesestennem a’.) laree,
pe3yJIbTaT N-KPATHOTO IPUMEHEHHs] OTIEPAINU K 3JIEMEHTY a Oy-
neM obo3HadaThb a’:

n

a =a-a-... Q.
————
n pas

B amumrusHOl 3anmcu Ta »Ke caMasl CTelleHb 00O3HAYAETCA Nd.
IIposepum, aTo

(a") ™t = ()" (1.3)
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IPAMBIM BBIYHCIIEHEEM (B HEM MbI HCIIOIb3YeM, 9TO @ U 4~ © KOM-
MYTHUDPYIOT):

(a-a-...-a)-(cfl-afl-...-afl):

n pa3 n pa3

n pa3

PapencrBo (1.3) IO3BOJIET OJIHO3HAYHO IOHMMATL BBbIParKeHUE
a” " (—na B aJJUTUBHONI 3aHI/ICI/I) 1 JlaeT oupejesaeHue OTpUlla-
TEeJbHOI CTEIeH!.

Bcee ocranbmbie cBoiicTBa cTemeHN, K KOTOPBIM MbI ITPUBBIKJIN
B OOBLIYHOI apupMeTuke, 37eCh TOXKE COXpaHaioTcs. Hampumep:

a”~am=(a-a~...-a)~(a-a~...-a):(a-a-...~a):a"+m.

n pas m pa3 n + m pa3
(1.4)

Tak ke JIerko IIOJIYIUTDH €€ OJHO IITPUBBITHOE PaBEHCTBO
m
(an) — anm.

Teneps mocMOTpUM HA TO, KAK YCTPOEHBI IIUKJIMYECKUE I'PYII-
nbl. EcTb jiBa coryvas.

1. Bce cTemenn mopoKIaioniero 31eMeHTa pa3andnnl. ['pyima
COCTOUT U3 JIEMEHTOB

a olepanus OJHO3HAYHO onpejeriena pasencrsamu (1.3) — (1.4).
ITo cymecrBy, 9TO Irpynia MeJBIX YHCEN [0 CJIOXKEHHIO. JTO CTa-
HOBHTCs OYEBHIHBIM, €CJIH [IEPEIHCATD IPEABLIYIIYIO CTPOUKY B
AJIUTUBHON 3aIIuCh

...,—3a,—2a,—a,0,a,2a,3a,....

2. /IBe pa3jumvHbIE CTENEHU MOPOKJIAIONIEr0 SJIEMEHTa COBIIA-
JTatoT:

a"t™ =qa", n,m — nense, m # 0.

Ho Torpa

a"m = q"a™ =a", r.e. a™ =e.
O603Ha4NM Yepe3 ¢ HauMEHbIIee HATYPAJIbHOE 1M, IJIs KOTOPOTO
a™ = e (3T0 YKCII0 HABBIBAECTCH NOPAOKOM INEMEHMA Q).
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JokaxkeM, 9TO 3JIEMEHTBI ITUKJINIECKON I'PYIIbI B 9TOM CJIy-
qae — 310 ¢ = a’, a', ..., a?"!, npuyem Bce MepedMCIICHHDIE
SIeMeHTHI paszamdHbl. Jdeiictsurensro, ecnn af = a!, 1 <1 <t <
< q—1, 10 a*! = ¢ u NPUXOAUM K IPOTUBOPEUHIO C BHIGOPOM ¢
(rak Kak t — < q). PaccmoTpum Kakoii-HUOY/Ib 9JIeMEHT IDYIIIIbI,
o mMeer BuA a”. Pazmenum n Ha ¢ ¢ ocrarKoM: n = Sq + m,

0 <m < q. Torma
S
a™ = a1t = ¢%9g™ = (aq) a™ =eam =a™.
Hukianyeckast rpymma u3 n 3jaeMeHToB oboznadaercs C,.

Ipumep 1.14 (xopru u3 edunuuywnt). KomiuiekcHoe aucio z
Ha3bIBaCTCA KOPHEM U3 €IUHUIIBI IIOPAIKaA 77, €CJIN z" = 1. Moxno
IIpOBEPUTH, YTO OTHOCUTEJIbHO YMHOXKEHUdA KOPHU U3 €JIUHUIIBI
00pa3yIoT IPYIINY, U Ta TPYIIa TUKINIeCKAsT.

ITpumep 1.15. Crenenu 06010 3j1eMeHTa @ B J1060# rpy1ine 06-
Pa3yIoT NUKJINIecKyio rpyiry. CBOHCTBO aCCOIMATUBHOCTH B JAH-
HOM CJIyYae BBIIOJIHAETCS TPUBUAJIBHO, €JMHNANIA — Ta YKe camasl,
9ITO U B MCXO/IHOIT rpymie. CorjacHO MPOIeIaHHBIM BBIIIE BBITHC-
JIEHUSIM, TIPOM3BEJIEHIE CTEeHEN sIBJISIeTCs] CTEeHbI0, OOPATHBIM
9JIEMEHT TAKXKEe SIBJISIETCS CTEIIEHBIO. DJIEMEHT @ SBJISE€TCS TOPOK-
nmarormuM. O6paruTe BHUMAHUE, YTO KAXKJIbI 9JIEMEHT UCXOTHON
IPYOIBI MOXKET TOPOJUTH CBOK IPyMIy. ['pymimy, TOpOXKIEHHYTO
9JIEMEHTOM @, MbI OyjieM 0603HAYATD (a).

1.4. Iloarpynmnbl

[IpemmonozkuM, 4T0 UMeeTcst HeKoTopas rpyimna G, u s Ka-
KOI'0-TO IIOJIMHOXKeCTBa 3j1eMeHTOB H C (G BBIIIOJIHEHBI CBOMCTBA

1: e€ H;
2: ecmn a,b€ H,toa-b € H;
3:ecmac H,roa ! € H.

Takoe mHOXKecTBO H sABJIsieTCs TPYMIOH OTHOCHUTEIHHO TOI Ke
ollepalnu, 9T0 U B HCXOJHOM rpyiie. ACCOIMATHBHOCTH MPOBE-
PSTH HE HAJIO, TOCKOJIBKY accormaruBHa (G, OCTaIbHBIE IPYIIIIOBbIE
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AKCUOMDbBI cpa3y CJIEAYOT U3 IIPUBCICHHBIX BBIIIC CBOICTB. HO,IL—
MHO>KEeCTBO H, yﬂOBJIeTBOpﬂIOL[Lee Inepedruc/JICcHHbIM BBIIIIE CBOTi-
cTBaM, HazbiBaeTca nodepynnot G. st ykazanust Ha TO, a0 H
SABJIsIETCS TOArpynnoit G Mbl OyJieM HCHOJIB30BATH 0O03HAYUEHYE
H<G.

Bprirmie y2ke ObLT IpUBEIEH IPUMEP TOATPYIIIBI — MOATPYIIIA,
IIOPOKICHHAA 9JICMEHTOM I'PYyIIIbI.

Ham monamoburcst o9eHb IpOCTO JOKA3bIBAEMAas TEOpEMA.

Teopema 1.16. H — nodepynna epynno. G mozda u moavko mo-
2da, K020 dns mobwx a,b € H svinoaneno ab™! € H. @opmanvro
MO MOIHCHO 3ANUCAMD KAK

H<G < ab~' € H 0nn scex a,b € H.

HokasarenbctBo. Ecim H — noarpymma, To st Jito0bIX a,b €
H w3 cBoiicTs 3 1 2 MOArPYyHIIBI cieyet, ato ab~ 1 € H.

Teneps gokaxkem HeobxomumocTh. IlycTs myis si0bbix a,b € H
BoimosHeno ab~ ! € H. Bo3bMeM smo60it sstement a € H. Torna e =
=a-a~! € H (coiictso 1). Buibpas napy e,a € H, ybexxmaemcs,
uro ea”! = a~! € H (cBoiictso 3). ITockombky (b~1)~! = b, To
ab = a(b=1)~! u cBoiicTBO 2 TaK¥Ke BBINOJHEHO. O

Bor npumep ucnosibzoBanus reopemsr 1.16.
VYrBepxkaenue 1.17. Ilepeceuerue nodepynn — nodepynna.

HoxkazareabcTBo. Ilycrs a,b € Hi N Ho, rne H1 < G, Hy < G.
Torna ab~! € Hy, ab~! € H,. 3maunr, ab~! € H, N Hy. U3
Teopemsl 1.16 caenyer, uro Hy N Hy — moarpymna. ]

PaccMvoTpum ere HeCKOTBKO KOHCTPYKITHI TTOAIPYIII.

ITpumep 1.18. [[ewmpom rpyunbl (G Ha3BIBAETCS MHOXKECTBO
C(G) rex ee 3JIEMEHTOB, KOTOPBIE KOMMYTUPYIOT CO BCEMU 3JIe-
MEHTAMH TPYIIIHL:

C(G)={zreG|VgeGgx=uag}

ITenTp rpynmsl Beerpa He nyct (e € C(G)). Ecau rpynna kommy-

rarusHa, T0 C(G) = G. JokaxkeM, 9TO HEHTP sIBJIAETCS TIOATPYII-

moit. IIpoBepuM BBITIOTHEHUE CBOWCTB MOIPYIIILL JJIsT TIEHTPA.
OueBuHO, 9TO A5 J1H060TO g € G

ge = eg. (cBoiicTBO 1)
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Eciu x1,29 € C(G), TO U3 acCONUATUBHOCTH yMHOXKEHUS IOJIy-
qaeM

g(z122) = 1972 = (T122)9. (cBoiicTBo 2)
Hakouer, eciin « € C(G), TO yMHOXKHUM PABEHCTBO g = g CJeBa
Ha, x_17 IOJIY YAM x_lgx = x_lxg = g. YMHOXas MOJIydIeHHOe
PaBEeHCTBO Ha x1 CIIpaBa, IIOJIyIUM x_lg = ga:_l, 3HAYUT, e
C(G). D10 CcBOICTBO 3 U3 ONpPEIEJICHUS IO IPYIIIIBL.

Beegem ommo mosiesnoe obosuadenue. [lycrs A, B — momMHuO-
JKecTBa 37aeMeHToB rpymnbl G. Torma «yMHOXKEHHE» ITOIMHOKE-
crBa A Ha TOAMHOXKECTBO B aeT moaMHoKecTBO AB 3/1eMeHTOB
IPYLIIBI, COCTOAINEE U3 BCEX IONAPHDIX LPOM3BEAEHUN ab, a € A,
b € B. Ilpu yMHOMKEHUH OJHOJIEMEHTHOIO MOJMHOXKecTBa {}
dburypHbIe CKOOKY /7151 KPATKOCTH 3AIIUCH OITyCKAIOTCH.

Ipumep 1.19. Hopmasrusamopom N (S) nogmuoxecrsa S C G
3JIEMEHTOB TPyNIbl (G HA3LIBAETCA MHOXKECTBO TAKUX €€ JJIEMEH-
TOB ¢, 9TO BBIIOJHEHO paseHcTBo Sg = ¢S. Hopmasuzarop N (S)
Beerga He uycr (e € N(S)). Ecam rpymma KoMMyTaTHBHA, TO
N(S)=G.

JloKa3aTeIbCTEO TOTO, YTO HOPMAJIU3ATOP JIIOOOTO TIOMHOYKE-
CTBa ABJIAETCS TIOTPYIIIOL, AHAJOTUIHO MPEILIIYIEMy TIPIMEDY.

A Temepnb mepeiizieM K HEKOTOPOW KOHCTPYKIMH, KOTOpas B
ajrebpe U B OIPOMHOM OyKeTe MaTeMaTUIeCKUX HAIPABJIEHUNH,
BBIPACTAIOMINX M3 aJaredpbl, UTPaeT OrPOMHYIO pOJb. PaccMoT-
PUM KaK IIPOUCXOIUT IIPUHSTHE PEIIeHnl B HEKOTOPBIX CJIOXKHBIX
curyaruax. CkKarXeM, MUHHUCTD XOUYeT 3HATH KaK 0OCTOAT meJia
B MuUHHCTEepCTBe. Best mHMOpMAIUs MOXKET IMPEJICTaAB/ISITh CODOi
CTOIIKY OyMaru B JIECATKHU ThICsY JUCTOB. Hukakoil dejoBeK He
CMOXKET OIEPATUBHO 00PabaThIBATh TaKhe 00beMbI HH(MOPMAIIIH.
IlosTomy mo 3ampocy MuHHCTpa BCS WHGOpPMAIAS HE IIPEeIo-
CTaBJISIETCsS. €My B YUCTOM Buje, a 0600uiaercs (arperupyercs).
[To-HayYHOMY TO HA3BIBAETCS «IIPUHITUI ArPErnpOBAHUS WHMOP-
Maruu». Becb orpoMHBIit 00beM WHMOPMAIUN TPEICTABISETCS B
BUJIE OTJEIbHBIX COODINEHNUIT, KOTOPble O0ObEINHSIOTCS B I'PYIIIbI,
U 9TUM TI'DYIIIaM [IPUCBANBAIOTCS HOBble Ha3Banus. U B pe3ysib-
TaTe MOJIydaeTcs yxKe napyras uudopmarms. Mbl paccMoTpum
MIPOCTEHIII TTpUMep TaKOro pojia Ha OCHOBE TPy OymaeM ar-
perupoBaTrh UM 0000IIATH IT0 OTHOINEHUIO K JAHHON HOJrPYIIIE.
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Jameko He cpa3dy MOYKHO MOHSATD, YTO TPUBOJIUMAs HUKE TEO-
pema mMeeT OTHOIIEHUE K OIMMCAHHOIN BBIIIE CUTYAIIUH.

Pacemorpum mHekoTopyro moarpynmy H rpymmsr G, a Takxke
HEKOTOPBIi semenT rpynnbl © € G. MuoxectBo xH B cooTBet-
CTBUU CO BBEJIEHHBIM BBIIE 0003HAYEHUEM SIBJISETCSI MHO2KECTBOM
TEX JIEMEHTOB I'PymIbl (G, KOTOPBIE MOJIYYAIOTCS U3 JIEMEHTOB
monrpynnsl H yMHOXKEHHEM Ha X CJIeBa:

xH ={zh|h € H}.

MHuozkecTBO T H Ha3bIBAETCH CMENHCHBIM KAACCOM MO nodepynne H
¢ mpejcTaBuTeNieM (CMEXKHOro Kiacca) . [JoCcKosIbKy yMHOXKeHue
HA T IPOM3OILIO CJIEBa, TO TOBOPIT, UTO ITO AEBHIT CMENHCHBIT
xaacc. Ecin e yMHOXKaTh Ha X CIIpaBa, TO IOJIYUUTCS NPaebil
cmentcnull kaace. Ecim omeparusi HEKOMMYTATUBHA, 9TU KJIACCHI
MOTYT pa3anIaThbcs. [t KOMMYTATHBHON IPYIIIBI BCETJIA BBIIOJI-
meno pasenctBo xH = Hx. B aTom caydae MOKHO ITPOCTO TOBO-
PUTH O CMEXKHOM Kjiacce. MIMeeT MecTo oueHb BarKHasi TEOPEMA.

Teopema 1.20 (Teopema 0 cMeXKHBIX KJiaccax). Cumeorcrvie
xaacco, tH w yH aubo ne nepecexatomes, aubo cosnadaiom.

HdokazaTeabcTBo. [IpeamnomoxkmM, 9T0 y IBYX CMEXKHBIX KJIac-
coB Hamesica obmuil anement z. Torma z = xh; = yh;. OTcroma
nosyuaem = = y(hjh; ') € yH, y = a:(hihj_l) € ©H, 1. e. npeacra-
BUTEJIb OJIHOIO KJIACCA MPUHAJJIEIKUT JPYIOMY.

Janemre Bcé mpocro. Ilycrs w € zH, T.e. w = zh'. Ho
x = yhg, smauur, w = y(hyh') € yH. Takum ob6pazom,
xH C yH. CoBepIlleHHO aHAJIOTUYHO JOKA3BIBACTCS BKJIIOUYEHUE
B IIPOTUBOIOJIOXKHYIO cTopony. 3uaunt, vH = yH. MbI qokazaim,
YTO CMeXKHBIE KJIACChI COBIAJIAIOT, €CJIN Y HUX €CTh XOTs Obl OJIUH
OOIIUIA 3JIEMEHT. O

IIpumep 1.21. Paccmorpum rpynmy R?, KoTopasi COCTORT U3 Hap
JIEICTBATEJIBHBIX YHCEJI C Olepalneil MOKOMIOHEHTHOTO CJIOYKe-
HUST:

(w1, 22) + (y1,92) = (1 + Y1, 72 + ¥2)
(ncnosib3yeM 371eCh AJUTUBHYIO 3aInCh). B 39Toi rpymme ecThb
noarpynna R, cocrosimas us nap (z,0), z € R (uposepky cpoiicrs
HOJAIPYIIIBI OCTABJIAEM YATATENIO B KAYECTBE MOJIE3HOTO YIIPark-
HEHMs).
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CmexubIME KiaccaMmu OyayT mHoxkectBa R, = {(x,y) | y =
=a,r € ]R}. DTO 0YEBUIHO, TAK KaK Maphl C COBIAIAIONIEH BTOPOit
KOMIIOHEHTOH OTJIMYAIOTCS Ha, 3JIeMEHT u3 R:

(z1,a) = (x2,a) + (x1 — z2,0).

ITpumep 1.22. PaccMoTpuM HEKOMMYTATHUBHYIO I'DyHIy S3 U B
Heil noarpynny H = ((12)) (ucmosb3yeMm COKpAIEHHYIO IHKJIO-
BYIO 3aIlUCh I€PECTAHOBOK ). 3AIIUIIEM CMEXKHbIE KJIACCHL 110 3TO
HOATpyTIIIe

H: 0 (12)
(23)H : (23) (132)
(13)H (13) (123)

[MockosbKy 3iieMenT ¢ Tpynnbl G IPUHAIIEKUAT CMEKHOMY
kiaccy gH mo nogrpynmne H, to Bes rpynmna G pasbuBaercss Ha
00'beJMHEHNEe CMEeXKHBIX KJ1accoB 0 H (B JaHHOM cjlydae JIEBBIX,
XOT# TO K€ CaMO€ BEPHO U JJIs IIPABBIX CMEXKHBIX KJIACCOB):

KommaectBo cmexxubix Kiracco rpymmbl G o mojirpymnne H Ha-
3pIBaeTCHA UHIEKCOM nodepynnove U obosHadaercs depe3 (G : H).
(Ecin emexubix Kitaccos no H GeckonedHo MHOrO, T0 H HasbiBa-
eTcsl OArpynnoil 6eCKOHEYHOrO UHJIEKCA. )

Hoxkaxkem, uTo ecin H KOHEYHA, TO KOJUIECTBO JEMEHTOB BO
BCEX CMEKHBIX KJIACCaX ONUHAKOBO, T. €. |g;H| = |g; H| ms mobbx
95,95 € G.

Pacemorpum orobpaxkenune L,: h — ah, KOTOpoe KaxKiIoMy
971eMeHTy h moArpynmbl H CTaBUT B COOTBETCTBHE 3JEeMEHT ah
CMEXKHOTO KJjacca aH. DTo B3aMMHO OJHO3HAYHOE OTOOpaKeHUe
(o cBoiicTBY cokparumoctu u3 ahy = ahg ciaexyer hy = ha),
nosromy |H| = |aH| (r.e. KommgecTBO 3s1eMeHTOoB H coBnajaer
¢ KosmaecTBoM 3jieMeHToB aH ). TIocko/bKy BCg rpynma mpej-
CTaBJIEHA B BUJIE O0bEINHEHUSI CMEXKHBIX KJIACCOB, TO KOJUIECTBO
9JIEMEHTOB B IpyIIe 6y/IeT PABHO KOJUYIECTBY IJEMEHTOB B KaXK-
JIOM CMEYKHOM KJIacce, YMHOXKEHHOMY Ha KOJMYECTBO CMEYKHBIX
KJyaccoB 1o noarpyuue (uagexc H B rpymnne G). rak, Mbl goka-
3aJT0 BaXKHYIO TEOPEMY.
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Teopema 1.23 (Teopema Jlarpanxka). [Tycmo H — nodepynna
epynnos G. Tozda nopsadox H aeasemcs deaumensem nopsadka G-

|G| = (G : H) - |HI.

B kakoM cMbIC/Ie HY2KHO IIOHMMAaTh 3TO paBeHCTBO? s Gec-
KOHEYHBIX IPYIIII €r0 TPAKTOBKA TPEOYET MOIOJHATENbHBIX YTOY-
mennii?). Mbl GyZeM HOHHMATH €r0 B CJIELYIONEM CMBICIE: €C-
Ji JTIO0OBbIE J[Ba, COMHOXKUTEJIsI B PABEHCTBE KOHEYHBI, TO KOHEYEH
U TPETUil MHOYKUTEJIb, U BBIMOJHSIETCS YKA3aHHOE COOTHOIIIEHHUE.

B 4gem npestectsb okazanHOTO yTBepK AeHusi? Ecau y Bac crpo-
CAT, CKOJIBKO PA3JIMYHBIX IIOATPYII y IPYIIbI Hopsigka 17, To
MO2KHO MTHOBEHHO OTBETHUTD: JBe. KAMHIIHAS TOAIPYyIIIa, COCTOS-
Iasi TOJIHKO U3 eUHIIHOIO 3JIEMEHTA, ¥ CaMa, IPyIIa. DT TPUBU-
aJIbHBIE WA HeCcoOCMEeHHble TPYIIIBL SBJISIIOTCS MOArpyImamMu. A
HETPUBHUAJIBHBIX [TOJTPYIII y TPYIIIBI MOPsIKa 17 ObITh HE MOXKET,
IIOCKOJIBKY 9HCJI0 17 — mpocToe.

Caencreue 1.24. I'pynna npocmozo nopsadka He umeem Hempu-
BUAALHVLT NOD2PYNN.

Teopema 1.25. Ilopsdox 2106020 saemerma ecmv desumens no-
pAadKa 2pynnot.

[Moyemy rak mosyuaercs? [lo teopeme Jlarpam:ka mopsijiok
JIIOOOT MOJArPYIIIBL JEJUT MOPSIIOK Ipynbl. OCTajgoch BCIIOMHUTD,
YTO CTEHEHH JII00O0r0 3JIeMeHTa 06pa3yIoT IPYIIILY.

Orciona ciemyer, 9TO ecjau TOPsIoK rpynmbl (G — mpocToe
yncjo n, To G — NUKJIMYecKasl rpylmna, u Jjoboit sjnement G,
OTJINYHBIN OT €IUHUIBI, SBJsIeTCs mopoxpaomuM s G. leii-
CTBUTEJILHO, BO3bMEM JII000i astleMeHT g € (G, He pABHBIN eIMHUIIE.
ITopsiiok g OJIZKEH OBITH JAEJIUTENIEM TOPSIKA IPYIIILL, TO3TOMY
oH paBeH n. Takum 06pa30oM, Bce cTemeHn JIIOOOTO IJEMEHTa HC-
YEePIBIBAIOT BCIO T'PYIIILY.

3ameuanne 1.26. OOparenue TeopemMsl JlarpaH:ka HEBEPHO: Cy-
[ECTBYIOT TaKWe T'PYIIBI [TOPsKA 7, 9TO B HUX HET HOJArPYII
nopsizika k, tae k | n. Ilpocreiimuit npumep upuseleH B 3aa-
qe 1.31 e).

2)1:)8,B8HCTBO 6y,aeT BBIIIOJIHATBCA [J1d KapAWHaJIbHbIX YHCEJI, KOTOPbIE 3a-
JAKTCA COOTBETCTBYIOIIMUMU MHOX?KECTBaMMU.
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Tenepsb mocMOTPHUM, KaKue MOIAIPYIIBL €CTh Y IUKJIMIECKUX
rpynn. ObozHaunM 4depe3 7 aJJUTUBHYIO TPYIILY IEIbIX HUHCET
(rpyIIly HesIbIX 9HCesl OTHOCUTEIBHO CJIOKEHMsI) — €IUHCTBEH-
HyI0 OECKOHEUHYIO IMKJNYECKyIo Ipyiiy. B cieayromem jasee
PACCYXKJIEHIM MBI HCIOJIb3yeM aJJIMTUBHYIO 3alMCh TPYIIOBOit
oneparuu. Ilycts H — HeTpuBHAJbHAs MOATPYINIa TPYHILI Z,
a d — HauMeHbIIlee IIOJIOXKUTEIHLHOE YHCJI0, IpuHaexariee H.
Hoxaxem, uro H umeer Bu

H={nd|neZ}=dZ. (1.5)

HeiicrBurensuo nyctb y € H. Paznesum y Ha d ¢ ocTaTrkoMm: y =
=nd+r,0<r<d Takkaky € H,nd € H,rour =y—nd € H.
Suaunt, r = 0. Urak, 71000t 3jileMeHT HAIIel MTOIPYIIbI HMeeT
By nd.

OtrmeruMm erie oauH (axT

Teopema 1.27. Bcaxas nodepynna yurkiuveckot epynno, — yuk-
AUNMECKAS.

B JA0Ka3aTeJIbCTBE Mbl 9y Th-9yTh 3a0€eK1M BIIEPE.

HokazaresnbcrBo. Ecin G — GeckoHedHAsT ITUKJINIECKAs IPYII-
na, To ona uzomopdua Z (06 uzomopdusMe cM. CaeLyomuii pas-
JIeJT), & Mbl y2Ke HAIIA BCe MOAPYIINbLL Z U JOKA3a/Id, YTO OHU
nuknaeckue. Ecomn G — KoHedHasi NMUKJIMYecKas TPyIa ¢ Io-
poKIaoNIM 3emMenToM a 1 H < G, To mycTh n — HaUMEHbIIee
[TOJIOXKUTEJIbHOE 9nciio, Takoe 4ro a” € H. Jlerko nposepsiercs
aro b = a" mopoxkgaer H, aHAJOTMYHO TOMY, 9TO MBI PAHBIIE
cuejiasim ¢ Z — Bce crenenu b OyuyT npunamiexats H, a He
KpaTHBIX 1 crenereil B H omnsaThk He Oyner B cuity Bbibopa n. [

Ucnonways Teopemy Jlarpamzka, MOKHO ONPEIEIATH ITOPIIOK
IPYIIbI O MOPSAKY MOArPYIIIBI U YUCILY KJIACCOB CMEXKHOCTH.

IIpumep 1.28. Haiigem nopsIoK CpyIIn IPaBUIHLHBIX MHOTOTDAH-
HUKOB. U3 reoMeTrpmdeckux cOOOparKeHUi siCHO, YTO BpallleHHe
MHOTOI'PDAHHUKA JIOJI?KHO OBITH IIOBOPOTOM BOKPYT' OCH, IIPOXOJIs-
meit uepe3 ero MmeHTp. BepmuHubl MHOrOIrpaHHUKA MTEPEXOJIAT TPU
BPAIEHUH B BEPIIUHBI, IPUYEM IIapa BEPIINH, COEIMHEHHBIX Ped-
poMm (cocesiHue BEPIIMHBL), IEPEXOAUT B APy COCEAHUX BEPIIIMH.

Ecsin BpalieHne MHOrOrpaHHMKA ¢ OCTABJIAET HA MECTe Bep-
muHy A, TO 0Ch TOBOPOTA MPOXOAUT Yepe3 MEHTP MHOTOIPAHHUKA
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u BepiuHy A. YToJ1 HOBOPOTa OLPEJIEIsieTCst U3 TOr0, Y4TO COCeJI-
HIe ¢ A BepIIMHBI JOJIZKHBI IIepeXoauTh B cebsi. Takne moBopoThI
06pa3syoT IUKINIECKYIO moArpynny H 4, HOpsI0K KOTOPOIl paBeH
YHUCILy COCeJeil Y BEPIINHBI MHOIOIDAHHUKA.

OJIEMEHTHI 1, ¢2 IPHUHAJIEIKAT OJIHOMY CMEXKHOMY KJIACCY
1o mogrpynne Ha TOTJa U TOTBKO TOTJA, KOT/IA ¢ g TPHIHAJ-
nexur Ha. Ecmn g1(A) = ga(A), o (g7 'g2)(A) = A. Bepmo
u obparnoe. [losToMy CoUpszKEeHHBIN Kiacec 1o moarpyimie Hy
06pa3yIoT Te BpallleHHsi MHOIOIPAHHHUKA, KOTOPbIE IIEPEBOJIAT BEp-
muny A B HEKOTOPYIO BepuuHy B.

MoxkHO TpOBEPHUTH, UTO JIOOasi Tapa BepIUH JII0OOTO TIpa-
BIJILHOTO MHOI'OIDAHHUKa COBMEIIAETCs BpamenueM. [Tosromy, ec-
Jir 0603Ha4UTE Yepe3 G IPyIILy BPAIlEeHNiT MHOIOIDAHHUKA, 9epe3
1 — YUCJIO BEPIIHH, a Yepe3 k — 4qncsio pebep, BBIXOMSIINUX U3 OJI-
Hoii Bepiunbl, 10 [H 4| = k, (G : Ha) = n. Ilo reopeme Jlarpamxa
|G| = (G : Ha)|Ha| = nk.

ITpuBeieM MOPsiIKK IPYIIT JIsi IPABUJIbHBIX MHOTOIDAHHUKOB,
COCUYMTAHHBIE YKA3AHHBIM CIIOCOOOM:

MmHororpasuuk | n | k | |G|
Tetpadap | 4 | 3| 12

kKyo | 8|3 | 24

OKTadJIp 64| 24
nonekasp | 20 | 3 | 60
uKocadp | 12 | 5 | 60

1.5. 3amaHne rpyIIibl ITOPOXKIAIOITNTMA
1 COOTHOINEHUSIMMU

MpI y2Ke IpUBen MHOTO IPUMEPOB rpyir. Ompenessiinch 3Tu
IPYIIILI B OCHOBHOM ITyTE€M AIBHOT'O OIHCAHUA MHOYKECTBA M Ollepa-
1y Ha HEM (B CjIydae KOHEYHBIX IPYII 9TO MOYXKHO CIEJIATh, CKa-
KeM, ¢ nomoInbio Tabauinl Kaym). Tajsee Mbl paccMoTpuM JIpy-
rue cnocobbl 3aanns rpynnbl. Hanmpumep, nuxke Gyer qjoka3aHa
reopema Kasn (Treopema 1.37, c. 37), Koropasi yrBepxKIaer, 4To
BCAKYIO KOHEUHYIO TPYIILY MOXKHO 33JIaTh KAK MOJTPYIILY TPYII-
Bl IIePeCTAaHOBOK. MOXKHO TaKKe CTPOUTH TPYIIIBI U3 yIKe UMe-
fomuxcs. HanpuMep, B IpeaplIymieM pasjene ObUIM IPUBEICHbI
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[IPUMEPHI [IEHTPA ¥ HOPMAJIM3aTOPa, CM. TAKXKe HUYKE KOHCTPYK-
IO TIPSIMOTO [IPOM3BeeHns TPyl B npumepe 1.35.

B atoMm pazgese MBI paccMOTpUM 3aJlaHUE TPYIIIIBI TOPOXK 1A~
FOIIUMU ¥ COOTHOITIEHUSIMHU.

[Iycts ects mommuOKecTBO S rpymmsl G. Ilepecedenne momu-
IPYII sBJgeTcs noArpymoi (yrsepxuenue 1.17). Bosbmem 1e-
pecevenre BCeX HOATrPYII Ipynubl (G, COJEepKaluX O IMHOMXKe-
cTBO S. DTO HamMeHbIasd MOArpyIma rpynmnbl G, comep:Kainast
muokecTBO S. OHa HasbiBaeTcss nodepynnotd, noposicdennot S
(obosnagaerca (S)). Ilo oupenesenmo moarpynust, B (S) BxoauT
€JINHUIIA, SJIEMEHTHI S, 00paTHbIe K HUM, BCE BO3MOYKHBIE ITPOU3-
BeJIEHUsI 9JIEMEHTOB S U uX 00paTHBIX 110 2, 3, 4, U T. JI. COMHOXKU-
TeJIe.

ToBopsit, uro rpynna G nopoostcdaemcsa muoxkectBoM M cBO-
ux sseMeHToB, ecan G = (M). Muoxectso M B TakoM ciydae
HA3BIBAETCST MHONHCECMBOM Nopodcdarouux. Hanpumep, us dop-
myuibl (1.2) ma c. 19 ciegyer, 4ro rpymnmna nepecTaHoBOK Sy, HOPOXK-
JIA€TCsl MHOYKECTBOM IIUKJIOB (4142 . . . 1)) BCEX BOBMOXKHBIX JIJIMH.

OcHoBHast ujiest 3aJaHUs TPYIITHI TOPOYKIAIONIMMEA U COOTHO-
HIEHUSIMU COCTOUT B TOM, YTOOBI yKa3arb (HeGOJIbIIoe, OOBIYHO
KOHEYHOE) KOJIMYECTBO 3JIEMEHTOB I'PYIIILI, KOTOPOE MOPOXKIAET
rpymy (). Bee ocrasibHbIe 9/1eMEHTBI MPYIIIIbLI 3AIMUCHIBAIOTCS KAK
[Ipou3BeJieHnsl cTereneil nopoxaaomux. Koneuno, ne Bce Takue
BBIDAXKEHUST JTAIOT PA3JIUIHBIE 9JIEMEHTHI. JacTh PABEHCTB CJIeIy-
€T HEIIOCPEJCTBEHHO M3 I'PYIIIOBBIX aKCUOM (HAIpUMep, BCerja
(ab)™! = b7la™1). IToMmmo 3TOrO MOTYT BBITOTHATHCS JOTOJ-
HUTEJIbHbIE paBeHCTBa. VX MOXKHO 3aJaTb, yKa3aB TaKoe MHO-
JKECTBO COOMHOWEeHU MeXKJLy TOPOKIAOMUME (PABEHCTB), 9TO
BCe JIpyTUe PABEHCTBA CJEJYIOT U3 COOTHOIIEHWH W T'PYIIOBBIX
AKCHOM.

Mpr me Oynem jaBarTh (OPMAJIBLHOTO OIPEIEIICHUS 3a/IaHU
IPYIIIBI TOPOXKJIAIOMUMA U COOTHOIEHUIMIA. OTPAHUINMCST TEM,
YTO MPUBEJEM J[BA IPUMEpA.

IIpumep 1.29 (yurkauueckas epynna). Oaun TOPOKIAIOMIUTT
3JIEMEHT @ U OJIHO cooTHomenne a™ = 1. dcHo, aro 0boe BhIpa-
JKeHUe, COCTaBJIEHHOE U3 @, C yYeTOM COOTHOIeHus a” = 1 paBHO
ak, 0 < k <n-1. C gpyroii CropoHsl, Bce ak, 0<k<n—1,pas-
JmgHbl. Hade BBITOMHAIOCH ObI cooTHomeHue a® = 1, 1 < s < n,
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4T0 HEeBO3MOXKHO. CTporoe J10Ka3aTesIbCTBO IIOCJIEIHETO yTBEp-
XKJIeHUsT yyKe TpeOyeT BBeIeHUs JIOTOJHATEIHHOrO (hopMaIn3Ma,
[IO9TOMY OTPAHUYIMMCS HECTPOTUM OObSICHEHUEM: TOCKOJIBKY CY-
wecmeyem nuKIndeckast rpytima C, MOpsIKa 1, B KOTopoii a® # 1
mpu 1 < s < n, To coornotenue a® = 1 ne caedyem u3 cOOTHOIIE-
nusa a” = 1. Ilocmennee paccykaenne HA3BIBACTCS MOCTPOCHUEM
Modenis.

IIpumep 1.30 (duadpaavhas epynna). Cpynma D, (n > 3)
uMeeT och n-ro nopsigKa Cy, ¥ NepHeHKYJISIPHY O €ff 0Ch BTOPOTO
nopsizika Co. O603Ha4uM noBopotT Ha 27 /n Bokpyr C), depe3 r, a
OBOPOT Ha yroJi m BOKpyr Co dyepes p. OueBumgHO, 94TO

=1 p’=1 (1.6)

BamMeTuM, UTO €C/iu OBEPHYTH N-YrOJbHUK Ha yroj 2m/m, ochb
BTOPOTO TOPSIJIKA TepeiiieT B APYTyI0 OCh BTOPOTrO MOPSIIKA. ITO
O3Ha4aeT, 4TO

(pr)? = 1. (1.7)

Tpu coornomenus (1.6), (1.7) HOPOXKIAIOT IPYLILY U3APA.
Heitcteurensno, us (1.7) cieayer, ato prp = r~ 1. 3uaunr,

prkp = prkilpprp = prkilprfl =...=r""F ,

o3TOMY JiF00O€ IIPOU3BEIEHUE DJIEMEHTOB P U I PABHO TAKOMY
[IPOM3BEJEHIIO, B KOTOPOM p BCTpedaeTcs He OoJjiee OTHOTO pasa.

C yuerowm (1.6) Taxkux Boipazenuit 1+ 3(n—1) mryk: 1 = p® = 70,

rk prF rkp tne 1 <k < n—1. Howus (1.7) ciemyer, uro rp = pr—!,
HO3TOMY

k-1, .—1

rkpzr pr :...:pr_k

= pr"F,
Urak B rpyume, nopoxaenunoit coornomenusmu (1.6), (1.7), ne
6osiee 2n asementoB. ITosromy ona cosunagaer ¢ D, (ousrb uc-

HOJIb3yeM PACCYKIEHUE C MOJIEJIBIO).

Y3Ke U3 9TUX MPUMEPOB BUJIHO, UYTO AHAJIN3 I'PYIIIHI, 33 IaHHON
ITOPOXKJAIONINMA U COOTHOIIIEHUSAMHY, TPYy/ieH. Bojiee Toro, oka3pi-
BaeTCs, YTO HE CYIIECTBYET AJIOPUTMa, KOTOPBIH ObI IIPOBEPSLI
II0 CHCTeMe IOPOXKJAIONIUX U COOTHOIIEHUH, YTO 3ajJlaHHasd UMHU
Py HeTPUBUAJIbHA (OTJIIMYHA OT €JIUHUIHON IPYIIIIbI).
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1.6. NUzomopdusm u romoMopdpu3sm

VY 3THUX CJIOB ecTh 00Imas JacTh: «Mopdu3M». B MaTemaruke
€CTh 00I1Iee IOHATHE MOPdU3Ma, OTHAKO HAM ITOHAI00ATCS TOJIHKO
n30MOPGMU3MBI U TOMOMOP(MU3MBL.

Mmuoro uHMOpPMAIIA O TPYIIE MOXKHO IOJIyIUTh U3 TaOJIAIIBI
Ko (rabiuibl yMHOXKEHHsI) IPYIIIIbI

€ n cev Gn—1

g9 g% coo 919n—1
2

In—1 YGn-191 e In-1

Kak yke 00bsICHSITIOCH BBIIIE, B KaXKJON CTPOKE TaOJIUIIBI yMHO-
JKEeHUsI 9JIEMEHTHI TIOIIAPHO PA3JIMYHBI, U B KAXKJIOM CTOJIOIE dJ1e-
MEHTBI TaKKe [IOHapHO pa3indHbl (J1106as cTpoKa U Joboii CToJI-
6er, 06pa3yIoT IEPECTAHOBKY JIEMEHTOB I'PYILIIbI).

A rebpanveckue cBOiCTBA IPYMITBI OTpazkarorcs B Tabmmre Ka-
sin. CkaxkeM, ecjid IpyIiina KOMMyTaTuBHA, TO Tabauna Kaau cum-
METPHUYHA; ECJIU BCE JIEMEHTHI MMEIOT TIOPSIOK 2, TO Ha JINArOHA-
JIX CTOSIT €JIMHUIHBIE JIEMEHTHI IPYIIIbI, U T. JI.

IIycTob 7151 CpaBHUTEIHLHO GOJIBIION TPYIIIBI, CKAYKEM, OPS/JI-
ka 20, BeITUCAHA TAOJIMIA YMHOXKEHUs. 3aHYMEPYEM TeIephb 3JIe-
MEHTBI 3TOW I'PYIIbLI B JPYTOM HOPSJKE W HAIUIIEM €INe OIHY
TaOIUIy yMHOXKeHUs. [Uisgnsg Ha 3Tu TabJUIbI, TPYIHO MOHSITH,
3aJIA10T JIM OHU OJMHAKOBYIO rpymiy. M kax BoOOIIE MOHUMATH
VTBEPKIACHAE «J[BE TPYIIILI OJUHAKOBLI» 7

C anrebpandyeckoil TOUKU 3PEHUs] TPYIIILI «OIUHAKOBBI» , €CJIH
OHU U30MOPQHBI.

ITycrs ecth orobpaxkenne ¢: G — G’ rpynnst (G, *) B TpyIITy
(G, 0).

OTrobparkeHne p HA3BIBAETCS U3OMOPPHUIMOM, €CITH

1) orobpazkeHue @ B3aMMHO OJJHO3HAUHO;

2) orobpazKeHue @ coXpaHseT OLePaIHIo, T.e. 00pa3 Ipou3Be-
JIeHUS PABHsIETCS IPOU3BeIeHnio 006pasos: ¢(a * b) = p(a) o p(b).

PaccmoTpuM HEKOTOPBIE CBOMCTBA M30MOpQU3MA.

1) Uzomopdusm coxpansier equnmity: p(e) = e'. Jlokazaresn-
CTBO: JJ1st Jitoboro a € G uMmeeM axe = exa = a. Torma 110 Bropomy

cBoiictBy u3omopduszma p(a) o p(e) = p(e) o p(a) = ¢(a).
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BamMeTuM, 9TO B 3TOM PACCYKJIEHUU MbI UCIIOJIB30BaIU 00a
cBOiiCTBA U3 ompeiesenus nzoMmopdusma. [Ipumensist Bropoe cBoii-
CTBO, MBI MOXKEM PACKpPBITh paBeHCTBO p(axe) = p(exa) = ¢(a).
CoruacHo epBoMy cBolCTBY ¢(a) mpoberaet Bero rpymy G, ecam
a poberaer Bcio rpymiy G.

2) O6pa3 obpaTHOro sj1eMeHTa — 0OpaTHBIIT 2JIeMeHT K 00pasy:

-1y -1
pla™) = p(a)™.

DTOT (haKT ciielyeT U3 paBeHCTBa,

pla)opla™) =plaxa™l)=ple) =¢,
KOTOpPOE M O3HAYAET, ITO OOPATHBLIN K 00pa3y a 3JeMEHT eCThb
obpas obpatroro: p(a)~! = p(a~1).
3) Ob6parnoe orobparKkeHue @~ ' sIBJSIETCH H30MOPMOUIMOM.

Bzanmmuas oHO3HATHOCTH 0OPATHOTO OTOOPAYKEHUsT OUEBUIHA, &
COXPaHEHUE OIIEPAIINH [TOJIYIAETCS TaK:

e aob) =97 (p(e7 (@) o (¢ (1) =
= (e @) x 71 (b)) = 7 (a) x 7 (b).
4) Kommnozuius n30MOphU3MOB sBJISIETCH H30MOPMU3MOM:
P(pla-b)) = ¥(p(a) - (b)) = ¥(p(a)) - (b))

3,Her JJIsA IIPOCTOTHI 3allMCHU OIIepalluid BO BCEX TpexX rpyniax
0003HAYEHBI OIMHAKOBO.

1

Ipumep 1.31. ¥V GeckoHeuHOH MUKJIMIECKON I'PyIIbI (a) €CTh
JBa. IOPOKIAIONTHX dJIeMEeHTa: @ U a~ . HUKaKuX JIpyrux mopoxK-
natomux Her. CTerenn Jo6oro 3IeMenTa, OTJMYHOTO OT ¢ W a”
He TEePEeUnC/IsIT BCe IJEeMEHTHI rpymmbl. [losTomy sobas Gecko-
HeYHasl MUKJINTecKas rpynmna uzdomopdna Z. aa ycraHoBmeHnus
n3oMopdu3Ma JJOCTATOYHO [I€PEeBeCTH ¢ — 1, Torja a™ — n.

Tem camMbIM yTBepK/IeHHE, KOTOPOE MBI CIAETIATN B TEOPEME O

IMUKJINYECKUX T'pyIax, IMOJTHOCTHIO 000CHOBAHO.

IIpumep 1.32. PaccMoTpuM Tenepnb JiBe IMUKJIMIECKUE T'PYIIIBI
A, B ¢ OIMHAKOBBIM KOJIMYECTBOM 3JIEMEHTOB, CKaxKeM, n. [lo-
POXKIAIONIMIT 3JIeMeHT Ipylibl A 0DO3HAYUM @, ITOPOKIAFOIIMIA
a/leMeHT rpynmbl B oboznHaunm b. Kak y»ke roBopmioch BbIIIE,
JII000I1 J1eMeHT A IPEJCTABIISIETCS B BUIE af, 0 < k < n. To xe
BepHO U i rpynunsl B. Pacecmorpum orobpaxkenue p: A — B,
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KOTOpoe 3ajaeTca mpasuiaom o: a¥ +— bF. Dro B3ammmO omHO-
3HaYHOEe OTObOpakeHWe. Bojiee TOro, 310 m30MOpduU3M, Tak KakK
orepaIus COXPaHIeTCsI:

p(a®-a") = p(a®*") = b = b 0" = p(a®) - p(a”).

Wrak, 1r00ble 1Be IUKINYECKHE I'PYIIBI C OJIMHAKOBBIM HUHC-
JIOM 3J1eMeHTOB n30MopdubL. [losToOMy HET HYXKIbI pa3/IMYaTh UX,
KOTJa UCIIOJIL3YIOTCA TOJIBKO CBOMCTBA I'PYILIOBOI Ollepalldnl.

IIpumep 1.33. Paccmorpum mpumep n3omMopdu3ma HeabeaeBbIX
rpymi. Jokaxkewm, aro Dg =2 S3. Kak/plit 9/1eMeHT IPYIIIbI CUM-
METPUI TPEeyroJbHUKA MMEPEBOIUT TPEYrOJbHUK B cebsl. 3HAUWT,
BEPIIUHBI TPEYTOJbHUKA TEPEXOMST B BepIIuHbI. IIponymepyem
BEPIINHBI TPEYTOJIbHAKA YncjIaMu 1, 2, 3 B COIOCTABUM JIEMEHTY
g € D3 nepecranosky v(g) € S umces1, Koropast 3aaercs Iepe-
CTAHOBKOI COOTBETCTBYIOIINX BEPIUH Tpeyrojbaruka. Hampumep,
v(e) = () — Kaxkas BepimHa ocTaeTcs Ha Mecre. V3 nocrpoenus
SICHO, YTO KOMIIO3UIIMU 3JIEMEHTOB D3 COOTBETCTBYET KOMIIO3H-
sl COOTBETCTBYIOMUX 1epecTaHoBok. C apyroit cropousl, oOpa-
3bI TPEX TOYEK OJIHO3HAYHO OIPEJIENISIOT JIBUXKEHHE ILJIOCKOCTH.
IlosTomy pasubiM 3jiemerHTamM D3 COOTBETCTBYIOT pas3HbIE ITepe-
cranoBku. ITockonsky |Ds| = |S3| = 6, ykasamnoe Bblie oTo6pa-
xenune v: D3 — S3 — uzomopdusm.

ITpumep 1.34. Cpenu npaBUIHLHBIX MHOTOIDAHHUKOB €CTh JBOVi-
CTBeHHBIE: KyO JBOMCTBEHEH OKTAdIPY, & 0K P — UKOCAIIPY.
B wacrtHOCTH, 1IeHTpBI TpaHeil Kyba sIBJISIOTCS BEPITHHAME OK-
Tad/pa, a MEHTPHI TPpaHeil JI0/IeKadIpa — BEPINUHAMU UKOCAdIPa
(3TO MOXKHO IIPOBEPUTH U HEHNOCPEACTBEHHO). I10CKOJIbKY EeHTPBI
rpaHeil Ipy BPAIIEHUH IEPEXO/AT B IIEHTPHI I'PaHeil, IoJIyJaeM U3
9TOro HAOJIIOAEHU N30MOPGMU3M I'PYIIILI KyOa U TPYIIIbI OKTaII-
Pa, a TakKe IPYIIbI JOIEKA3IPa U IPYIIILI HUKOCAIPA.

ITpumep 1.35. Ilo aBym rpynmnam G, H MOXKHO IOCTPOUTDH I'PYII-
Iy, KOTOpasl HA3bIBAETCS NPAMbIM npoudsedenuem rpyun G u H
u oboznauaerca G X H. dnementamu G X H SBJISIIOTCST BCe TApbI
(g,h),rne g € G, h € H. Onepaius 8 G X H — 3T0 IIOKOMIIOHEHT-
HOe BBINIOJTHEHUE oneparuii B G u H:

(g1,h1) - (g2, h2) = (91 - g2, h1 - ha).
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OTtHocuTenbHO Takoit omeparnun G X H sIBJIsieTcst TPYIIOii: acco-
NUATUBHOCTH OueBUIHA, equnuieii G X H sasisgercs napa (eq, eq)
(3mech eq — emuuuna rpyunsl G, a ey — eauHuna rpyuinst H),
obparubIM K (g, h) — smement (g1, h~1).

[opsiiok coMHOXKHUTEIEH B MPSIMOM ITPOU3BEICHUN HE BayKeH,
moromy uro G X H =2 H x G. Nzomopdusm 3amaercs oTodpazxke-
HEEM, MEHSIOIUM KOMIIOHEHTBI MecTamu: ¢ (g, h) — (h, g). Baa-
UMHAasI OJHO3HAYHOCTH U COXPaHEHWE TPYIINIOBOH onepanuu odue-
BU/IHBL.

IIpumep 1.36. Mzomopdusm rpyIibl ¢ caMoii co00it Ha3bIBAETCs
asmomoppusmom. T puBUAIbHBIN TPUMED ABTOMOPMU3IMA — TOXK-
JlecTBeHHOEe oToOpazkeHue. Apromopdusmbl rpymmbl G 00pa3yooT
OTHOCHUTEJILHO KOMITO3UITUH I'PYIIILY, KOTOPast HA3bIBAETCS IPY IO
aBTOMOPdU3MOB. BakHbIM mpuMepoM aBTOMOP(MU3MOB SIBISIIOTCS
BHYMPEHHUE ABMOMOPPHU3MbL, KOTOPHIE UMEIOT BUJ

x = grg~t,
rJie ¢ — HEeKOTOPBIi (DUKCHPOBAHHBIN 3JIEMEHT IPyIbl. ABTOMOp-
bu3MBI, He SBJISIONINECS] BHY TPEHHUMIE, HA3BIBAIOTCS SHEUHUMU.
Buayrpennne aBroMopdusMbl Takke 00pa3ylT TPYIILy OTHOCH-
TesibHO Kommozuruu. Feyim rpymmna G KOMMYTATHBHA, TO €JIMH-
CTBEHHBII ee BHYTPEHHMIT aBTOMOP(MU3M — TOXKJIECTBEHHOE 0TO0-
paxkenne. [l HEKOMMYTATUBHBIX TPYII CYNIECTBYIOT HETPUBHU-
aJIbHbIe BHYTPEHHUE aBTOMODPMU3MBI.

IIpoBepuM, 4TO @: = > grg~ ! NefiCTBUTEILHO ABISETCS aBTO-
MopduzmoM. Baaumuas oxmosnadnocTs: nycrs ¢(x) = ¢(y), T e.
gngl = gyg’l. YMHOXkKAas 9TO PABEHCTBO CJIEBa HA 9717 a crIpaBa
Ha g, nojaydaem & = y. CoxpaHeHue olepaly TakzKe IPOBePSIeTCs
MPSIMBIM BBIYUCIEHUEM:

o(zy) = gryg~' = gzg ' gyg" = o(x)p(y).

Teopema 1.37 (treopema Kamm). Jhobas woneunas epynna
nopAdKa n u3oMopPHa Hexomopol nodepynne cummempuieckol
epynnut Sy, .

HoxkazarenbcrBo. [Iycrs n = |G| — nopsanok rpynust G. s
sneMmenTa a rpynmnsl G paccmorpum orobpaxkenue L,: G — G,
onpegensemoe dopmyaoit L, : g — ag. Mbl «caBuraeMs KarxKIblit
9JIEMEHT Ha @, MO3TOMY oTobpakenue L, Ha3BIBAETCS CIABUTOM
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Ha a. Kak yxke roBopmioch, L, — B3aUMHO OIHO3HAYHOE OTOD-
paxenne G Ha cebsi. [leperymepoBas sementsl G auciamu oT 1
JIO M, MOYKHO CUUTATDH L, MepecTaHoBKON u3 S,.

Eciu {e = g1, 92, ...9n} — Bce sytemenThl rpynnsl G, TO MHO-
JK€CTBO IepecTatoBOK { Ly, , Lg,, ... Ly, } o6pasyer noarpyuntmy S,,.
eitcTBUTEIHHO,

Lg,(Lg>(9)) = 91929 = Lgi9:(9), (1.8)

AHAJIOTUIHO Lg’1 =Lg-1.

Orobpazkenne L: a — L, asiasercsa nzomopduzmom. OHo B3a-
UMHO OJHO3HAYHO IIO0 IIOCTPOEHMIO, a8 BTOPOE CBOMCTBO H30MOP-
dbusma noyvaerca us (1.8).

Wrak, nocrpoen nzomopdusm G ¥ HOAIPYIIIBI IPYIIILI IIEpe-

CTaHOBOK S, . [l

['pymma Beex mepecTaHoBOK yCTPOEHA JTOCTATOYHO CJIOZKHO, TAK
9T0 BOJIBIION TOJIB3BI OT TeopeMbl Kasm mer. Cropee ee HYKHO
BOCIIPUHUMATH KAK yYTBEPKIEHUE O CJIOKHOCTU CTPYKTYDPBI MMOJI-
IPYII IPYIIIBI TIEPECTAHOBOK.

Teneps nepeiinemM K roMoOMOpdU3IMAaM.

Orobpaxkenne ¢: G — G, tne (G, *), (G',0) — nBe rpymnusl,
HA3BIBAETCS 20MOMOpPusmom, ecn o(a * b) = p(a) o p(b).

Tomomopdusm He 06g3aTeIbHO B3AUMHO OJ(HO3HAYEH. ['pymia
G’ He 06g3aTEIILHO ABJISETCS TIOJHBIM 06pa30M rpyIibl G, MOKET
tak 6bITh, 9T0 Im(G) = ¢(G) C G', 1. e. obpa3s Gyner cobcTBeH-
HBIM TIOJMHOXKeCTBOM G

CsaoiicTBa romomMopdusma

1) ple) = €.

2) pla™t) = pla)~"

3) Kommnozunus romoMopdusmMoB — roMoMopdusm.

JloKa3aTebCTBa AHAJIOTUIHBL JOKA3ATEIbCTBAM JIJIsT M30MOD-
duzma.

4) o(G) = H' < G, 1.e. romomopdHBIil 00pas rpynmsl eCcTh
IpyYIITIA.

JlokazkeM 3TO CBOWCTBO, IPOBEPUB I'PYTIIOBbIE AKCHOMBL. Ein-
muna e upumagrexur H'. Ilycrs o(z),¢(y) € H' . Torma
o(r*y) = p(z)op(y) € H'. Hakonen, p(z~') = ¢(x)~!, nostomy
o(x)~t e H'.
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Caenosarensno, H' — rpynma, a pas oHa I'pyIIa, TO OHA MOJI-
rpymma G'.

IIpumep 1.38. U3 juneiinoit agredpbl M3BECTHO, YTO OIpEIE-
JIATEJIb TIPOU3BEJICHUs] MATPHI] PABEH MTPOU3BEICHUIO OIPEIe/IH-
reseit: det(AB) = det(A) det(B). [Tosromy orobpazkenue

det: GL(R,n) — R*, det: A~ det(A)

sapisgercs romoMopdusmom rpyuibl GL(R,n) HeBBIPOKIEHHBIX
MATPHUI], HOPSJIKA 7 C JAEUCTBUTEIHLHBIMUA JIEMEHTAMA B MYJILTH-
IUINKATUBHYIO I'PYIILY NeACTBUTENBHBIX YUCEs, OTIMIHBIX OT 0.

IIpumep 1.39. Tpancnosuyuel; HA3BLIBAETCA TMEPECTAHOBKA, KO-
TOpasi MeHsieT MeCTaMU POBHO J[Ba djieMenTa. Besikas nepecranos-
Ka sIBJIIeTCs TPOU3BeIeHneM Tpancnosunuii. s qoka3aTenbcTBa
9TOr0 YTBEPXKJEHUS HYKHO PA3JIOKUTH MEPECTAHOBKY HA ITUKJIBI
U BBIPA3UTDh KAXKJBIA UK/ B BUJIE€ TPOU3BEIECHUST TPAHCIIO3UIIHIL:

(7;17;27;3 .o Zk) == (lek) (e] (ilikfl) O---0 (1124) [¢] (2123) (e] (1112)

Bnaxom sgn(m) mepecranosku T HazoseM umncio (—1)" TR rae

7 — YUCJIO JIEMEHTOB B LIEPECTAHOBKE, k — YHUCJIO IUKJIOB B I[UK-
JIOBOM DAa3JIOXKEHUU IePECTAHOBKH, BKJIIOUAsi IUKJIbI JJIAHBL 1.
ITepecTanoBKa Ha3BIBAETCA “emnol, €CIN ee 3HAK paBeH +1, B
IPOTHBHOM CJIydae OHa Ha3bIBAeTCA Heuemnol. JIerko BHIETD,
4YTO TOXKJIECTBEHHas IlepecTaHOBKa () — dYerHas, ee 3HAK
(—=1)"t" = +1.

ITepecTaHOBKY MOXKHO PA3JIOXKHUTh B IPOU3BEJIEHIE TPAHCIIO3H-
it pasHbiME cnocobamu. Ho oKasblBaeTcs, YTO 4eTHOCTDb YUCTIA
TPAHCIO3UINI B TIOGOM PA3JIOXKEHUH IEPECTAHOBKH 7 He 3aBUCHT
OT BBIOOpPA DA3JIOMKEHUs: IETHDIE [IEPECTAHOBKH DA3JIATAIOTCS B
YETHOE YUCJIO TPAHCHO3MIMIL; HeueTHble — B HedeTHOe. JJokasarn
5TO MOXKHO HMHJYKIMel 110 JUIMHE 3allUCh [ePeCTAHOBKU B BHJIE
npoussesieHns TpaHcnosuruit. OCHOBaHWE MHIYKIUH — TOXK/]IE-
CTBeHHast nepecraHoBka (mpoussejgenne 0 rTpascnosunmii). s
UHIYKTHBHOIO IIEPEX0/a OCTAJIOCH IIPOBEPUTH, YTO YMHOXKEHHE
[IEPECTAHOBKYU HA TPAHCIO3UIUIO (jk) MEHSIET KOJMIECTBO [UKJIOB
Ha 1: yBeiaudusaer, ecu j u k BXOZAT B OJUH IUKJI; YMEHBIIAET,
ecan j U k BXOJAT B pasHble IUKJBL. JleHCTBUTENBHO, 3alHIIeM
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IIPOU3BEACHUA B oboux CJIyvadax (I/ICHO.HIByeM IMUKJIOBYIO 3aHI/ICL)Z
(7k) o (AjBEC) = (AKC)(Bj),
(jk) o (7 A)(kB) = (jAkB)

(Ha MecTe 3arJIaBHBIX GYKB MOTYT CTOSATD JIFOOLIE TIOCIEI0BATE b-
HOCTH YHCEJI, OTJUIHLIX OT J, k).

Paccmorpum oTobpazkenue sgn: m +— sgn(m). DTo roMoOMOp-
dbusm rpynmet S, B rpymmy {£1}, KoTOpast eCTh TPOCTO-HAIIPOCTO
NUK/IMYECKas TPYIIa HOPAAka 2 B MyJbTUILIMKATHBHON 3aIMCH.
B camom sieste, pa3 9e€THOCTE YUC/Ia TPAHCIO3UIINIL, TIPOU3EE,ICHY-
€M KOTOPBIX 3alliCLIBAETCS MIEPECTAHOBKA, He 3aBUCHT OT BHIGOpA
NIPOU3BEJICHUs, TO TPU TEPEMHOKEHUH TEPECTAHOBOK YEeTHOCTH
YHCJIa TPAHCIIO3UIU CKJIAIBIBAIOTCS 110 MOJYJIIO 2, & 3HAKH IIepe-
CTaHOBOK IEPEMHOKAIOTCS.

1.7. HopmaJibHbIE TOATIPYIIITHI

OcobeHHO BayKHYIO POJIb B TEOPHUH I'PYIIII UTPAIOT T€ HOIPYII-
IIbI, JIJIsI KOTOPBIX JIEBbIE U IIPABble CMEXKHbBIE KJIACCHI COBIIAJIAIOT.
Takue MOATrPYIIIBI HAZBIBAIOTCH HOPMAALHOIMU; UX TAKKE HA3bI-
BAIOT HOPMAJIbHBIMA JEJIUTENSIMI WA HHBAPUAHTHBIMY TOIPYII-
[IaMHu.

Bosiee dopmasibao, moarpymma H rpynmsr G HA3BIBAETCS HOP-
MaJILHOM, ecJin JijIst JII00O0To 3jieMenTa g € (G BBIIOJIHSIETCS PABEH-
crBo gH = Hg. st orHOIEHNS «OBITh HOPMAJIBHON TOJIIPYTI-
II0¥t» HCIIOJIb3yeTCs crenuaabHoe obosnatenne H < G.

OueBnHO, YTO MOATPYIIIA, COCTOAIIAS U3 OJHOIO-€/INHCTBEH-
HOTO 3JIeMEHTa e, — HOpMaJlbHas MoArpyima, e < (G, 94ro cama
IPYIIa TaKKe ABJIAeTCS HOPMaJIbHOM noarpynmoit: G < G, a Tak-
K€, 9TO y KOMMYTATHUBHOM IPYIIILI BCE MOATPYIIIBI HOPMAJIBHEL.

Tenepp paccMOTPUM MeHee TPUBHAJIBHBII IPHMED.

IMycrs G — rpyuna u H — ee noarpynna ungexca 2 (HAIIOM-
HUM, 9T0 UHJEKC o Arpyibl (G : H) — 9T0 KOJIMYIECTBO CMEXKHBIX
KJIACCOB 10 310l moarpynune). Bes rpynmna pa3busaercs Ha J1Ba
cMexxHbIX Kiaacca 1o H. IlockonbKy omuH mM3 HHX — 3TO cama
nonrpymnna H, To B Ipyroii CMeXKHbBIN KJIaCC BXOIAT BCE OCTAJIHHBIE
sstemenTsl rpymnel G. O6osnaumm stor Kiaacc H'. Ilo ompeme-
Jiernto cmexkuoro kiacca H' = ¢'H, rne ¢’ ¢ H. Aunanoruano
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JIJIsI IPABBIX CMEYKHBIX KJIACCOB: OJUH M3 KJIACCOB 3TO cHOBA H, a
Bropoitaro H” = Hg", tne g ¢ H. Koneuno, H = H' = G\H —
BeJlb U B TOT, U B JPYTI'Oif KJIacC BXOAAT B TOYHOCTHU T€ 3JI€MEHThI
CPYIIIbI, KOTOPbIE He TpuHa Iexkar H.

CitetoBaresibHO, JI00ast OATPYIIIa WHJIEKCA 2 Oy1eT HOpMaJTh-
uoit. OTCIo/a oIy YUM HETPUBUAJIBHBIN IIPUMEP HOPMAaJILHON MO/I-
TPYUIIBL.

IIpumep 1.40. Paccmorpum rpynmy S3 u ee noarpymnmy H =
= ((123)) < G. Jlerko Bujerh, uro H — NUKIMIECKas HOArPYIIIA
nmopsizka 3 rpymmbl S3. CiieoBaTelbHO, €e WHJIEKC PaBeH 2 u

H<«G.

ITpumep 1.41. Paccmorpum mpsimoe miponssejieane (G1 X G Tpymin
G1 n Gs. Jlerko Bujerb, uro MHOkectBa G1 X {ea} = {(g,e2) |
g€ Gitu{er} xGe ={(e1,9) | g € G2} siBasirorcst moarpynnamMu
G1 X G3. DTU NOArpyIIIbI HOPMAJIBHBI, KAK ITOKA3bIBAET CJIEIYI0-
11ee BBIYMC/IEHUE:

(91,92) - (G1 x {e2}) = {(g,92) | g € G1} = (G1 x {e2}) - (91,92)

(anamormuano st {e1} X Ga).

VYrBepxkaenue 1.42. [lepeceuenue HOPMAALHOIT n0dzpynn —
HOPMAAOHAS NOJPYNNG.

HoxkazareabcTBo. [lycte N1 < G, No < G, N = Ny N No. s
moboro g € G umeem gN C gN; = Nig, gN C gNy = Nag.
Ecin ¢ € Nig N Nag, 10 £g~1 € Ny N Ny = N. Takum ob6paszom,
gN C Ng. Ananoruuno nokaswiBaercsi, uro Ng C gN. [Tosromy
gN = Ng. U

Bprirmie 661710 MOKa3aH0, ITO TOMOMOPQHBI 00pa3 MOATPY I
siBJisiercst noarpynnoit. Ciieyer uMersb B BULY, ITO TOMOMOP(MU3M
He COXPAHSET, BOOOIIE FOBOPs, CBOIICTBO «OBITH HOPMAJILHOW IO
rpynmnoi».

IIpumep 1.43. Pacemorpum nukimdeckyio rpyuiy Cy = (a) u
ee nojprpynny Cy = (a?) ungekca 2. Hockonbky Cy abeseBa, TO
C3 < Cy4 (Bce moarpybl abesieBoii rpymbl HOpMaJibHbl). Ternepb
paccMOTpUM roMoMOpPdU3M

p: Cy — Sy, w:ar— (1234).
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Jlerko Buyieth, uto p({a?)) = ((13)(24)). Dra noarpynna He sp-
JISIETCS. HOPMAJIBHON B Sy, UTO BUJIHO U3 BBIYMCIICHUS

(12) o (13)(24) = (1324) # (1423) = (13)(24) o (12).

TyT UCIIOJIb30BAHO, 9YTO IIOJArPYIIa IIOPAIKA 2 HOpMaJIbHA TOT A 1
TOJIBKO TOT/Ia, KOrZla OHA JIEZKUT B IIEHTPE I'PYUIIbI, T. €. €€ Hee -
HUYHBINA 3JI€EMEHT IepeCTaHOBOYCH CO BCEMU SJICMEHTAaMU I'PDYIIIIBI.

Yr00bI B3MISHYTH HA HOPMAJbHBIE MOATPYIIBI MO-IPYyTOMY,
PaCCMOTPUM COIIPAKEHHBIE 3JIeMEHTHI.

1.8. Conpsi>KkeHHbIE 3JIEMEHTHI

Bynem mazbBaTh asteMeHT b rpyIisl G conpascentvum ¢ dJie-
MEHTOM @ IOCPEICTBOM 3JIEMEHTa, ¢, ecy b = gag ™ '.

Broibupasi pazaudnbie 37eMeHTHI ¢, OyAeM MOJIydaTh Pa3/Ind-
HbIEe, BOOOIIE TOBOPSI, JIEMEHTHI, COIPSIYKEHHBIE C JIEMEHTOM a.
OTHoteHne conpsizkeHHOCTH Oy1eM 0003HAYATH ~.

[Tepeunciinm CBORCTBA OTHOIIEHUST COMPSI?KEHHOCTH.

1) a ~ a. Kaxplii sjileMeHT conpsizkeHn cam ¢ coboii (mocpe-
CTBOM 3JIEMEHTA €).

2) Uz a ~ b cienyer b ~ a. Ecau b noydaercst u3 a conpsizke-
HUEM IIOCPEJICTBOM 3JIEMEHTa ¢, TO @ IOJIydaeTcs u3 b compsizke-
HHEM IIOCPEeJICTBOM gf1

3) Us a ~ b, b ~ ¢ cnenyer a ~ c. IlpoBepsierca IpaMbIM
BBIUHCIICHnEM: U3 b = gag™ ', ¢ = hbh ™! cienyer

c=hbh™' = hgag™'h™' = (hg)a(hg) ™. (1.9)

10 MOXKHO CKa3aTh 06 OTHOIIEHUX, /I KOTOPBIX BBIIOJIHE-
HBI cBojicTBa 1) — 3)? Ka/i0e Takoe OTHOIIEHIE PA30HBAET MHO-
JKECTBO Ha KJIACCHI, BHYTPH KOTODBIX OTHOIIEHWE BBIIOJHIETCS
MeK /Ly JHOOBIME JBYMS 9JIEMEHTAMH, & HA [apax 3JIEMEHTOB, IPH-
HaJUIEXKAINX PA3HBIM KJIACCAM, OTHOIIEHWE HE BBIIOJIHICTCA.
Takue OTHONIEHNS HA3BIBAIOTCA OMHOWEHUAMUY IKGUSAAEHTHO-
cmu. CBoiicTBO 1) Ha3BIBAETCH PEPAEKCUBHOCTIHIO OTHOIIEHHUS,
CBOMCTBO 2) — CUMMEMPUNHOCTIDIO, CBOACTBO 3) — MpPaH3umue-
HOCTBI0.

OrHolrenne CONpsizKEHHOCTH Pa30UBAET TPYIILY Ha KAGCCH CO-
NPAACEHNBIT dAeMeNMOoE (BCe SIEMEHTEHl BHYTPU OLHOIO KJIAcca
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CONPS?KEHBI JIPYT C JAPYTOM, a 3JEMEHTBI U3 Pa3HBIX KJIACCOB He
COIIPSZKEHDI ).

IIpumep 1.44. Eciu G koMMyTaTUBHA, TO KaXKJbII €€ 3JIeMEHT

ABJIACTCA KJIACCOM COIIPAXKEHHBIX 3JIEMEHTOB: gl‘g_ e Jjgg_ e Z.

Uckarh KIacchl COIPSKEHHBIX JIEMEHTOB, UCXOJSI U3 OlpeJie-
JIEHUSI, TOBOJIBHO CJI0:KHO. Hy»KHO BBIOpaTh 37€MEHT T'PYIILI b 1
BBIYHCIIATD JIJTs KasKJIOTO JIeMeHTa, TPyl ¢ BhIpazkenne ghg L.
Hnga rpynn mpeobpa3oBaHuii ecTh Oojiee TpocToit crmocod, KOTo-
PBIil MBI KPATKO ITPOMJLIIOCTPUPYEM HA IIPUMEPAX, IIPEIOCTABJISIS
YUTATEJIO BOCCTAHOBHUTD JIETAJIN PACCYKJIEHUI CAMOCTOSTEIHHO.

Paccemorpum, Hanpumep, rpynmny gsuxkenuii. 113 reomerpude-
CKUX COOOparKeHWil $ICHO, UTO JBWXKEHUsI 4 W b COIPsI?KEeHbI
(a = gbg™1), Kor/1a 9TO OJHO U TO Ke MPeodPA3OBAHIe, BBITIOTHEH-
HOE B JIBYX PasHBIX CHCTeMaX KOODJMHAT (IpeobGpasoBamnmeM g~ !
[IEPEIIN B CTAPYIO CUCTEMY KOOPIUHAT, IPUMEHIIN b, BEPHYJINCH
Ipeobpa30BaHNEM ¢ B HOBYIO CHCTEMY KOODJIMHAT U IIOJIYIUJIH
1IpeobpazoBaHue @, KOTOPOE B CTapOil cucreMe KOOD/UHAT 3alld-
CBIBAeTCS TaK ke, Kak b B HOBOH). B wacTHOCTH, ABIKeHMe Taxr !,
COIIPSIZKEHHOE C MTOBOPOTOM @ BOKPYT TPSAMON {, sIBJISIETCS TO-
BOPOTOM Ha TaKOi »Ke Yrojl BOKDPYI TOW HpsSMOi {;, B KOTOPYIO
nepexoauT upsiMast £ npu apuxkennn ¢ ({; = x(f)).

B cuity sTux paccykeHuil moBOPOTHI HA OJUH U TOT YKe yTOJI
BOKDYT JIByX Pa3HBIX OCEil COIPSIYKEHBI, €CJIU B I'PYIIIE €CTh IIpe-
obpa3oBaHue ¢, [IEPEBO/ISINEE OJIHY OCh B JIPYIYIO, KaK ITOKA3aHO
Ha puc. 1.3 a). Eciau peus mier o moBoporax BOKDPYI' OJHON OCH
Ha OJMHAKOBBIE 110 abGCOJIIOTHON BeJmduHe yriibl ¥, —) (HO B pas3-
HbIE CTOPOHBI), TO IPe0OPA30BaHMii § MOXKET ObITh BCEIO JIBa: OCh
Broporo mnopsigka Co, nepuenukyisapHas jnanuoit ocu Cp, uin
3epKaJibHasl IJIOCKOCTb Oy, MPOXOJMINas 4epe3 och, puc. 1.3 6).
Ocp (), B 9THUX JBYX CJIydasX Ha3bIBAETCS 08YCMOPOHHEN.

IIpumep 1.45. HaiineMm compsizKeHHbIE 3JIEMEHTHI B TPYIINE JIH-
sapa D,,. OrBer 3aBucur ot dernocru n. Kak u B npumepe 1.30,
0603Ha4uM 110BOpOT Ha 27/n BOkpyr C, [epe3 r, a IIOBOPOT HA
yroJ m Bokpyr Cy 1epes p.

SameTum, 9TO MOBOPOTHI BOKPYT ocu (), Ha pa3Hble 1Mo abco-
JIIOTHO BeJIMYUHE yTJIbI HE COMPSI?KEHBI JIPYT ¢ APYyroM. A moBopo-
ThI HA OJIMHAKOBBIE YIJIbI, HO B IIPOTUBOIIOJIOXKHBIX HAIIPABJICHUSIX
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Puc. 1.3.

COMIPsI?KEHBI, TaK KaK eCTb IeprueHaukyispraas ocu C, ocb Cs.
IToBopoTs! Ha yros m BOKPYT oceit Cy CONMPSI?KEHBI TOTA U TOJIBKO
TOrJa, KOIJIa 3TH OCH MOYKHO COBMECTHUTDL CHUMMETPHER Im3apa.

B ciiyuae medernoro n jobble jige ocu Co MOXKHO COBMECTUTH
oBopoToM BOKpYT C,,. ITosromy Bce ssemenTs! Buma pr compsi-
KeHbl. IToro nmosydyaeM k + 2 KJIaCCOB COIPSI?KEHHBIX 3JIEMEHTOB

B Doy iq:
{6}7 {7077071}7 R ] {rk7r7k}7 {p7p/r7p/r27"'7pr2k:}'

B ciydae gerHoro n moBoporoM BOKpyr Cj, MOKHO COBMECTHUTH
Jbo Te OCH, KOTOPBIE MIPOXOJAT Uepe3 Hapy HPOTUBOIOJIOXKHBIX
BePIIUH, JIIOO0 Te, KOTOPbIE IPOXOJAT Yepe3 CePeUHbI IPOTUBOIIO-
JIOXKHBIX CTOPOH (cM. puc. 1.2 a) Ha c. 21). TIocKoIbKY BepIIMHBI
LEPEXOJAT B BEPUINHBI, MEK/LY COGON 9TH OCH COBMECTHUTD HEJIb3sl.
ITosromy mosryaaem k+3 KIacCOB CONPSIYKEHHBIX 3JIEMEHTOB B Doy :

{e}, {r,ril}, cl, {rkil,rfkﬂ}, {rk},
{pr,pr®,. ., pr®* 1Y, {ppr?, . pr?E TR

IIpumep 1.46. Haiigem KJacchl CONPSKEHHBIX 3JIEMEHTOB JIJIst
IPYIIBI IEePECTaHOBOK S,. Kaxoil mepecTaHOBKE COMOCTaBUM
IUKJIOBOH Tui (c1,Ca,. .., Cp), D€ ¢; — KOJIMYECTBO IUKJIOB JJIU-
HBI ¢ B IUKJIOBOM pasiioxkeHuu. JIpyroit criocod 3a/1aTh IUKIOBOM
TUII — yKa3aTh pasbueHue 4ucja n B (HeyHOpsIOYeHHYIO) CyMMY
HATYPAJbHBIX CJIAra€MbIX.
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AHanoruuHo TOMy, Kak GblI PACCMOTPEH CIIyYail CONPsIKEHMs]
B TPyIIaX JIBUZKEHHUil, IlepecTaHoBKa gag ' MOJydaercs HpuMe-
HEHMEeM [EePEeCTAHOBKU ¢ KO BCEM YHCJIaM B Da3JIOKEeHHH Iepe-
CTAHOBKH Ha HE3ABHCHMbIE IUKJIBI (IIEPEHyMEPAIUH IEMEHTOB).
JeitcrBurensio, g~! Bo3BpalnmaeT MCXOIHYIO HyMepaImio, jajee
LPUMEHAEM @, IIOCJE Yero BO3BPAIAeMCA K HOBOH HyMepaluu ¢
HOMOIIIBIO g.

ITuKJI0BO# THII OT HyMepaIyu, OYeBUIHO, He 3aBICHT, II09TOMY
COIIPsi?KEHHBIE [IePECTAHOBKH UMEIOT OJMHAKOBBI [[MKJIOBO THIIL.
Bepro u obpaTHOe: ecii [Be IEePECTAHOBKU UMEIOT OJ(MHAKOBBILI
[UKJIOBOH THUII, TO MOXKHO HANTH B3aMMHO OJHO3HATHOE COOTBET-
CTBUE MEXKJly JIEMEHTAMH UX [HUKJIOB, COXPAHMAIONIEe NOPSJOK B
[IUKJIaX. DTO COOTBETCTBHE U €CTh Ta [IEPECTAHOBKA, COIIPSI?KEHIE C
HOMOIIIBIO KOTOPOIi [IEPEBO/IUT [IEPBYIO IEPECTAHOBKY BO BTODYIO.

UuraTesio PEKOMEHIYETCS IPOC/ICUTD 32 STUM PACCyKICHH-
eM Ha KOHKpeTHOM mpumMepe. CkazkeM, nepecranoska (12)(34) co-

upsikena ¢ (13)(24) nocpegcrsom (1342).

IIposepum, uTo ecim H — MOArpyIIa, TO MHOYKECTBO
gHg ' ={ghg™' | h € H}

Takke sgBJsieTcd noarpyumnoit. [lo Teopeme 1.16 mocrarouno [o-
KazaTh, 9TO I MoObX a = gh1g~ !, b = ghag™! (hi,he € H)
BBITIOJTHACTCS ab~ ! € gHg_lz

_ _ _1y—1 _ 1 _
ab™' = gh1g™ " (ghag™") " = ghig 'ghy g =

= g(hihy g~ ' € gHg ™.

Ioarpymmny gH g~ naszbBaloT nodepynnoti, conpasicernnoti ¢ H
nocpedcmeom anemenma g.

B nexoropsix ciayuasx gHg™ = H ays siioboro sjieMeHTa g €
G. YMHOXKas 9TO PaBEHCTBO Ha ¢ cupasa, noiaydaem gH = Hyg.
Tem camMBbIM, MBI IOJIyIUIN HOBOE OIIpE/ieJIeHIe HOPMAJIBHOMN IO~
rpyuiibl (HOpMaJibHast HOAIPYIIIIA COBIAAET CO BCEMU CBOMMU CO-
upsizkeHHbIME ). JIpyruMu cjioBamu, yCiaoBus

1

1) gH = Hg nia moboro g € G,
2) H=gHg ! nna moboro g € G

PaBHOCHJIbHEIL.
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Eciin ectb orobpakenne ¢: X — X HEKOTOPOTO MHOXKECTBA
Ha cebst, To Jroboe moaMmuOKecTBO Y C X, jJisi KOTOPOTO BBI-
nosreno yeaosue ¢(Y) C Y, HasblBaeTcsa UHEAPUAHMHbIM TIO]I-
MHOXKECTBOM (OTHOCHTEJIBHO ). HopMmasibHast HoArpynna B CHILy
BTOPOTI'O €€ OIPeJIE/IEHIs] MHBAPUAHTHA OTHOCUTEIHHO BCEX BHYT-
penrux aBroMopdusmon (cMm. npumep 1.36). Orcioma u BTOpOE
HA3BaHNE HOPMAJILHON MOJTPYTINbI — UHEAPUGHMHAA TLO0ZDYNNG.

OTMeTuM Tak»Ke, 9TO HOpMAaJbHasl TOArPYIIIa BMECTE C KaK-
JIBIM 3JIEMEHTOM COJIEPYKUT BECH KJIACC COMPSI?KEHHBIX C HUM 3Je-
MEHTOB. BepHO M 06paTHOE: eC/iu MOATPYIIA COJAEPIKUT TOJTHbIE
KJIACCHI COTIPSIZKEHHBIX 9JIEMEHTOB, TO OHA SIBJISIETCS HOPMAJIBHOIA.

1.9. HeiicrBus rpymi. Jlemma
Bepncaiizna

Aeticmeuem epynno. G na muoocecmsee X Ha3bIBACTCS TOMO-
mopdusm ¢: G — S(X) rpynust G B rpynmy S(X) Ouekrumit
MHOXKecTBa X (B3aMMHO OJJHOBHAYHBIX OTOODasKEeHUIT MHOXKECTBa
X Ha cebs1). ToopsaT Takske, uro rpynna G jaeficTByerT Ha MHO-
kecrBe X. Ecium sicHo, 0 Kakom JeiicrBuu uier peds, 1o ¢(g)(x)
3aMUCLIBAIOT KaK ¢(x). DyreMeHThl MHOXKeCTBa X Oy/1eM Ha3bIBATDH
TOYKAMH, YTOOBI OTINYATH UX OT JIEMEHTOB Ipynis! G.

DakTHIecK JAefCTBYS IPYIII Y2Ke TOSIBJISLIICH B IPEBLILY X
paznenax. Ceiigac Mbl BEPHEMCSI K 9TUM IIPHMeEPAM.

IIpumep 1.47 (deticmeue aesvimu cdsuzamu). Kak yxe ro-
BOPMJIOCH IIPH JOKa3aTelbCTBE TeOpeMbl Ka/m, JeBBIil ciBur Ha
g — oT0 mpeobpasosanue Ly(h) = gh. Ilpu nokasarenscrse Teo-
pembl Kasin Mbr npoepwiin o cyru, uro L: G — S(G) — ro-
MomopdusMm u, 6osee toro, L(G) = G. Ilosromy sobast rpymma
JeiicTByeT Ha cebe caMoil YMHOXKEHHEM CJIEBA.

:KOHGLIHO7 MOZKHO OIIpE€IC/INTh aHaAJIOTUIHOE ,B;eﬁCTBHe IpaBbI-
MU CABHUI'aMH.

IIpumep 1.48 (deticmeue conpsasicenusamu). I'pynna meii-
CTByeT Ha cebe camoil conpsizkenusimu. 1lo onpemenennio,

o(9)(x) = gzg™".
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SN

xb — T

Puc. 1.4.

dakTuvecku yxKe ObLIO J0Ka3aHO, YTO 9T0 roMoMopdusm (dop-
mysta (1.9) Ha c. 42).

IIpumep 1.49 (delicmeue Ha kaaccax cmedicnocmu). Tlo-
cMoTpuM 6oJiee BHUMATEILHO Ha JIEfiCTBUE IPYIIIILL JIEBBIMU CIIBU-
ramu. [lycts ects mogarpynna H rpymnmnst G. I1o Teopeme 1.20 rpy-
na G pa3buBaercst Ha KJIaCChl CMEXKHOCTH IO ToArpytme H, Kak
nokazado Ha puc. 1.4. Tam ke MOXKHO yBUJETH, YTO IIPOUCKOIUT
IpU YMHOXKEHUM Ha HEKOTOPBIii sjiemedT g rpymsl G. U3 acconu-
ATUBHOCTH YMHOYKEHHUSI CJIJLYET, 9TO YMHOXKEHHUE HA ¢ COXPAHSIET
KJ1acchl cMexkHocTu 110 H: 0bpas g(g1 H) kinacca cmexkuocru g H
SIBJISIETCSI KJIACCOM CMEKHOCTH C TIPEJCTABUTEIEM ¢¢g1. BoJee Toro,
00pas3bl Pa3IMIHBIX CMEXKHBIX KJIACCOB pa3au4Hbl. JleficTBureinb-
Ho, ecsiu g(g1H) = g(g2H), To gg1h1 = ggoha, hi,he € H, 1. €.
g1 = g2h, h = hghl_l € H, a snaunr g1 H = goH.

Takum 06pa3OM MBI MOJIYYAEM JeHCTBAE IPYIIBI HA MHOYKe-
CTBe KJIaccoB cMexxHocTu (cM. puc. 1.5).

HeiictBus n3 npumepa 1.49 B HEKOTOPOM CMBICJIE HCUEPIIBIBA~
0T BCE BO3MOXKHBIE JIEHICTBUS IPYIII.

Badukcupyem HekoTopoe jeiictBue u OyueMm nucarth () Jjist
obo3HaUeHns 0Opa3a TOYKM X NpH JeficTBumM 3daemeHTa g. st
goboro x € X ompejesiMM MHOXKECTBO 3JIeMEHTOB rpymnbl G,
OCTaBJIAIONMX TOUKy = HemoxsmwxkHoil: Gy, = {g € G | g(z) = z}.
MmuoxkectBo (G; Ha3bIBAETCS CMAOUAU3AMOPOM TOUKHA T.

VYrBepxkaenue 1.50. Cmabuausamop G, — nodepynna G.
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Puc. 1.5.

JokazaTeascTBo. [IpoBepuM cBoiicTBa moarpymmsl. Bo-mepBoIx,
e € G, tak kak e(r) = = (upu romomopdusMe eIUHUIHBINH
9JIEMEHT II€PEXOUT B €MHUYHbBIN, 8 € IMHUIHBINA 3JIEMEHT B TPYII-
e S(X) — roxkuecTBenHOe oTOOpakeHne). Bo-BropbIx, Tak Kak
g(g~(x)) =2, To u3 g € G, crenyer g~ € G,. B-rperbux, ecm
g,h € Gz, 1o u gh € G, nockonbky g(h(x)) = g(z) = =. O

Opbumoti deticmeus HA3BIBAETCA MHOXKECTBO 00Pa30B HEKOTO-
poit roukn x: O, = {2’ € X | 2’ = g(z),9 € G}.

YrBepxkaenue 1.51. Opbumu. deticmeus pasbusarom mowky
MHOo9cecmBa X HaA KAGCCHL IKGUBAAECHTNHOCTIU.

JMokazareabcTBo. [IpoBepuM cBOWCTBA OTHOIEHUS SKBUBAJIEHT-
HOCTH.

Peduiekcusnocrs: e(x) = x, Tak Kak upu romomopdusmMe eu-
HUYHBIA 3JIEMEHT [EePEeXOJAUT B €IMHUIHDBINA.

Cummerpuunocts: ecit y € Oy, To © € Oy, TaK KakK U3 Yy =
= g(z) cnemyer x = g~ (y).

TpansutusHOCTE: ecnn y € O, 2 € Oy, TO z € O, TaK KaK U3

y = g1(x), 2 = ga(y) cnenyer z = (g192) (). O

Mexty cMeKHBIME KJIaccaMu 1o crabminzaropy G, U TOU-
KaM# OPOUTHI & CYIIECTBYET €CTECTBEHHOE B3AUMHO OIHO3HAYHOE
coorBeTcTBHE (MBI y2Ke €ro (PaKTUIECKU UCIOIH30BAJIN [IPH IO/
cueTe IOpsKa TPYIIIbl MHOrOrpaHHuKa B npumepe 1.28, c. 30).

VYreepxkaenue 1.52. Omobpascenue p:y — {g € G | g(x) =
= y} conocmasasem xaxcdol mouke opbumos Oy KAGCC CMEHC-
nocmu no cmabuausamopy Gi. Dmo coomeememsue 63auMHO
001HO3HAUHO.
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JokazaTeabcTBO. BHauase gokaxkeM, 9To 06pa3oM J000i TOY-
KA TpU OTOOPAaXKEHUU  SIBJISETCH KJIACC CMEXKHOCTHU. YCJIOBHE
g(x) = h(x) pasrocmibHo yeosmio h~!(g(x)) = x, KoTopoe o3Ha-
qaer, uro h~'g € G, u moromy g € hG,.

U3 onpenienenust ¢ sicao, 9To npoobpas Kiacca gG, npu oTob-
PaXKEHUU  OIPEESIeH OJHO3HAYHO: 310 Y = ¢(x).

OcraJjoch 10Ka3aTh, 9T0 00pa3 OPOUTHI TP OTOOPAKEHUH (© —
BCE MHOXKECTBO CMEKHBIX KJaCCOB 10 (. DTO OYEBUIHO: KJIACC
cmexknoctu gG, gBisiercd 06pa3oM Touku g(x) upu orobpazke-
HOU ©. ]

Caencrue 1.53. Yucao asemenmos 6 opbume pasHo unoekcy
cmabuauzamopa: |Oz| = (G : Gy).

JleficTBue HaA3BIBAETCS MPAH3UMUEHbLM, €CTH Yy HEro POBHO
ozHa opbuTta (JI0OYIO TOUKY MOXKHO II€PEBECTU B JIIOOYIO JAeficTBr-
eM 3jieMeHTa rpymnnbl). JlokasaHHble BbIlEe YTBEPXKICHHUS O3HA-
YaI0T, YTO BCE TPAH3UTUBHBIE JIEHCTBUS SIBJISIOTCS, B CYIHOCTH,
JIEHICTBUSIMU I'PYIIIBI HA CMEXKHBIX KJIACCax 10 HEKOTOPOil ee Mo/i-
rpymne (crabunusaropy Touku). B uacrHocru, eciu H < G, To
cymiecrByer takoe jeiicreue G (geficrBue cIBUraMu Ha CMEXKHBIX
KJjlaccax), id Koroporo H — crabuin3aTop HEKOTOPOW TOUKH.

JIemma 1.54 (nemma BepHcaiina). ITyems xoneunas epynna
G deticmeyem na Konewrom muooicecmee X . Koauvecmaeo opbum
deticmeusa daemcs Phopmyaoti:

ﬁ > 1Xql, (1.10)

geqG

ede Xy = {x € X | gv = x} — mnooicecmso nenodsuscHolr
mouex g.

HokazaresnbcrBo. O6o3HaunM depe3 N KOJTUIECTBO TAKUX IIAP
(9,x), uyro g(x) = x. Hogcunraem uuciao N aByMs crocobamu.

Bragase npocyMMupyeM MOITHOCTH CTaOUIN3aTOPOB BCEX IJIe-
MeHTOB & € X . CTabuan3aTophbl TOYEK U3 OPOUTHI TOYKH X, COCTO-
Ammeit u3 s To4eK, AaayT BKiIag S|Gy| = (G : Gy)|Gs| = |G| (1o
caeacTBUIO 1.53 MOIIHOCTH OPOUTHI PABHA MHJEKCY CTAOUIN3aTO-
pa). T.e. kaxxmaa opbura gaer Briag |G| B unciao N. ITostomy N
PaBHO YMCJIy OpOUT, yMHOXKEeHHOMY Ha |G|
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IIo-npyromy wmcmo N MOXKHO TOCYUTATH, CYMMHUPYs KOJIH-
YeCTBO HENOABIKHBIX TOo4ueK |X4| mo Bcem ¢. Ilpupasuas nsa
HOJIy YeHHBIX BhIPAsKEeHUs U pa3zenus Ha |G|, nosydaeM UCKOMYTO

dbopmyay (1.10). O

JlemMa Beprcalia 9acTO TpUMEHSETCS B MEPEUUCIUTETHLHON
koMmbuHaTopuke. [IpuBeem oauH mpocToil mpumMep.

IIpumep 1.55 (nodcuem oosrcepeauti). Oxepenbe COCTOUT U3
12 6ycun yepHOro mjm 6GesOro IBera, KOTOPhIE YKECTKO 3aKpell-
JIEHBI HA KPYIJIOM KOJIbIIE Yepe3 paBHble paccrosinus. Oxkepeiibs
pas3Hble, eC/IM WX HeJIb3s COBMECTHUTH JBuKeHneM. CKOJIBKO eCThb
Pa3HBIX OxKepeJiuii?

SamymepyeM MecTd OyCHH B TODPSJIKE WX CJIEJIOBAHUS BJIOJID
KOJIBIA U JIJIsE KaXKJOr0 MecTa yKaxkeM IBeT Oycusbl. losyamim
MuOKecTBO N m3 2'2 «momeuennbrx» oxxepesmit. Ha aToM MHO-
2KEeCTBe JefiCTBYeT nu3ipajibHas rpymma Dis U Te «IIOMeYEHHBIE>
0KepeJibsi, KOTOPBIE MOMAJIAIOT B OJHY OPOUTY, 38/Ial0T OJINHAKO-
BOe B CMBICJIE HaIlleil 3a/1a9u oxkepesbe. Tak 9To 3ajiavua cBesrach
K IMO/ICYETY YUCTIa OPOUT.

[Toxcunraem [wnciao opbut, HOIB3ysACh JieMMoil BepHcaiina.
IIpexkye BCcero 3aMeTwm, UTO COMPSI2KEHHBIE 3JIEMEHTHI T'PYIIIBI
JAIOT OJMHAKOBBIA BKIam B dopmyry (1.10): ecimm h = ugu™!
u g(z) = z, To h(u(z)) = u(g(zr)) = u(x), mosromy u(X,) = Xs.

C npyroit croponsl, ecmu g(z) = x, To u g¥(x) = x. [losromy
HETIOBUKHBIE TOYKHU TPU JIEHCTBUU ¢ OCTAIOTCS HEITOIBUXKHBIMU
U IpU JeficTBIM IPYIIbI (g).

Teneps pazbepem Bce BOZMOXKHBIE CIIyUaH.

g = e. Jlnsd TOXKIECTBEHHOrO OTOOPAXKEHUsI HEIOBUKHBIMU
Toukamu OyayT Bce 22 = 4096 «IHOMEUEHHBIX» OJKEPEJIHii.

g — nosopor Ha +27/12, +5 - 27/12. I'pynua (g) neiicry-
eT TpaH3uTWBHO Ha MHOXKecTBe {1,...,12} (1 m 5 B3ammHO TpO-
crel ¢ 12). TToaToMy HemoJBUKHBLIMEA TOYKAMHI Oy/IyT TOJMBKO 2!
«IIOMEYEHHBIX» OYKepeJirii, B KOTOPBIX BCe OyCHHBI OJMHAKOBOTO
nBera. Jror ciaydail maer Bkian B dopmyay (1.10) B pasmepe
4.2 =38,

g — moBopoT Ha £2 - 27w/12. Ha yeTHbIX U HEYETHBIX MecTax
JIOJZKHBI CTOSITh OyCHHBI OJMHAKOBOTO I[BETA, IIO3TOMY OOIIU
BKJIaJ] 9TOTO cTydas 2 - 22 = 8.



1.10. DarTOoprpyIiibl 51

Paccyxnas aHalorutdHo, HAXOAUM, UTO BKJIAJ CJIydas, KOTJIa
g — TIOBOPOTHI Ha +3 - 27/12 pasen 2 - 23 = 16, BKJIaJ ciydad,
KOTJIa ¢ — MOBOPOTHI Ha +4 - 27/12 pasen 2 - 2 = 32, a BKIaS
cTydast, Korjia ¢ — 1moBopoT Ha 6 - 27/12 pasen 26 = 64.

OcraJsioch paccMOTpPeTh JBa CJIydasi: KOrja g — IIOBOPOT Ha
YIoJI T BOKPYT AuaroHajm 12-yroJibHUKa, B 3TOM CjIydae OOImumit
BKJIaJ paBeH 6 - 27 = 768; a TaxkyKe KOrja g — IOBOPOT HA yIrOJI
T BOKPYT CEPEIMHBI IIPOTUBOIIOJIOKHBIX CTOPOH 12-yroJibHUKA, B
3TOM cirydae obmuil BKIas pasen 6 - 26 = 384.

Cobupast 3TU BBIYUC/IEHUS] BMECTE, TIOJIyIaeM OTBET:

1
ﬂ<4096+8+8+16+32+64—|—768+384> = %:224.

1.10. PakToprpynnbl

IIpexne yem maBaTh dhopMabHOE OnpeeeHne (hakKTOPrpyIi-
IIBbI, OOBSICHUM, UTO XOTEJIOCh OBl TOIydIuTh. [lepexon oT MHOXKe-
CTBa K KJIACCAM SKBUBAJEHTHOCTHU 3TOI0 MHOXKECTBA 10 HEKOTOPO-
My OTHOIIIEHUIO 9KBUBAJEHTHOCTH HA3BIBAETCHA (paxmopusayued.
Mpsbr xoruMm GaKTOPU30BATH IPYIIILY O HOAIPYIIIE, T.€e. mepeiiTu
K MHOXKECTBY KJIACCOB CMEXKHOCTH II0 3TOi moarpymme. B ciryuae
[IPOM3BOJIBHON TOAIPYIIBl (haKTOPU3AIUs IO KJIACCAM CMEYKHO-
CTH TIEPEBOJUT T'PYyHIy B H60jtee o0t 00bEKT — JAeicTBUE IPYyII-
bl Ha MHOKecTBe. Ho mHOTIa 9T0 HeiicTBre MOXKHO IPEICTABUTD
KaK JIeficTBHE HEKOTOPOU HOBO# ¢arxmopzpynns, Ha cede camoii
casuramu. JIpyrumu cjioBaMu, B 9TOM CIy9ae MOXKHO PacCMaTpU-
BaTh KJIACCHI CMEXKHOCTH T10 MOATPYIIE KaK 3JIeMeHThI HEKOTOPOIA
rpyunbl. Koneyno, Mbl TepsieM npu ¢hakTOpuU3annu KaKyo-TO HH-
dopmarmio o rpyime, HO 3aTO MoJayUeHHas (gpakToprpymma 6yaer
[IPOIIe, U3Y4YaTh €€ JIerde U T. JI.

OkaspiBaeTcst, YTO PaKTOPU3AIUsL JAET I'PYIIILY TOJBKO B CJIy-
Yae HOPMAaJIbHBIX roArpyiil. PaccMoTrpuM BHa4YaAIE IpUMED, KOTa
dakTopuzanus He JaeT IPYIIy.

IIpumep 1.56 (npodoasicerue npumepa 1.22). CocraBum Tab-
JIMIYY JefiCTBUSI TPYIIbI S3 Ha CMEXKHBIX KJIACCAX 10 HOJArPYIIIE
H = ((12)) (cMexkHBIe KIACChl PA3/IEJICHbI JIMHUSIMH):
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H (23)H (13)H

0 H (23)H (13)H
(12) H (13)H (12)H
(23) | (23)H (13)H
(132) | (23)H (13)H H
(13) | (13)H (23)H H
(123) | (13)H H (23)H

Kak BuauM, pa3Hble 3JIEMEHTBHI OJHOTO CMEXKHOTO KJIacca JIei-
CTBYIOT Ha CMeXKHbIe KJAcChl mo-pa3Homy. Ilostomy m3 Taxoro
JefCTBUS HeIb3s HOJIYIUTh OMHAPHYIO OIEPAINIO HA MHOXKECTBE
CMEZKHBIX KJIACCOB.

Temepb paccMOTpHM CIydaii HopMasbHOU moarpynmnsl H < G.
ITycrs G/H — coBOKyIHOCTb CMeXKHBIX KiaccoB G o H. O6o-
3HaYEHUE II0JICKA3bIBALT, YTO Mbl «JeiuM» G Ha H. Orciona eie
OJIHO HA3BaHWE HOPMAJbHON HOAIPYIIBI — HOPMAJbHBIH J1esiu-
Tesib. UT06BI MOIyYuTh TpyIILy, Ha MHOXKecTBe G/ H HE06X0MUMO
BBectu onepanuio. Caemaem 310 Takum obpasom: (xH) - (yH) =
= (zyH).

[Ipexte BCcero Hy»KHO MPOBEPHUTD, UTO JTAHHOE BHIIIIE ONIpeIee-
HIEe KOPPEKTHO. [Ipyrumu cjoBaMu, Mpou3BeIeHre TBYX KJIacCOB
CMEXKHOCTH JIOJIZKHO HE 3aBUCETh OT BBIOODA TPEJCTABJISIONINX
KJIACCHI 3JIEMEHTOB Z, y. (B nporusHOM ciy4yae HUKAKOi onepanuu
Ha G/H wmbl ObI He HOJIyYHIIN. )

Mycrs 2’ = xhy, y' = yhe. Torma (¢’ H)-(y' H) = (xhiyhe)H =
= (zyh3)H = (xyH) (B cpesHeM paBeHCTBE MbI UCIOJIL30BAJIM
HOPMAaJILHOCTH IOArpynusl H ).

Tenepn mokaxkeM, 910 MEHOXKeCTBO G/ H 0THOCHTEILHO BBEICH-
HOM onepalyn gBJIsdeTCd IPYIIIO.

1) AcconpaTHBHOCTD OYEBUIHA, TAK KAK BBIIOJHAETCS B [PYII-
e G.

2) Tockombky (vH) - (eH) = (eH) - (xH) = (xH), noarpyumna
H (rounee, cmexkHblii Kiiace eH, HO 9T0 U eCTh caMa MOJArPYIIIA )
SIBJISIETCS €IUHUIHBIM JIEMEHTOM.

3) Knmacc 2= 'H — obparHblii K 2 H OTHOCHTEILHO BBEJICHHOIT
onepamun: (v 1 H) - (zH) = (z7'oH) = (eH).

Urak, G/H OTHOCHTEIHHO OLEPAIUH YMHOMKEHUsI CMEXKHBIX
KJIACCOB siBJisieTcs rpymmnoit. OHa HazbBaeTcs gaxmopepynnoti G
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mo noarpymme H. 3amerum, dro eciun (G KOHEYHa, TO U BCE ee
[IO/ITPYIIIBI KOHEYHBI, TIO9TOMY

G/H| = % — (G : H).

Quement dakroprpynusl G/H 06bIYHO 3a1aeTcsd yKa3aHueM
npejcrasuress € G kiracca cmexknoctu £ H. UTobbl He myTaTh
9JIEMEHTBI TPYMIIBI U JIEMEHTHI (PaKTOPIPYIIIBI, UCIOIL3YIOTCS
paznmnunble obo3Havenus:: (xH) = & = [z] = {z}.

Paccvorpum mpuMeps! haKTOPTpyIIL.

IIpumep 1.57. G/G = {e}. MbI 3a6bIBaeM po rpymniy Beé, Kpo-
Me TOrO, 9TO B Hell €CThb eJIUHHIIA.

IIpumep 1.58. G/{e} = G. 3mech MBI BCE 3aIOMHUIIA O TPYIIIIE.
EcTecTBeHHO, Y HAC BO3HUKAIOT U IPOMEXKYTOYHBIC CJIyYau.

IIpumep 1.59. BosbMeMm B aJIuTUBHON IPYIINE MEJIBbIX THCEN Z
noarpyuny 3Z < Z. Iocrpoum daxroprpynny Z/37Z. Bo-nepsbix,
B 3TOI TPyIIe ecTh HysneBoil anemMenT 0 (3/1eCh €CTECTBEHHO HC-
[0JIb30BaTh AJUIMTUBHYIO 3AIIUCD):

0 =0+ 3%,

Jajee bepeM CMEXKHBIN KJIacC, MTOPOXK IEHHbBIN 31eMeHTOM 1,
1=1+3Z,

TO XKe caMoe JJIsI 3JieMeHTa 2 € 7,
2 =2+ 3Z.

[Monyuaem daxroprpynny Z/3Z = {0,1,2} ¢ onepamwueit cio-
KEHWsI, OIPEIeIeHHON Cemytomeit Tadbaumeit (B COKPAIIleHHOM
dbopwme):

[Nl N ewl]
(el ol
1Ol NI

Ter[epb MBI MOZKEM 3&6BITB7 9TO KJIaCChbl CMEZKHOCTH — 3TO MHO-
JKeCTBa 4Hcel, U paboTaTh ¢ TPYINIOH U3 Tpex 3jaeMeHTOoB. (Dra
IpyIIIa Ha3bIBAETCS I'PYIIIOIl BBIYETOB 110 MOJYJIIO 3, U MBI €€ yKe
OJIMH pa3 MoCTPOu/U Ha ¢. 15.)
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B npopiojpKeHue 3Toro npuMepa 3aMetuM, 4ro ecim G = (a) —
MUKJIMYecKas rpyina, To daxroprpymna G/ H 1o jioboii moarpyi-
ne H < G Gyner TakKe IUKJIMYECKOIl: siCHO, 410 a™ = (a@)".

IIpumep 1.60 (npodoasicenue npumepa 1.41). Nmerot mecto
usomopdusmel (Gx H)/(Gx{e}) 2 H,(Gx H)/({e} x H) 2 G.
YuraTesio npejiaraeTcs MOCTPOUTb 9TH U30MOPMU3MBI CAMOCTO-
ATEIBHO.

1.11. dapo romomopdusma

HamomuamMm, 910 TromMoMOpdu3M — 3TO OTOOparKeHume OIHOM
IPYLIBI B APYTryIo, coxpassionee npoussedenue. [lycrs (G, ) u
(G',0) — rpymusl, a ¢ — romomopduam rpynnsl G B rpynny G
Hodpom 2omomopdusma HasbiBaercst MHOXKecTBO Ker ¢ = {g € G |
©(g) = €'}. T.e. ssmpo roMmoMopdhu3Ma — 3TO MHOKECTBO JJIEMEH-
ToB rpymsl G, oTobpazkatomuxcs B equnuiy rpymnst G, Ilycrsb
a € Kerp, b € Kerp, torna u ab € Kerp (eciau nsa ssemenrta
IPUHAJIEXKAT SIAPY TOMOMOPMU3MaA, TO U UX [IPOU3BEICHUE TIPU-
HAJJIEXKAT FOMOMOPGU3MY ), TaK Kak

plab) = p(a) o p(b) = € o e’ = ¢’
OO6paTHBIl K 3JIEMEHTY, IPUHAJIEXKAIIEMY siJIPYy, TaK¥XKe IPU-
HAJIJIEXKUT SJIPY:
pla ) opla) = pla" - a) = pe) = ¢

SHAYUT SAPO ABJIIETCs TOArpynon G.

IIpumep 1.61. Paccmorpum orobpazkenue ¢: Z — (a) aqaurus-
HOI I'PYIIBI NEJNBIX 9UCeN 7 B KOHEUHYIO IUKJIMIECKYIO TPYIITY
(a), TOPOXKIEHHYIO 2JIEMEHTOM a, KOTOpOe 3aJaercs hopMyJIoii:
p:n—a”.
OueBngHO, 910 310 roMoMOpdu3M. UTo Ke OyJeT siIpoM TOMO-
Mopdusma ¢? Ilycrh ¢ — MUHMMAJIBHOE TOJIOKUATETHHOE TUCIIO,
Juist kKoroporo a? = e. Torna Kerg = {lq | | € Z} (nokazarens-
CTBO AHAJIOTMYHO TOMY PACCY?KIECHUIO, C IOMOIILIO KOTOPOTO OBLIH
HAJIEHbI BCE MOAIPYIIILI UKIMIECKONH TPyIbl B Teopeme 1.27).

IIpumep 1.62. PaccmoTpuMm MyIbTHUILIMKATHBHYIO TPYIITY IIO-
JIOXKHUTEJIbHBIX YHCell ¢ omepanueii ymuoxenus (RY,-), a raxxe
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(R,4) — amauruBHyio rpynity geficrBuresibHbIX ducest. Orobpa-
XKeHue @: a +— In a sgBistercss roMOMOP(MU3IMOM B CUJTy M3BECTHOTO
cpoiicra sorapuduma. ITockonbky Keryp = {1}, stor romomop-
busM gaBIgETCI T30MOPPUIMOM.

Teopema 1.63 (Teopema o romomopdusme rpynm). [Tycmo
p: G — G — zomomoppusm ¢ adpom Ker p = K. Toeda K <G u
G/K =2 ¢(G).

O6pammno, ecau K <4 G, mo cywecmeyiom zpynna G', a umenmo
G/K, u eomomoppusm 7: G — G' (n: G — G/K) maxue, wmo
Kerm =K.

T. e. romoMopdHEBIT 06pa3 rpynsl B30MOpdeH HaAKTOPTPYIIIE
o $/Ipy roMoMOpdu3Ma. 3BYIUT HEMHOTO YI'POXKAIOIIE, HO Pa30-
OpaThbCs C ITOI TEOPEMOil HECTIOKHO.

JokasarenbcTBo. JlokaxkeM, ITO s1p0 TOMOMOPGMU3MA STBJISIET-
cst HOpMaJIbHO# norpynnoit. Bozemem h € Ker ¢ u nposepum, 1ro

@(g~"hg) =¢"
o9 hg) = (g™ ") o p(h) o p(g) = w(g) " o p(g) = €.

Oupenenum orobpaxkenue ¢: G/K — G’ tak, uro obpazom
CMeXKHOTO Kitacca 1o K sBjsercs obpa3 mpu roMoMopdusMe
JIEOBOTO BJIEMEHTA U3 9TOro Kiacca, T.e. @: (gK) — ¢(g).

DTo omnpejiesieHre KOPPEKTHO, TaK Kak U3 g1 = ok, * € K|
crenyer ©(g1) = @(g22) = p(g2) 0 p(x) = @(g2) o€’ = ©(g2).
SHaunT, 00pa3bl MPEJCTABUTENEH CMEXKHOTO Kiacca o K mpu
roMOMOPMU3ME @ OJIMHAKOBBI.

Hautee,

(1K) - (92K)) = ¢((9192K)) =
= p(g192) = v(g1) © p(92) = ¢((91K)) 0 3((g2K)).

Mpr nmokaszasn, uTO 00pa3 MPOU3BEJEHUsT PABEH MPOU3BEICHUIO
obpazos. CienoBaresbHO, ¢ — romoMopdusm. Jokaxkem, 9To @
He TOJBKO TOMOMOpdu3M, HO u u3omMopdusm. s 3Toro HyKHO
JIOKA3aTh, YTO OTOOpaXKeHue ¢ B3AWMHO OIHO3HAYHO. [leiicTBu-
TeJILHO, U3 gb(glK)) = @((ggK)) cienyer ©(g1) = p(g2), OTKyIA
noyaaem ¢(g; *g2) = €. Bnaunt, g7 'go € K, re. 1 K = o K.
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OuesBuano, uro Im ¢ = Im ¢ (06pas orobparkenus @ coBHaa-
er ¢ o6pazoMm oTobpaxkenus ¢). I1oaToOMy @ — HUCKOMBII U30MOD-
duzm G/K u ¢(G) = Im .

ObpaTHoe yTBEpXKJEHNE B TEOPEME COBEPIIEHHO TPUBUAJIBHO.
ITycrs K < G. Ilocrpoum romomopdusm w: G — G /K dopmyioii
w: g — (gK). Torma Kerm = K. 9ror roMmoMopdusm Ha3bIBa-
eTCsl €CTECTBEHHBIM (MJIM KAHOHMYeCKUM ) roMoMopdusmom. Ecn
V Bac BO3HUKAET 3a/1a1a IIOCTPOUTH TOMOMODPMU3M, sJIpO KOTOPO-
ro 3aJI[aH0, TO HYKHO IPOCTO OPaATh IJEMEHTHI U OTODPaXKaTh B
CMEXKHBI KJIacC 0 TOM IpyIie, KOTOpas O0bsBIeHA SapoM. [

Caencreue 1.64. Ecau Kerp = {e}, mo G = ¢(G).

Cnencrsue 1.64 yno6HO UCIIOIB30BATH IIPU JI0KA3ATEIHCTBE TO-
ro, 9T0 HEKOTOPOE OTOOPAXKEHNUE  SABJISAETCS U30MOPPUIMOM: [10-
CTATOYHO IPOBEPUTH TPUBHAJLHOCTD SJIPA U CIOPBEKMUSHOCTID
orobpaxkenusi . Orobpakenue ¢: G — H Ha3bIBaeTCs CIOPHEK-
TUBHBIM, €CJIH OHO sBJsieTcs oToOparkenmeM Ha H. Hamomuunm,
YTO 9TO B TOYHOCTH O3HAYAET, UTO y KaXKJIOro 3djeMeHTa h €
H ecrb xors 61 onun npoobpas (rakoil angement g € G, 4ro

¢(g) = h).

IIpumep 1.65. Ilycrs Z[x] — amauTuBHAS TPYINA TOJUHOMOB
oT x ¢ 1enabiMu Kodddunuentamu. Termepb BO3bMEM MHOYKECTBO
H = {(z - 3)f(z) | f(x) € Z[z]} — MHO)KeCTBO NOJMHOMOB, y
KOTODBIX ecTh MHOXKuTeab = — 3. OuesunHo, H < Z[x] (nobast
MOJrPYIIIa KOMMY TATUBHOI IPyTIITEl HOpMaJbHa). Kax mocTponTs
dakroprpymiry?

Pacemorpum romomopdusm ¢: f(x) — f(3), KoTopslit Kaxk10-
My MHOTOYJIEHY CTABUT B COOTBETCTBHUE €TO 3HAMEHUE B TOUKE 3.

B moab orobpassarcs Toabko 3jaemenThl n3 H. Takum obpasom,
Zlz]/H = 7.

IIpumep 1.66 (npodoastcenue npumepa 1.38). B siapo ro-
momopdusma det: GL(R,n) — R* Bxoggar mMarpuipl ¢ ompejie-
sreseM 1. Ipynna takux marpun obosnadaerca SL(R,n). Ona
ABJIAETCs. HOpMaJIbHOlt noarpymmoit GL(R, n).

IIpumep 1.67 (npodoasicerue npumepa 1.39). B spo romo-
mopdusma sgn: S, — {£1} Bxogar wernsie nepecranosku. I'pym-
118 Y€THBIX IIEPECTAHOBOK HA3BIBACTCS 3HAKONEPEMEHHOT 2PYnnot
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(unm asbrepHUpyONIEi rpynoii) u obosnadaerca A,. Oua aBjig-
€TCsi HOPMAJIBHOI TOJTPYIIION B Sy, .

Sameuyanue 1.68. Ecim H < G, 10 |G| = |H| - |G/H| (cauraem
rpyuibl KonednbiMu). [losromy Mexiy anementamu G 1 MHOXKe-
creoMm nap (h, f), tne h € H, f € G/H, cymecrByer B3aUMHO
omuro3HAUHOE cooTBercTBUe. OMHAKO OBLIO OBI OMIMOKON JIymMarh,
aro G = H x (G/H). llpocreiimuii npumep, KOra TAKOro H30MOpP-
duzma Her, — rpynma S3. Kak M1 Buzesnu B npumepe 1.40, rpymma
H = ((123)) siBastercst HOpMasbHOI noarpyunoii Ss. [Toarpymma
H — upkimmueckas rpymna Cs nopsuaka 3. @akroprpynna Ss/H
COCTOUT U3 JIBYX JIEMEHTOB, & IOTOMY U30MOD(HA IUKJIMIECKO
rpyume Co. Ho S5 % C3 x Cy (rpymmna Cs X Cy KOMMyTaTUBHAS,
a S3 — Her).

1.12. AGeJjieBbI TPYIIIBI

B atoMm pazzesie MbI TIOJTHOCTBIO OMUIIEM CTPYKTYPY KOHEUHO
nopostcdennulr abejaeBbiX rpymn. ['pynna A Ha3bIBae€TCs KOHEYHO
[IOPOKJICHHOM, €Cc/ii OHa TOPOXKIAETC KOHEYHBIM MHOXKECTBOM
cBoux sremenToB: A = (B), |B| < oo.

IIpu pabote ¢ abemeBbIMU TpylmaMu yaoOHEE HMCIOJb30BATH
JUIMTUBHYIO 3anuch. [losTomy (& Takxke 110 60J1ee BazKHBIM DU~
YUHAM ) OPIMbIe IIPOU3BeIeHNs A0e/IEBIX TPYIIT HA3BIBAIOTCS NP -
MBEMU CYMMAMU.

Jaium onpeieieHre MpsMOoil CyMMbI abeJIeBbIX TPYIIIL, TIePEeIi-
caB ¢ HEOOXOAUMBIMU U3MEHEHUSIMU B 0003HAYEHUSIX OIPEIeJICHIE
[IpSIMOTO IIPOU3BeJieHns n3 npumepa 1.35.

Hpamoti cymmoti abenesbix rpynn Ay, As Ha3bIBaeTCst IpyI-
na Ay @ Ay, jileMeHTaMu KOTOPOH SIBJISIIOTCA BCe maphl (1, 22),
rae 1 € Ay, xo € As. I'pynnosas onepamus B Ay & Ay — 310
HOKOMIIOHEHTHO€e BBbIIOJHeHre onepamuii B A1 u As: (x1,x2) +
+ (Y1, 92) = (21 + Y1, 22 + y2).

AHAJIOTUYIHO OTIPEJIEIAeTCS IPsiMast CyMMa, HECKOJIBKUAX TPYIIT
Ay, As, ..., A,, KoTOpas obozHauaerca A1 & As ® ... P A,.
D10 MHOXKECTBO HAGOPOB (X1, ...,%y,), THe T; € A;, a rpynmnoBas
orepanus Ha HEM — MMOKOMIIOHEHTHOE CJIOXKEHUE

(@15 xn) + (Y1 yn) = (@14 Y15 o+ Yn)
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[TpoBepKa rpynIOBBIX AKCHOM HE COCTABJISAET TPY/IA: HYJIEBbIM J1e-
MenToB rpynist Ay @ As @ ... ® A, asiagerca vabop (01,...,0,);
aCCONUATHBHOCTD HEIMOCPEJICTBEHHO BBITEKAET U3 ACCOIUATUBHO-
CTHU omeparuii B KOMIIOHEHTAX; SJIEMEHT, ITPOTUBOIOJIOKHBIIH 3J1e-
MeHTy (Z1,...,Zy), 3AIUCHIBAETCH KaK (—Z1,...,—Tp).

[Ipsimast cymMMa n 9K3eMILTSIPOB OJIHOM M TOi ke rpymmbl A
oboznavaerca A™. Mbl yxKe BCTpedasy IpsiMble CYMMBbI abeJIeBbIX
IPYIII B IpuMepax: IPyIina u3 npumepa 1.5 ecTb He 9TO HHOE, KaK
C» . a rpymma u3 npumepa 1.21 u 6b11a obo3HaveHa Kak R2.

OcHoBHBIE TTPUMEPDHI abeJIeBbIX IPYII — IUKJIAIECKas TPYyI-
na C), TIopsaKa n U MUKJIXIeCKas Ipymia Z 6eCKOHETHOTO MOPSII-
Ka, KOTOpas €CTh IPOCTO JJINTUBHAS I'PYIIIA IEJIbIX YUCeJI.

Teopema 1.69. Jlobas xorneuno nopootcdennasn abenesa 2pynna
UBOMOPPHA NPAMOT CYMME UUKAUMECKUT 2PYNN.

3ameuanne 1.70. He Bce aGeseBbl IpylIIbl KOHETHO HOPOXK,IE-
uul. Hanpumep, rpynma pammoHaabHBIX duces Q OTHOCHTEIBHO
CJIOXKEHUS He ABJISIEeTCs KOHEYHO MOPOXKIEHHOM. PacecMoTpumM mo-
rpyuity {ai,as, ..., Gy}, HOPOKICHHYIO KOHEYHBIM HAOOPOM pally-
OHAJIBHBIX YUCEJ (1, A2, ..., (np. JIIODOH JIEMEHT ITOU I'PYIIIBI
BBIPAKAeTCs KaK JMHEHHAs KOMOUHAIMA THCEN a; C IEeJBIMHA KO-
s durmeHTaMm:

T=x101 4+ Tpap. (1.11)
ITosToMy 3HaMEHATEIb HECOKPATHMOI 3aIMCH X HE IPEBOCXOIUT

[IPOM3BeeHNsl 3HAMeHaTe el a;, Koropoe Mbl obo3Haunm N. Ilo-
sromy uucio (N + 1)~1 ne npunajyeskur rpymme (ay, dz, . .., ay).

Iist mocTpoerusi m3oMopdu3Ma u3 Teopembl 1.69 yi106HO BbI-
JIeJINTh CTPYKTYPY MPsIMOil CyMMBbI «BHyTpu» rpynnbl A. s
9TOr0 BBEJIEM HOBBIE IIOHSITUS CyMMBbI [IOAIPYIII U IPSIMON CYyMMBI

HOJTPYTIIL.
Abenesa rpymma A = Ay + Ag + - - - + A, IOPOXKIEHHAS T10JI-
rpymnamu Ay, As, ..., A, HazbBaerca cymmol nodepynn (uin

Pa3A0AHCENUEM 2DYNNbL Ha nodepynnot). Ecin npu sT0M Jyist Jito-
Goro sseMenTa ¢ € A CyIeCTBYeT €JMHCTBEHHBII HAOOD TAKMX
a; € Aj,aroa =a1+as+---+ay, Torpymna Ay + As+---+ A,
HA3BIBAETCS NPAMbIM PASAOHCEHUEM 2PYNNYL Ha nodepynnv. (A
psIMOit CyMMOit).
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VYrBepxkaenne 1.71. Ecau A = A1 + Ay + -+ + A, — npamoe
pasnooicenue abeaesoti epynnot, mo A= A1 @ A @ ... D A,.

JokazaTeabcTBO. VCKOMBI n30MOpdU3M UMEET BH/I
p:a— (a1,a2,...,a,), TAEa=a1+az~+ -+ an.

B cuiy onpenesnenust npsgMoro pasJsiozKeHusi 0TOOparkeHne @ Kop-
PEKTHO OTIPEJIEJIEHO W B3AaWMHO OJIHO3HA4YHO. [IpoBepum, 410 ¢
COXpaHseT Ollepalvio: eCJau ¢ = a1 + ag + - -+ + ap, TJe a; € A;,
ab=>b +bys+- - +0by, tne b € A;, 7o a+b = (a1 + b))+
+(az + b2) + -+ + (an + by) (3mECH HCHIONB30BAHA KOMMYTATUB-
HOCTB), T.e. p(a +b) = (a1 + bi,as + ba,...) = (a1,...,a,) +

3ameuanue 1.72. B ciayuae HeabeneBbIX TPYII CYIIECTBOBAHNE
DPA3JIOYKEeHUsI B IIPOW3BEJIEHUE IOJIPYII HE TapaHTUPYET, UTO
rpymmna m3oMopdHa MpsiMOMY IIpOW3BeeHuio mnoarpyii. IlycTs
H<G, K <G, HNK ={e} u HK = G. B aroM ciy4ae roBopsit,
YTO TpYIIa Pa3aaraeTcsd B NOAYNPAMOe npouseederue MOArPYI
H u K (obosnauenne G = H X K). dust 1mosmyupsiMpix 1poms-
BeJeHUit He BBLITIOJIHAETCS aHaJor yTBepxkKaerus 1.71. Hampumep,

Sz = ((123)) X ((12)) 2 C3 x Ca.

(cpaBuu ¢ 3amedanueM 1.68).

Temeps pasbepemMcst, KaKre COOTHOIIEHUSI MOTYT OBITH MEXKTY
[IOPOXKAAIOMIUMY KOHEYHO IIOPOXKJIEHHOM abesieBoil rpymmsl A =
= (a1, az, ..., a). IJoCKOJIbKY TpyIlIa KOMMYTATUBHA, JIOO0E CO-
OTHOIIIEHHE MOYKHO 3aIIACATH B BUJIE

cia1 + ceas + -+ cpan =0, c¢1,...,ch €EZ, (1.12)

00beaunsa Bee ciaaraemble Buga a;. Coornomenue (1.12) Gyuem
3azaBarb Habopom ¢ = (c1,...,C,) ero Koaddunuenros. Eciu
ci,...,C, — COOTHOIIEHUS, TO £1C1 + - - - + Tk Ck, T; € Z, — TAKXKe
COOTHOIIIEHNE, KOTOPOE MbI Oy/IeM Ha3bIBATh CACOCTMEUEM COOTHO-
meHuit ¢y, . .., ¢k (31ech + 0603HAYAET MOKOMIIOHEHTHYIO CYyMMY
HEJIOYUCIEHHBIX HA0OPOB). [109TOMY MHOMKECTBO BCEX COOTHOIIIE-
HUM MEXK/Iy MOPOXKJIAONMMA TPyl A sIBJIsIeTCsl IOArPYIIIOi
R rpynumsr Z™. TlockonbKy KarKjplit 3jieMeHT rpymmnbl A MOXKHO
3aIUCaTh B BAJIE NEJTOIUCIEHHON KOMOMHAIIUY TTIOPOXKIAIOIIAX, TO
HEYIUBUTEILHO CJICYIONIEE YTBEPKICHHUE.
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YrBepxkaenue 1.73. Bo ssedennnr sviwe 0603naveHuisr A =
Z"/R.

IIpumep 1.74. Ilycts A = C,, @ Cp, @ ... & Cp,.. O603HATUM
9yepes a; TOpoKAaonwit sinement rpynnsl C,,. Muoxkectso {a;}
nopoxjaer A. Ilo olpesenennio mpsaMoii CyMMbI

ciay +caa2 + - +cpan =0
TOIJIA U TOJIBKO TOTJA, KOTJA ¢; = YN, Y; € Z. 3HAUNT, COOTHO-
mennst 06pazyroT moarpyminy D B Z™, comepKaliyo Te Habophl U3
N LEJIbIX YUCes, B KOTOPBIX ¢-1 3jieMeHT HAaOopa [IEJUTCS Ha M.
CMexHBIM KJace 1Mo moArpymnme D coCTOUT M3 MHOXKECTBA Ha-

OOpOB, UMEIOINX 33/IaHHbI HAOOpP OCTATKOB OT JEJE€HUs Ha N,
nosromy daxroprpyima Z" /D uzomopdua Cp, S Cp, B...HC,, .

JokazareabcTBo yrBepxkaenus 1.73. Ilycrs ajnement a € A
JIBYMS CIIOCODAMH BBIPArkKeH Uepe3 TTOPOsK IATOIIIe:
a=cia; + caag + -+ + cpay = cjay + chas + -+ + chan.
Torna
(e —c)ar + (ca — cy)ag + -+ (e — c,)an =0,

T.e. c—c' € R. Pasymeercs, BepHo u o6partHoe. [TlosToMy Kaxk oMy
a € A MOXHO COIIOCTaBHUTBH KJIACC CMEKHOCTH p(a) rpynubl Z"
no noxrpynne R, Koropslii cocrout u3 Tex ¢ = (c1,...,Cp), M
KOTOPBIX

a=cia1 + caag + -+ cpany. (1.13)

OrobparkeHne p SIBISETCS UCKOMBIM m3oMopdusmom. Ckiia-
npiBas coorromtenus (1.13), y6exkmaemcst, 9T0 p COXpaHseT olepa-
muu. EpumHcrTBeHHBIM TpoobOpasom Kjiacca ¢ + R saBisercs
c1a1 + -+ Cpap. O

Crepyromuii mar — OnuCaHue HOAIPYIIT IPYIIIbl Z™.
Jlemma 1.75. ITycmv R < Z"™. Toeda R=Z™, 0 < m < n.

Ioarpymmoit Z° GymneM 1o OMpenesIeHII0 CIATATh HOAIPYIIILY,
COCTOSIIIYIO U3 OJHOTO HYJIS.

HokazareabcrBo. Unaykmms o n. OcuoBanune nHaykuu n = 1
6110 y2Ke pa3obpaHo Bblmle (cM. BBIBOA dopmyssl (1.5) Ha c. 30).
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Tenepp IpeANONIOKUM, UTO yTBEPXKJIEHHE JEMMBI JTOKa3aHO
upu Beex n’ < n. B noarpynne R < Z™ BbIeaUM HOAIPYIIILY

Ry={z€R:x, =0}

ITockombKy Rg m3omopdna moarpyme Z" 1 (pasHble HyO MO-
CJIeIHIEe KOMIIOHEHTBI MOXKHO OILyCTUTD), TO [0 HPEINOJIOKEHUIO
nHAYKIn R =2 Zk, 0<k<<n—1.

Ecmun Ry = R, yTBepKaeHne JeMMbI JI0KA3aHO.

B IPOTHBHOM CIIydae PACCMOTPUM IIOIMHOKECTBO R, IeJIbIX
YUCEJI, COCTOSINEe W3 IMOCJIEHUX KOMIIOHEHT 3JIEMEHTOB I € R.
ODTO MHOXKECTBO SIBJISIETCsl MMOAIPYIIOH Z, MOITOMY HMEeT BHJ,
(d) (bopmyma (1.5)). Boibepem r = (r1,7r2,...,7—1,d) € R, y
KOTOPOT'O MTOCJIE/HsIsT KOMIIOHEHTa paBHa d.

Hokaxkem, uro R = Ry + (r) — upsamoe pazsoxenue. s
Juoboro 1’ € R maiifiercsa He 6ojiee OIHOIO LEJIOrO Yucaa t, st
KOTOpOro 1’ — tr € Ry. IToCcKOIBKY Moc/IeHne KOMIOHEHTBI BCEX
aseMeHTOB R KpaTHbl d, Takoe 4uC/I0 t 00sA3aTEIbHO HAMIETCH.
Torma ' — tr € Ry, nostoMy 1’ IpejcTaBiseTcs B BUJE CyMMBI
ss1eMeHTa Ry U 3J71eMeHTa M3 MOArPYIIIBL (1), 1 9TO IPEJICTABJICHIE
OJTHO3HAYHO OIPEJIETIEHO.

Wrak, o yreepxaenunio 1.71,

ReRyo (ry=2Zrez=27",
rme 0 <m<n. O
OTMGTI/IIVI O4YeBHJHOE CJIEJCTBUE U3 ,ILOKa3aHHOI7'I JICMMHBI.

CaencrBue 1.76. /laa 210600 KoHeuno nopostcoernioti abeaesol
epynnu. cyuecmeyem maxot Koneunsilli Habop coommowernul
Cl,...,Ck, UWMO BCAKOE COOMMHOWEHUE C MENHCIY NOPOHCOUIOULUMU
ABAAECMCA CACICTNGUEM C1, . . ., C .

Urak, n3 yrBepxkaenus 1.73 u jgemmbl 1.75 BBITEKAET, 9TO
JIIOOYIO0 KOHEYHO HOPOXKJEHHYIO abesleBy I'DYIILY C 7 [TOPOXKJa-
IONUMU dJIEMEHTAMH MOXKHO 33/1aTh IEJIOYUCIEHHON MaTpurieit
pa3Mmepa m X n, m < n,

C1 C11 C12 ce Cin
M= C2 _ C21 C22 e Con
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JIoboit maTpurie M yKa3aHHOTO BHJIa COOTBETCTBYET I'DYIIIA
A(M)=7Z"/{c1,¢c2,...,Cm).

HexoTopsiMm MaTpuiiamM COOTBETCTBYET OJHA U Ta K€ I'PYIIIA.
YrobbI onmcaTh MATPHUIBI, KOTOPBIE 33IaI0T M30MOP(MHBIE I'PYII-
IIbI, BBEJEM IIOHSATHUE IJEMEHTAPHOI'O IIPe00PA30BAHNS MaTPUIIBL.

daemenmaproe npeobpasosarue MEeJOTUCIECHHON MATPHUIIBI —
9TO OJIHO M3 CJEAYIOMUX Mpeodpa3oBaHuii:

e 1pubaBsieHUE K JIEMEHTAM OJ[HOM CTPOKY COOTBETCTBY IOIINX
9JIEMEHTOB JIpYT'Oil CTPOKH, YMHOXKEHHBIX Ha OJHO U TO Ke
[IeJI0€ 9HUCJIO;

e pubaB/ieHHE K dJIEMEHTAaM OJHOIO CTOJIOIA COOTBETCTBYIO-
MIAX JIEMEHTOB JIPYTOro CTOJIOA, YMHOXKEHHBIX HA OTHO U
TO 2Ke IIeJI0e YUCJIO;

® II€PECTAaHOBKA CTPOK;
® IIePECTAHOBKA CTOJIOIOB;

® YMHOYKEHHE 3JIEMEHTOB HEKOTOPOIl CTPOKM WJIM CTOJIONA Ha
—1.

JIlemma 1.77. ITycmo M’ noayuena us M nocaedosamenvrocmuio
anemenmaphuix npeobpasosanut. Tozda A(M) = A(M').

JokazaTeabcTBo. Tak Kak OTHOIIEHNE U30MOP(MU3Ma TpaH3U-
TUBHO, JIEMMY JOCTaTOYHO IPOBEPUTH JJIsi MATPHUIl, CBSI3aHHBIX
OJTHUM 3JIeMEHTApHBIM TpeobpazoBanneMm. OdUeBHIHO, 9TO Hepe-
CTaHOBKa CTPOK He BiwmsieT Ha A(M), paBHO KaK M yMHOXKEHUE
Ha —1.

ITepecranoBKa cTOJIOIOB IPUBOINT K IIEPECTAHOBKE IIOPOXK 1A~
IOIIUX, 9TO JaeT n30MopdHyto rpymiy (u3oMopdusM repecTasis-
eT KOMIIOHEHTBI, cM. pumep 1.35).

Paccvorpum mpubasienne Kpatuoro crpoku. Ilycrs

c ch
Co C2

M= , M' = , ¢i=ci+tca, tel.
Cm Cm

/ /
Toryna ¢; = ¢} — teg, nosromy (€1,€C2,...,Cm) = (¢, C2,...,Cn).
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Teneps paccmoTpuMm pubaBieHne KpaTHOTO crojioma. [lycrs

/
C11 C12 N Cin C11 C12 e Cin
/
C C N C C C e C
M — 21 22 2n , M/ — 21 22 2n ,
/
Cm1l Cm2 Cmn Cm1 Cm2 Cmn

rae ¢ = ¢ + teo, t € Z. O603HAYNM NOPOXKAAIONINE IPYIIIBL
A(M) uepes ay, as, . . ., @y, & Mopoxkaatontue rpymmst A(M') gepes
ay,ab, ..., a., . Iocrponm Takoit mzomopdusm ¢: A(M) — A(M'),
9TO

@(a‘l) = alh QO(G‘Q) = tall + a/27 @(a?)) = aé’;v SRR @(an) = a’;l'
(1.14)

[TockoJibKy ¢ TOJI2KEH COXPAHSATH OMEpalnu, 00pa3 JIrodoro 3Je-
menrta A(M) oupenesen ycaosusivu (1.14):

p(r1a1 + 2202+ + Tnay) = T19(a1) + 220(a2) +- -+ Tpp(an).

(1.15)
ITposepum, uro dopmyra (1.15) KOppeKTHO 3aaeT OTOOPAKEHIEe
u3z A(M) 8 A(M'). Ilycrs

m
(T1 =91, T —Yn) = Z)‘jcjv Aj € Z,
=1

T.€. T = X101 + X202 + -+ + Tplp = Y101 + Y202 + -+ Ynln =Y
B rpyuie A. Torna

m
Z)\J‘C;- = (1 — 1) +t(r2 —¥2), T2 — Y2, -+, Ty — Yn),
j=1

IIO3TOMY

/

(z1 —y1)ay +t(xa —y2)a) + (z2 — y2)ag + - + (Tn — Yn)a, =
= (z1 —y1)p(ar) + (22 —y2)plaz) + -+ (¥n — yn)p(an) =0,

Tak 410 () = p(y).
Ob6patHoe oToOparkeHne 3agaercst POpMyIaMu

o1 (a)) = a1, o (ah) = —tay +az, ' (ay) = az, ...
coe Hd) = an,

KOPPEKTHOCTb KOTOPBIX JOKa3bIBaCTCA aHAJIOTUIHO. U
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s mokazaresibecTBa TeopeMbl 1.69 MBI MPUMEHUM CJIETYIO-
LIYIO TeOpeMY.

Teopema 1.78 (mopmanbHasi popma Cwmura). I[eaouucaen-
Hyro mampuyy M pazmepa m X n, m < N, MONCHO NPUBECTU
INEMEHMAPHBLMU NPEOOPAZOBAHUAMY K MAKOMY 6UdY, “mo 6ce
aNEMEHMDL 8HeE 2aa68HOT duazorasy pasus, 0, a das Jua2oHaAAOHBLL
DNEMENMOE Mjj GYINOAHAETNCA YCAOBUE: My OCAUM M(i41)(i4+1)-

JdokazaTesbcTBo. Ecim mMaTpuiia cOCTOUT U3 OJHUX HyJsel, TO
YTBEPXKIEHUE TEOPEMBI CIIPABEINBO.

IIycts B M ecTb HeHyneBbIe 31eMeHThI. bynem npumensTs K M
3JIEMEHTAPHbBIE TTPe0OPA30BAHUS JI0 TeX OP, MOKA MOXKHO YMEHb-
IIUTh MUHAMAJIBHYIO a0COIIOTHYIO BEJIMINHY HEHYJIEBOTO 3JIEMEH-
Ta MATPUIBL. 3aTEM [EPECTAHOBKAMU CTPOK U CTOJOIOB (U yMHO-
JKEHHEM CTPOK Ha —1) 1o0beMcs, 4ToObI 111 CTAJ IIOJIOXKUTEI b
HBIM 3JIEMEHTOM C MUHUMAJIBLHON aOCOIIOTHON BEJIUIMHON Cpejn
9JIEMEHTOB MATPHUIIHI.

JlokarkeMm, 9TO BCE HEHYJIEBbIE 3JIEMEHTBI MATPHUIIBI JEJISITCS
Ha mip. llycrs m;1 He menurcs Ha mip. Pazmenum myp Ha Mg
¢ ocTaTKOM: M;1 = qmi1 + r. Ecim BbrYecTh u3 i-it CTpOKHU
LIEPBYIO CTPOKY, YMHOXKEHHYIO H& ¢, TO M}, = T, T.€. Mbl yMEHb-
MM MUTHEMAJIBHYIO aOCOTIOTHYIO BEJIUINHY HEHY/IEBBIX JI€MEH-
TOB MATPUIBI. AHAJIOTUYIHO PACCYIKIAEM JJIsI JIEMEHTOB IePBOii
CTPOKH.

ITycTe Temeps m;; He JeJUTCS HA Mii, T.€. My = ¢Myy + T,
0 < r < my;. Kak yxke gokasamo, m; = amyy, my; = bmii.
1 B 3TOM CiIyvae 3jI€eMEHTAPHBIMU ITPEOOPA3OBAHUSIMU MATPHUITHI
MOXKHO YMEHBIIUTh MUHUMAJIbHYIO a0COIOTHYIO BEJIMUYNHY HEHY-
JIEBBIX 3JIEMEHTOB MATPUIIBI. Bbrarem u3 i-ii CTPOKH ITEPBYIO CTPO-
Ky, YMHOXKeHHY10 Ha (¢ — 1), a 3areM U3 j-ro cToJbIa BbIYTEM
nepBblil crosiben, ymHoxkeHublit Ha ¢ — (a — 1)b. Ilocse srux
upeobpasoBanuil (i, j)-ii 2jeMeHT MaTpHUlbl OylderT paBeH T, Kak
[OKA3bIBAIOT BBIYUCJEHUS (IPUBOJUM TOJBKO MUHOD MATDHIIBL,
00pa30BaHHbII IEPBOIL U i-if CTPOKON U MEPBBIM U j-M CTOJ16u0M):

mi1 bm11 - mi1 bmll
amyy qgmi +7r my1 (¢ —(a—1)b)my +7r
. (m11 (b —q+ (CL — 1)b)m11>

mi1 r
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ITockosibKy BCce HeHyJeBble 3JeMEHTHI MaTPUIIBl JEJISATCS Ha
Mmi11, MOXKHO 3JIEMEHTAPHBIMU IPEOOPABOBAHUSAMU CJIEJATH PaB-
HBIMU HYJIIO BCE 3JIEMEHTHI [IEPBOI'O CTOJIONA U EPBOIl CTPOKH, 38
UCKJIIOYEeHUeM 11 (BbUUTasl HOAXO/ISINNEe KPAaTHbIE [IEPBOl CTPO-
KU uiam nepsoro crosi6na). Ilocse sroro marpuna npuobperaer

BU/,
_ mi1 0
= ).

rje Bce HEHyJIeBbIE 3JIeMEHThl MaTpuisl M’ nmendarca ma mqp, a
pasmep M’ MeHbINe, 9eM y MCXOJHOM MaTPHILL.

K marpune M’ MOXKHO IPUMEHHUTH TaKHe YKe Ipeobpa3oBaHusl,
Kakne Obuin mpuMmeHenbl K M u T. 1. B KOHIlE KOHIOB mOJTyInM
TpebyeMyto pOpMy MaTPHUIIHI. O

HokazareabcTBo Teopemsbl 1.69. [lycrs A — KoHEYHO TOPOK-
JeHHag abenesa rpymmna. [Ipegcrasum ee B Buge A =2 A(M). B cu-
sy eMMbl 1.77 u TeopeMbl 1.78 MOXKHO cUUTaTh, YTO MaTpura M
juaronajbHast. Ecomu M = 0, to A = 7. B upoTuBHOM City4ae
0003HAYNM HEHYJIeBbIE JUArOHAJIbHbIE dJIeMEHTHI MaTpuilsl M de-
pe3 n;, 1 < i < k, coorBeTcTByIomue cToomam M mopoKparonine
9JIeMEHTBI 0003Ha4nM 4epe3 a;. COOTHOILIEHHe BHIA ), T;Q; =
= ( sABJIIeTCH CJIeICTBAEM COOTHOIIEHUI U3 JUATrOHAJIBHON MaTPH-
upl M TOrga U TOJLKO TOrma, Korjua n; | ;. locientee oznavaer,
qro x;a; = 0. DTO 03HAYAET, UTO PA3JIOKEHUE JIOOOr0 JIEMEHTa
CPYHIBI B CYMMY ITOPOKJIAIOMINX OJHO3HAYHO. [IoaToMy, mors3y-
schb yTBepKaenneM 1.71, mosydaem, uro rpymma A mzomopdHa
IPSIMOIT CyMMe IUKJIMYIeCKUX [Py {(a;). O

Anaymz cTpyKTYyphbl KOHEYHBIX abeJIeBbIX I'PYIIT MOYKHO IPO-
JOJIKUTD. JIjTsT 9TOTO HEOOXOMMbBI HEKOTOPbIE (DAKTHI U3 FJIEMEH-
TapHoOit Teopun uucena. B riaBe 2 3tu HakThl OyAyT BBIBEIEHDI
u3 OoJiee oOIIell Teopun. 3aMETHUM, YTO JIOKA3ATEIbLCTBA ITHUX
daKTOB He UCHOJB3YIOT YTBEPKIEHUI U3 JTaHHOIO pas3jesia, TaK
9TO TIOPOYHOIO KPYra B PACCYKICHUSX MOXKHO HE OIACAThCH.

N3 cnencrBust 2.43 BBITEKAET, UTO €CJIH P, — B3AUMHO IIPO-
crble yncia, 10 Cpg = Cp ® Cy. IloaToOMy MOXKHO IOCTPOUTH TAKOE
pasJioKeHre KOHEYHO ITOPOXKIEHHON abesieBOil TPYIIIBI B IPAMYIO
CyMMy IMK/JIMYECKAX, B KOTOPOM BCE CJIaraeMble — IPYIIILI I10-
pagka pF, rme p — mpocToe WHMCIO (npuMapHvie KOMMOHEHML).
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Oxa3bIBaeTCs, YTO HAOOP MOPSIIKOB MIPUMAPHBIX KOMIIOHEHT OIlpe-
JIeJIEH OJTHO3HAYHO.

Teopema 1.79. Jhobas womewnas abesesa 2pynna u3omopPha
NPAMOT CYMME UUKAUNMECKUT 2pynn nopadkos p*, p — npocmoe,
NPUMEM KONUMECTNEO NPUMAPHOLE KOMNOHEHM nopadka p* oduna-
K060 044 100020 PA3N0INCEHUA 6 NPAMYIO CYMMY.

JokazaresbcTBo. llepBasg yacTh TeopeMbl, KaK yKe CKa3aHO,
BBITEKAET U3 TeopeMbl 1.69 u cieacrsus 2.43. Ocrajoch 10Ka3aTh
BTODPYIO 9acTh. B 9TOM 10Ka3aTesbCTBE MBI HCIIOJIb3yeM OCHOB-
HYyIO TeopeMy apudMeTUKN 00 OHO3HAYHOCTU PA3JIOKEHUsI [1EJI0-
ro YMCJIa HA [POCThIe MHOXKUTENU (CJIEICTBUE U3 TeopeMbl 2.39,
JOKAa3bIBaeMO# B CjenyIoleil rﬂaBe).

Wrak, mycTb uMmeercs: KoHeuHas abejeBa rpynna A. Ee mox#o
PA3JIOKUTH B IPAMYIO CyMMY IIPUMAPHBIX KOMIIOHEHT:

A=Clrech e o0l o aChne aCly, . (116)

Bribepem oHo U3 9uces p; U TOKaXKeM, ITO Juca k;; He 3aBu-
caT or Bbibopa passoxkenus (1.16). IToBropsis 910 paccyxkuenue
JIJIsT BCEX MTPOCTBIX JIeJINTE I MOPsIIKa TPYIIIbI, TOJIyIiM OTCIOIa
yTBepKIeHne TeopeMbl. J[jisi mpocToThl 0003HAYEHMIT TOoJIaraemM
Pi =D, kij = k‘j, S; = S.

BosBenenue B crenens p,, : & — NT ABJIAETCS TOMOMOP(MUIMOM
abeJsieBoil IpyIIbl, Tak Kak n(x +y) = nx + ny. O6o3Hauum depes
A™M o6pas A npu romomopdusMe BO3BELCHUS B N-10 CTEICHD.

IMopsiok rpymmsr |[A| = p%gq, tne p {1 g. I3 ocHoBHO#H Teope-

MbI apu(PMETHKH CJIEILYET, YTO YUCIO ¢ ONPEIETICHO OJHOZHATHO.
t

O6o3naunm a; = |A(p q>|7 1 <t < ag. B oupenesienun ancen ay

He HCIOJIb30BAJIOCh HUKAKOro pasioxkenns suaa (1.16). ITostomy,
€CJIH MBI BBIPA3UM Kj Iepe3 ¢, TO TeM CaMbIM JOKaZKeM, ITO THCIIa
k; Takske He 3aBHCAT OT BBHIOOpA PA3JIOXKEHUSI.

okaxkem, 4T0

(A1 ® A2)™ = AW @ AV, (1.17)

Kaskpiit snement z € (A; @ Ag)™ umeer Bun (nay,nas), rie
x1 € A1, xa € As. Orobpaxkenue a: x +— (nr1,nTe) 3a1aer
ncKoMbIit m3omopdusm. [Ipexe Bcero Hy>KHO TPOBEPUTDH KOP-
pekTHOCTDL. Ecmm nx = ny, tme * = x1 + X2, Yy = Y1 + Y2,
Tr1,Y1 € Ay, x2,Y2 € Ay, TO TIO ONPEIEJIEHUIO TPSIMOIi CYMMBbI
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nTr] = nra, nY; = Nys. Takum 06pa3omM, 0TOOparKeHne v KOPPEKT-
HO omnpezieeHo (He 3aBUCAT OT BbIOOPA MPEJICTABUTENA KJIACCA
cMexknocTr). IIpoBepuM, 9TO (v COXpaHsIeT OIEPAIHIO:

a((nxl,nxg) + (nyl,nyg)) = a(nxy + ny1,nxe + nys) =
= (nx1 + ny1, nw2 + ny2) = (nx1, nw2) + (ny1, ny2) =
= a(nzi,nxs) + a(nyl, nys).

W3 onpenenenusi siCHO, 9TO (v SBJISIETCS B3AUMHO OJHO3HAYHBIM
0TOOPaYKEHHUEM.

ITo uHAYKIMI MOXKHO J10Ka3aTh, 9T0 coorHomenue (1.17) Bbl-
MIOJTHSIETCST W JIJIT TIPSIMO CYMMBI HECKOJIbKUX CJIATAEMBbIX.

Yro0bI BEIPA3UTDL G; 4depes kj, HaligeM oOpasbl IUKINISCKIX
IPYIII TIpU TOMOMOP(MU3MAaX BO3BEJICHUS B CTEIIEHb.

Ecan n menurca wa m, To mas mawoboro x € (), BBITOJIHEHO
nr = 0 (IOPANOK JIEMEHTa JEJUT MOPAJIOK CPYIIIbI). 3HAYWT,
B 9TOM CJIydae C,(,? ) enquanyHas rpynna. C apyroil CTOpOHBI,
€CJIi M B3AUMHO TPOCTO € M, TO 1Jis Jitoboro x € C, BBIIOJIHEHO
nz # 0. 910 03HAUYAET, YTO SIPO rOMOMOpdU3Ma BO3BEJECHUS B
CTEIIeHb B 9TOM CJIydae HYyJIEBOE U c = Chn.-

Iycrs n = pt, m = pF. Ecm t < k, 1o ™ = (kpaTHBIE

P
p! mmeror Bun plua, 0 < u < pP~t — 1, a — mopoxpatomuii C,y, ).
Ecmu t > k, To Cr(ff ) eJIMHUYHAS, TaK KaK 1 JIEJUT TOPSI0K

IPyIIIBL.
W3 pasnoxenust (1.16) u usomopdusma (1.17) nomyuaem

AP 2 Gk g Ol g @ R,

[TopstoK rpynmbl paBeH MPOU3BEISHUIO IOPSIIKOB MIPSIMBIX CJiara-
eMbrx. [losTomy monydyaem cucreMy ypaBHEHUI

k1 + 2ko +3ks + - - + ik + (i + Dkisq + - - + sks =ao,
ko +2ks+ -+ (i — Dk +ikipr + - + (s — ks =aq,

ki 42kig1 4 -+ (s —i + 1)k =ay,

ks =Qs—-1,

U3 KOTOPOH k; OTHO3HATHO BBIPAYKAIOTCS YePe3 Gi. U
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1.13. 3amaun

Hekoropsie n3 mpeamaraeMbIx HUXKE 3aJa9 OYEHL IIPOCTHI U
[IOJIyYal0TCsl HEMEJIEHHBIM [IPUMEHEHUEM IIPUBEJEHHBIX B OCHOB-
HOM TeKcTe paccyzkieHuil. Ho ecTh n cj10:KHBIE 339U, KOTOPBIE
TPeOYIOT IPUBJIEYEHNSI HOBBIX UJIEi.

1.1. dBiagercsa nu accOnMaTHUBHON OMEpaIis * Ha MHOYKECTBE
[IOJIOYKUTEJIbHBIX JIEACTBUTE/IbHBIX YHCEI, 3adaBaeMast (popMyJIoii

Ty
T+y

THY =

1.2. TIlocrpouTth npumMep HeaccOUaTUBHONW OMHAPHOI omepa-
UM, 711 KOTOPOM BBIMOJIHSIOTCS aKCUOMa €IUHHUIIBI U aKCHOMa
0OpaATHOTO 3JIEMEHTA.

1.3. Jlokazarb, 4TO KOHEUHOE MHOXKeCTBO (7, B KOTOPOM OITpe-
JleJIeHa acCOIUATUBHAs ajredpandecKasl oneparys U KayKJIoe 13
ypaBHeHuii ax = b, ya = b mrs mobeix @ u b u3 G umeer B G
€JINHCTBEHHOE peIleHne, OyIeT IPyIoi.

1.4. Tlycrs B nosnyrpymie G ecth npaBag eauuung e (s
Joboro x € G BBIIOJAHEHO Te = x) u Jyisd Joboro © € G ecThb
npasbIit obpaTHbii 171 (z - 27! = e). JlokazaTh, 9ro Torya G —
rpyuia (B YaCTHOCTH, €JMHIUIA B Heil €JMHCTBEHHA U J1JIsI KazK0I'0
9JIeMeHTa OOPATHBIA TOXKE €INHCTBEHEH).

1.5. BroisgcauTb, 00pa3yoT Jiu IPYIIIILI CIEIYONNe MHOXKECTBA
IIpY YKa3aHHOH Ollepaliiu HaJ| dJIeMeHTaMU:

1) mesible 9UCIa OTHOCUTEIBHO CJIOXKEHUS;

2) yeTHbIE YUCJA OTHOCUTEJIHHO CJIOXKEHUSI;

3) mesble 9uCsIa, KpATHBIE JAHHOMY HATYPAJIbHOMY YUCIY 7,
OTHOCHUTEIBHO CJIOYKEHHT;

4) cremeHu JAHHOrO JEHCTBUTENLHOrO 4ucia a, a # 0,+1, ¢
IIEJIBIMU TTOKA3aTEJIIMA OTHOCUTEIFHO YMHOYKEHUSI;

5) HeoTpUIATE/IbHBIE TIEJIble YUCJIa OTHOCUTEJILHO CII0YKEHHUS;

6) HedeTHBIE IeJIble YHCJIa OTHOCUTEJILHO CII0YKEHHUS;

7) LeJible 9UC/Ia OTHOCUTEIHHO BbIUUTAHUS;

8) panuoHAaJIbHBIE YHUCJIa OTHOCUTEIBHO CJIOXKEHMS;

9) panuoHAJbHBIE YUC/Ia OTHOCUTEILHO Y MHOKEHUS;

10) panmoHaJIbHBIE YUCJIA, OTIMYHBIE OT HyJis, OTHOCUTEJILHO
YMHOZKEHUST;
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11) moJIoKUTENbHBIE PAIMOHAJBHBIE YUCIA OTHOCUTEIHHO
YMHOXKEHUSI;

12) moJIOXKUTE/IbHBIE PAIMOHAJILHBIE YUCIa OTHOCUTEILHO JIe-
JIEHUS;

13) JBOMYHO-pAIMOHAJIBHBIE YUCIIA, T. €. PAIMOHAJIbHbIE YHCIIA,
3HaMeHATeN KOTOPBIX, — CTEIEHH YHUCJa 2 C [eJIbIMI HEOTPHIla-
TEJTLHBIMU TTOKA3aTEeISIMA, OTHOCUTEIHLHO CJIOYKEHUSI;

14) Bce panuoHAJbHbIE YUC/IA, 3HAMEHATEU KOTOPHIX PaBHDI
IPOU3BEJEHUSIM [POCTBIX YHCeJ U3 JaHHOro MHOxkKecTBa M (KO-
HEYHOI'O UM DECKOHEYHOT'0) C IEIbIME HEOTPHUIATEIbHBIMU II0Ka~
3aresisaMy (JHIIb KOHEYHOE YHCI0 KOTOPBIX MOXKeT OBITh OTIMYIHO
OT HyJIs), OTHOCATEJLHO CJIOKEHUS;

15) KopHU N-ii cTeneHn U3 enuHUIBL (KaK JeHCTBUTEIbHbIE, TAK
U KOMILJIEKCHBIE) OTHOCUTEJIbHO Y MHOKEHUST;

16) KOpHU BCEX IEJIBIX IIOJIOKUTEJILHBIX CTEIIeHEH U3 €MHUIIb]
OTHOCHUTEIFHO YMHOYKEHMUS;

17) MaTpunpl HOPsIIKa N ¢ JAEHCTBATELHBIME 3JIEMEHTAME OT-
HOCHUTEJIbHO yMHOXKEHUST;

18) HEBBIPOK ICHHBIE MATPUIIBI IIOPSAJIKA 1 C JE€HCTBUTEIbHBIMA
9JIEMEHTAMH OTHOCUTEIHLHO yMHOXKEHUST;

19) MaTpUIBl HOPSAKA 7 € IEJIBIME SJIEMEHTAMU OTHOCUTEJILHO
YMHOKEHUS,;

20) MaTPUIBI MOPSAIKA N C TEJIBIMEI JIEMEHTAMU U OIIPEIe/IH-
TeJIeM, PABHBIM 1 OTHOCUTE/BHO YMHOXKEHUS;

21) MaTpUIpBl HOPSAIKA 1 C HEJIBIMEI JIEMEHTAME M OLIPEIeJIH-
TeJjileM, PABHBIM +1 OTHOCUTEJIBHO YMHOXKEHNUS;

22) MaTPHIBI HOPSIAKA 1 C [efiCTBUTEJLHBIME JIEMEHTaME OT-
HOCUTEJIbHO CJIOYKEHUST;

23) nepecranoBku auces 1,2, ..., n OTHOCATEIHLHO KOMIOZUIUI
IIEPECTAHOBOK;

24) yerHble IIEPECTAHOBKY YuCell 1,2, . .., 7 OTHOCUTEIHHO KOM-
[IO3UINN [IEPECTAHOBOK;

25) HeYeTHBbIE MEPEeCTAHOBKYU 4uces 1,2,...,7 OTHOCUTEIHHO
KOMITO3UITUU TIEPECTAHOBOK;

26) B3aMMHO OJ[HO3HAYHBIE OTODDPAYKEHMsI MHOXKECTBA HATY-
paJIbHBIX 4uceJl Ha cebsl, KarXK0e U3 KOTOPLIX IepeMerraer (0To6-
pazkaeT He B cebs1) JIUIIb KOHEUHOE YHUCJII0 YHCeIl, €CJIU 33 IIPOU3Be-
JIeHIE OTOOPaXKEeHUH § U ¢ TPUHATA KOMIIO3UITAS SOt OTOOPAYKEHMIH
(mocsiefoBaTEIbHOE BBILIOJIHEHUE OTOOpaXKeHuit ¢, 3areM §);
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27) upeobpasoBanus MHOXKeCTBa M, T. €. B3aMMHO OJIHO3HAY-
HbIe 0TOOPAXKEHUsI ITOTO MHOXKECTBA Ha Ce0st, OTHOCUTEHBHO KOM-
MTO3UIUK OTODPAXKEHUIH;

28) BEKTOPBI N-MEPHOrO JIMHEHHOro npocrpancTsa R™ orHOCH-
TEJIbHO CJIOYKEHWUST;

29) mapa/iiebHbIe TIePEeHOCHI TPEXMEPHOTO TIpocTpancTBa R3
OTHOCHUTEJILHO KOMITO3UIIUU JIBUZKEHMUIA;

30) OBOPOTHI TPEXMEPHOTO TIpocTpancTBa R BOKpYT MpsaMbIX,
IIPOXO/ISIINX Yepe3 JaHHY TOYKY O OTHOCHUTEBHO KOMIIO3UIIAN
JBUKCHUI;

31) Bce JBMIKEHMs TPEXMEPHOTO IpocTpancTBa R? oTHOCHTEIB-
HO KOMIIO3UINN JIBUYKEHMUIA;

32) moJjoKUTE/IbHBIE JefCTBATE/ILHBIE YUCJIA OTHOCUTEIHHO
omepanuu a x b = a’;

33) moJoKUTEJbHBIE JefiCTBUTEJbHBIE YUCJIA OTHOCHTEIHHO
omeparumu a * b = a2b?;

34) meiicTBUTEIIbHBIE MHOTOYJIEHBI CTEIIEHU HE BBIIIIE 1L OT HEU3-
BECTHOI'O & ¥ HYJIEBOI MHOI'OYJIEH OTHOCUTEJILHO CJIOXKEHUS;

35) JeficTBATE/bHBIE MHOIOWIEHBI CTEIICHN 7 OT IIE€PEMEHHO
T OTHOCHTEJIbHO CJIOYKEHUST;

36) meficTBUTEIbHBIE MHOTOYWIEHBI JIOOLIX CTeneHeil (BKIIO-
qag 0) OT IIePEMEHHOl & OTHOCUTEIBHO CJIOXKEHUS;

37) orpesok [0, 1] c onepanueii @, rae o @ [ — apobHAsT 9aCTh
o+ fB;

38) MHOXKecTBO DYHKIUIT BUIA

y = M—_H), rie a,b,c,d € R u ad — be # 0.
cx+d

1.6. Jlokaszarb, uro muoxkectBo A;(R) Tak naspiBaembix ad-
dbunHBIX TpeobpaszoBaHuil g & — ar + b (a,b € R; a # 0)
BeleCTBeHHON mpsiMoii R oOpasyeT rpymiy ¢ 3aKOHOM yMHOXKe-
HUS Qg bPe.d = Pac,ad+b- B Tpymme A;(R) comeprkurcs moarpymnmna
GL(1,R), ocrapisomas Touky = 0 Ha MecTe, U HOArPYIIA
<YHUCTBIX CABUIOBY X — & + b.

1.7. B mo60it i rpymie BBITOJTHSIIOTCS TOXKIECTBA,

a) (ab) M(ab™ta N ra =,
6) (aba='bY)(bab~ta™1) "t = e?
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1.8. Jlns iro0bIX TpeX 3JeMeHTOB a, b, ¢ rpymmbl G BBIIOJIHSI-
€TCsl PABEHCTBO

abc = cba.

Bepno 1, 9To rpymmna KOMMyTaTHBHAS !
1.9. Ilycrs B rpynme G BBIIOJHSETCS TOXKJIECTBO G - a4 = €.
Iokazarh, 9T0 G — KOMMYyTATHBHASI.

1.10%*. JTokasaTh, 9TO rpyImna KOpHE# n-ii CTENeHN U3 €IAHUIbI
SABJISIETCS €JUHCTBEHHON MYyJIbTUILIMKATUBHON TPYIIION Nn-T0 MO-
PSIKa C KOMILIEKCHBIMY 3JIEMEHTAMU.

1.11*. Hajitu Bce (¢ TOYHOCTBIO JI0 n30MOPGU3MA) IPYIIILI O
panka a) 3; 6) 4; B) 6. Boimucarh TabJMIbI yMHOXKEHHUS 9TUX IPYIIIL
U TIPECTABUTD 9TU I'PYIIIBI B BUJIE TPYIII IEPECTAHOBOK.

1.12. Jlokazarb, uro rpynnbl 1) — 4) 3agaqu 1.5 uzomopdHbl
MEXKJIy CODOii.

1.13%*. JTokazarsb, 4TO:

a) cuMMeTpudecKas rpyima Sy, upun > 1 mopoxaercs TpaHc-
nosunusamu (12), (13), ..., (1n);

6) 3HaKonepeMenHas rpymumna A, npu n > 2 I0POKIAETCI MHO-
JKECTBOM BCEX TPOMHBIX MUKJIOB (i j k);

B) 3HaKOllepeMeHHasl rpymna A, opu n > 2 HOPOXKIAETCs
rpofinbivu rukitami: (123), (124), (12n).

1.14. Haiitn MUHEMAJIbHOE KOJUYIECTBO MEPECTAHOBOK 7 3Jie-
MEHTOB, TOPOXKJIAIONIUX TPYIILY Sy, 1 = 3.

1.15. HaiiTu mopsg0K 3JIeMEHTa

(1 2 3 4 5)555 (1 2 3 45 6)656
2 3 1 5 4 ’ 2 3 45 16 '

1.16. CymecrByer i B Sg 3JIeMEHT HOpsiaka 87

1.17. Hukmmana ju rpynmna Co X C5?

1.18. B nukimveckoii rpymme (a) mopsiika n HafiTw Bce 3ie-
MEHTBI ¢, YJOBJICTBOPSIONINE YCIOBUIO gF = e, H BCe 3JIeMEHTHI
mopsiaka k mpu

a) n =24, k = 6;
6) n =100, k = 20;
B) n = 100, k = 5;
r) n = 360, k = 30;
o) n =360, k= 12;
e)n=360,k=7.
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1.19. IIycrs G = (a) — KOHeUYHAs! [UKJINIECKAs IPYIIIa IOPsiJi-
ka n. Jlokazarh yTBEpIKIEHUST:

a) 1115t JII060T0 JemTets d 9Uuciia 1 CylIeCTBYeT € IMHCTBEeHHAS
nojarpynna H rpymmet G, uMeronast mopsijiok d;

6) nopoxkgaronwMu noArpyunsl H nopsiaka d sBJSIOTCH Bee
ssemenTsr opsiaka d rpymst G. B wactroctn, H = (a™/4).

1.20. /[oxazarb, uTo eciu djeMeHT = Tpynnbl G umeer Gec-
KOHEYHBIH MOPAIOK, To x¥ = 2™ Torga M TOMLKO TOTIA, KOTJIA
k=m.

1.21. Jloka3aTb, 9TO €CJIU € — €JUHUATA U 4 — SJIEMEHT ITOPSIIKA
n rpymmst G, To a¥ = e Torma u TOIBLKO TOrA, KOrIA k JIeIHTCH
Ha n.

1.22. Haiiti nopsok sieMenTa ¥, eciim mopsiIoK SJeMenTa T
paBeH n.

1.23. Jlokaz3aTb yTBEPKJICHUS:

a) ecsiu JeMeHThI ¢ U b rpynnbl G IepecTaHOBOYHBI (KOMMY-
TUPYIOT), T. €.

ab = ba (1°)
U UMEIOT KOHEYHbIE B3AWMHO IPOCThIE TOPSIJIKU I U §, TO UX PO~
usBejieane ab uMeer MopsijioK 1'S;
6) ecsu 3eMeHThl @ U b rpyuibl G IepecTaHOBOYHbBI, UMEIOT
KOHEUHBIE MOPSIJIKU I U § U IT€PECeveHne TOPOXKIEHHBIX UMU [HK-
JIMYECKUX TOATPYII COAEPKUT JIUIID eIUHUILY €, T. €.

(a) N (b) = (e), (2°)
TO MOPSIOK POU3BEIeHUs ab paBeH HauMEHbIIEMY OOIIeMy KpaT-
Homy 7 u s. [TokazaTh Ha IpUMEpax, 4To JJIis CIPABEJIMBOCTH 110
CJIEJIHErO YTBEPIK IeHUs KaxK10ro u3 ycsosuit (1°) u (2°) B orieis-
HOCTH HEJIOCTATOYHO U 4TO ycjioBue (1°) He sBjsgeTcs caelcTBreM
ycaoBus (2°), maxe Jyisi B3AUMHO IIPOCTBIX HOPSIIKOB 3JIEMEHTOB
anb;

B) €CJIM HOPSIJIKU I U § SJIEMEHTOB @ U b B3aWMHO IIPOCTHI, TO
ycaoBue (2°) BBIIOJIHAETCS;

') IOKa3aTh HA PUMepE, 4To 0e3 ycsoBus (2°) HOpsiIoK mpo-
u3BeseHnst ab He OIPEe/sieTCs OJHO3HAYHO MOPSIKAMU COMHO-
xKureseit a u b.

1.24. Ilycrs G = (a) — nukiamdeckas rpymna mopsika n. Jo-
Ka3aTb, UTO:
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a) ecsiu n U k B3aUMHO IPOCTHI, TO B G CyNIECTBYET KOPEHb
{/a, T.e. a aBasieTcss k-l CTEMEHBIO HEKOTOPOTO 3jIeMenTa U3 G u
0obpaTHO;

6) B IpyIIlle HEUETHOTO MOPAIKA BCE JIEMEHTHI SIBJISIIOTCS KBAI-
paTamu.

1.25. Ilycrb mopsisiok asieMenTa x rpynibl G €CTh 9UCIIO Pq, Te
p u ¢ — B3auMHO npocThl. Jlokazarh, uro B rpymmne G HaiiryTcs
TaKue JIEMEHTHI U U U, YTO BLIIOJIHAIOTCA PABEHCTBA

w =vu, u=e¢, vi=e.

1.26%*. Jlokasarh, 94TO ecqu B KOHeUHON rpymnme G 1opsaka n
JUIA KasKJIoro jequrens d umcia n ypasuenne ¢ = e mveer me
6oJtee d pemenuii, To rpynmna G — MUKITIECKAS.

1.27*. [loxazamenem TPyUIbl Ha30BEM HauWMEHbIIee obIiee
KpaTHOE IIOPSAIKOB ee 3JIeMeHTOB. JloKa3aTh, YTO IPYIIa IIUKJIH-
JecKasl TOTJIa U TOJIBKO TOTJIa, KO/ II0Ka3aTe/b PABEH HOPIJIKY
IPYIIIBL.

1.28. Kaxkwue us rpynm 3aga9u 1.5 SBIAIOTCS MTOATPYIIIAMET JIPY-
IUX U3 TUX Tpynn’?

1.29. Jloka3zarh, 9To Jit0bas OeCKOHEeYHas TPYIIa nMeeT 6eCKo-
HEYHOE YHUCJIO MTOAIPYIII.

1.30. Haiitu ¢ To9HOCTBIO 110 M30MOpGdU3Ma BCE I'PYIIIIBI, KO-
TOpbIe U30MOPQHBI JIOOOI CBOE HEeIMHUIHON MOATPYIIIE.

1.31. HaiiT; BCce MOATPYIIIBL:

a) IUKJIAIECKOH TPYIIIBI MOpaaKa 6;

6) IUKJIXIECKON IPyNbl MOpsaaKa 24;

B) ueTBepHO rpymbl (3agada 1.11);

') CUMMETPUYECKO Tpyibl S3.

1) Kakue uz nogrpyni rpymmsl S3 gBJISIOTCA HOPMAJIbLHBIME
IEeJIATeJISIMU !

e) Jlokazarh, 9TO 3HAKOIIEPEMEHHAs I'PYIIa YeTBEPTOil crere-
HU A4 He MMeeT MOArPYIIILI IIECTOro Mopsijaka. Takum obpazom,
rpymna G mopsiika n Jjis HeKOTOPBIX k, NEJISIuX 1, MOYXKeT He
UMeTH HOAIPYIII Hopsiaka k.

1.32. Haiitu Bce nmoarpynmnbsr rpymmsl G mopsiika 8, Bce 3Je-
MEHTBHI KOTOPO, KpOMe eJUHUIIBI €, UMEIOT IOPSAIOK 2.

1.33. Haiitu Bce MOATPYHIbI MUKJINIECKON TPYIIIBI MTOPSIKA
p", TJe p — IPOCTOE YIUCJIO.



74 I'maBa 1. I'pynmbr

1.34. HaiiTu cMexKHBIE KJIaCCHI
a) UTUBHON I'PYIIbLI HEJIbIX YUCEJ] [0 IOArPYIIe YUCel,
KPATHBIX JIAHHOMY HATYpaJbHOMY YUCIY d;
6) U TUBHO I'PYIIIBL JeCTBUTENbHBIX YHCEII [0 IIOAIPYIIIe
IIEJIBIX IUCET;
B) aJIUTHBHON I'DYIIbl KOMILIEKCHBIX HUCEJ II0 IIOJIPYIIe
TIEJIBIX TayCCOBBIX YUCEJ, T. €. YUCcesl BUJa M + ni, m,n € Z;
) aJIUTUBHON IPYIIIBI BEKTOPOB IIOCKOCTH (BBIXOJANIAX U3
HaYaJIa KOOPJUHAT ) 110 IIOArPYIIIe BEKTOPOB, Jiexkaiux Ha ocu Ox;
1) MYyJbTHILIMKATUBHON IPYIIIBI KOMIIJIEKCHBIX YHCEJI, OTJIIY-
HBIX OT HYJISA, IO HOJIPYIIIIE YHCEJ, PABHBIX 10 MOYJIIO €IMHHUIIE;
€) MyJIbTUIJIMKATUBHON IPYIIIbI KOMILIEKCHBIX YUCEJI, OTIMY-
HBIX OT HYJISA, IO TOJTPYIIIE TOJOXKUTETbHBIX JIeHCTBUTETHLHBIX
qHCce;
K) MYJIbTUILIMKATUBHOM IPYIIIbI KOMIIJIEKCHBIX YUCEJI, OTJIIY-
HBIX OT HYJIsl, [I0 IIOATPYIIE IeHCTBUTEIbHBIX IUCET;
3) CUMMETPUYECKON Py S, 0 MOACPYIIIE NEePECTAHOBOK,
OCTABJIAIONINX YUCJIO 1 HA MECTE.
1.35. [lokazaTb, 9TO
a) ecom H — KOHEYHOE MHOXKECTBO 3JIEMEHTOB Ipyuibl G u
Ipou3BeeHne IBYX JIIOOBIX d1eMeHTOB U3 H cHoBa jexur B H,
o H < G
6) ecam BCce MeMeHTH MHOXKecTBa H rpymubl G uMeioT Ko-
HEYHBIE TOPSIKU U IIPOU3BEJIEHNE JIBYX JIIOOBIX 3JIeMeHTOB n3 H
cHoBa JiexkuT B H, To H Oyjer nmoarpymmoit rpymmst G.
1.36. Haiitu 1ieHTp y Tpynmbl OOpATUMBIX JEHCTBUTEILHBIX
MaTpUIL pa3Mepa n X n.
1.37. CkoJbKO HOArPYII BTOPOrO MOPsIAKa uMeer rpymmna Ss?
1.38. Ectb qu noarpymnmna usjgexca 2 B A, 7
1.39. Ilepuoamueckoit yacTbio rpynnbl (G HA3BIBAETCS MHOXKE-
CTBO BCEX €€ JIEMEHTOB KOHEYHOT'0 opsaka. Jlokazars, 4To nepu-
O/InvecKasi YaCTh KOMMYTATUBHOU I'PYIIIIbL sIBJISE€TCS OATDPYIIIION.
1.40. Jloka3arh, 9YTO ecJii B KOMMYyTaTUBHOI rpymme G ecTb
3JIEMEHTBI OECKOHEYHOTO TOPSIKA, U BCE OHU COJEPIKATCS B IIOJI-
rpyane H, o H = G.
1.41%*. JTokazarb, uro noarpymna H unaekca aBa JI060i IPYIIIIbI
G CcOmepKUT KBaJPAThl BCEX 3JIEMEHTOB rpymibl G.
1.42*. JTokazaTb, 4To Ipu 1 > 1 3HaKoIEepeMeHHas rpymma A,
ABJISIETCSA €JIMHCTBEHHOM MOJATPYIIION MHJIEKCA JIBA B CHMMETPHIe-
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ckoit rpymre S,. [lpuBecTu npuMep KOHEYHO I'PYIIIIBI, COIEPXKa-
el HeCKOJIBKO MOATPYIII WHJIEKCA JBa.

1.43. JlokazaTb, 4TO:

a) TPYIIIa MOJOXKUTEIbHBIX JIeHCTBUTELHBIX YUCEJI 10 YMHO-
2KEHUIO N30MOPQHA IPYIIe BCEX NEHCTBUTEIHHBIX YHCEJI 110 CJIO-
2KEHUIO;

6) rpyIa I0JIOKUTEbHBIX PAIOHAJIBHBIX YHCEJI 110 yMHOKE-
HUIO He n30MOpQHA IPYIIE BCEX PAIMOHAIBHBIX YUCEJI 110 CJI0YKe-
HUIO.

1.44. Jlokaz3aTb, YTO B KOMMYTATUBHOM I'PYyIIIIe MHOYKECTBO JIe-
MEHTOB, HOPSIJIKA KOTOPBIX JIEJISIT (PUKCUPOBAHHOE UHCJIO, SIBJIS-
ercs noArpyimoi. BepHo s 9T0 yTBEpKIEHUE I HEKOMMYTa-
TUBHOM I'PyIIIbI?

1.45. Jlokazatb, 9ro rpymma G’ aBigercsa roMoMOpdHBIM 06-
Pa30M KOHEYHOU IUKJINYECKO# rpymnmnbl (G TOra U TOJBKO TOTIA,
korga G’ TakyKe MUKJINIECKAs U €€ MOPSIOK JEJIUT IOPAI0K IPYII-
bl G.

1.46. /[oxaszarh, uto ecsm rpymma G romoMopdHO oTobpakeHa
na rpymny G’, npudem a — a’, TO

a) TOPSIIOK @ JEJIUTCS Ha TOPSJIOK a;

6) mopsimok G nenmrest Ha opsaaok G

1.47. JlokazaTb, ITO MOPSIOK JIOOOM HEYETHON MepecTaHOBKM
B S,, 4eTeH.

1.48. Haiitu Bce roMoMopdHbBIE OTOOPAKEHNS &) IUKJIMIECKOM
rpyuist Cy, B cebst; 6) Cg B Cig; B) C1g B Cg; 1) Cra B Cy5;5 1) Cp
B 025.

1.49. JlokazaTh, 9TO aAUTUBHYIO TPYIILY PAIMOHAILHBIX M-
CeJl HeJIb3sl TOMOMOP(QHO 0TOOPA3UTH HA AIIUTUBHYIO IPYIILY Iie-
JIBIX 9HCEJI.

1.50. Ilycrs p — mpoctoe uucio. Mzomopdunt mu rpymmst Cpe
u C, x Cp7

1.51. Usomopdubl qu rpymmst a) Cig X Cyp u Cra X Csp; 6)
Cis x Cyo u C36 X C1o?

1.52. Cxkosbko moarpymi, u3oMopdHbx Cy, COIEPKUTCI B
Ci2 x C1g?

1.53%*. Jlokazarsb, 4TO:

a) rpymnmna rerpasipa u30MopdHa IPYIIe YeTHBIX [IePecTaHO-
BOK YeThIPeX 3JIEMEHTOB;
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6) rpymubl Kyba u OKTasapa M30MOPMHBI IPYIIe BCEX Iepe-
CTAHOBOK YeTBIPEX JIEMEHTOB;

B) IPYUIIBI JOAEKAIPA U UKOCAIPA U30MOPMHBI TPYIIIE YeT-
HBIX [IEPECTAHOBOK IISITH JJIEMEHTOB.

1.54. Ilycrs B KoHeuHO# rpymie (G BBITOJHIETCS TOXKJIECTBO
a-a = e. Jlokasarh, 9TO 3Ta rpynmna ©30MOpdHa IPYIIIE TOIMHO-
2KECTB KOHEYHOT'O MHOYKECTBA OTHOCUTETHHO OIEPAIINH CUMMETPH-
veckoii pasnoctn: A® B = (A\ B)U (B\ A).

1.55. CKOJIbKO €CTh Pa3HbIX OXKepeJuil u3 2 KpacHbIX, 2 3ejie-
HBIX U 2 Keurbix Oycun? (OupenesieHne pa3HBIX OKEPEIHHl CM. B
upumepe 1.55.)

1.56. fBnsiercst i HOPMAJIBHON MOAIPYIITA CHMMETPUIECKOM
IPyIIbL Sy, KOTOPas COAEPKUT BCE ITEPECTAHOBKU, OCTABJISIIOIIIE
YUCIO N HA MecTe?

1.57. SlBnstercs Jin HOPMAJILHOI TOATPYIIIOi B S1¢ TPYIIIa e~
PECTaHOBOK, KOTOPBIE KAYK0€ Y€THOE YUCIIO OCTABJISIIOT HA MecTe?

1.58. Jloka3zarh, 9TO B Jit00OOIi TPYIIIE IEPECTAHOBOK, CO/IEPIKA~
et XoTst Obl OHY HEYETHYIO IIepeCTAHOBKY:

&) YUCJIO YETHBIX IEPECTAHOBOK PABHO YUCJIY HEYETHDIX;

6) "eTHBIE IEPECTAHOBKU 0OPA3yIOT HOPMAJIbHBII J1eIUTelb;

B) BCe LIPOCTBIE I'PYIIBI IIEPECTAHOBOK 7 J1eMeHTOB (T1e 1 >
2) cozepzkaTcs B 3HAKOIIEpeMeHHoit rpyite A, (npocmot Ha3biBa-
ercsi TpyIa, He UMEIas HOPMAJIbHBIX JejuTesieil, KpoMme cedst
caMO M eJIMHUYHON Ho;u*pynnm).

1.59. [okazarp, uyro nenrp rpyuusl G (upumep 1.18 Ha c. 25)
SABJISETCS HOPMAJIbHBIM J[€JTUTEJIEM.

1.60. Duement aba~'b~! HazBIBAETCS KOMMYMAMOPOM STTEMEH-
ToB @ u b rpymmsl G. Jlokasarsk, yro rpymmna K, mopoXIeHHast KOM-
MyTaTOpPaMU BCEX AP JIEMEHTOB I'DYIIIbI, sIBJISETCS HOPMAJIBHOM
moarpymmnoit K rpymnmsl G. DTa HMOArPYIITa HA3BIBAETCSI KOMMY-
manmom G.

1.61. JlokazaTb, uTo Jiobas deTHAs TEPECTAHOBKA SBJISIETCS
KOMMYTATOPOM HEKOTOPBIX MEePeCcTaHOBOK. HaliTn KoMMyTaHT CrM-
METPHUYECKOH IPYIIIbL Sy, .

1.62. IlpuBecTu mpuMep rpymIibl, B KOTOPOU KOMMYTAHT HE COB-
aJaeT ¢ MHOXKECTBOM KOMMYTaTOPOB.

1.63. Ilycrs G — rpymma Bcex COOCTBEHHBIX JBUYKEHUN TPeX-
MEPHOTO IMPOCTPAaHCTBA, H — moAarpyima mapajilesbHbIX Iepe-
HOCOB, K — mojrpynna BpalleHuil, OCTABJISIIONINX HEITOABUKHON
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touky O. Jlokazarb, 4TO
a) H asisierca HopMaJsbHbIM geiureieM G, a K — Her;
6) daxroprpyuna G/H uzomopdua K.

1.64. [loxazaTb, 9TO HOPMAJIBHBIN JleuTes b Tpynubl (G, uMe-
FOIMUiT KOHEYHBIN UHIEKC K, COEPXKUT BCE JIEMEHTHI Ipynibl (7,
MOPSIIKA KOTOPBIX B3auMHO mpocThl ¢ k. [lokasars Ha mpumepe,
9TO JIJTIs OATPy bl H , He aBIsSIoNeiicss HOPMaJIbHBIM JEIUTEEM,
YTBEPXKIEHNE MOYKET ObITh HEBEPHBIM.

1.65. Jlokazarb, uyro dakroprpymmna G/H Torma u TOJHKO TO-
IJ1a KOMMYTaTUBHA, Korja H cojiep:KUT KOMMYTaHT K TPyl
G.

1.66. JlokazaTbh, 9TO BO BCAKOI I'DyNIE JIEMEHTBI & U YTy
UMEIOT OJIMH U TOT K€ MOPSIOK.

1

1.67. [oxkazaTb, 9TO JIjIs JIIOOBIX SJIEMEHTOB @, b 1 ¢ Tpynibt G:
a) aieMeHTbl ab U ba UMET OJIMHAKOBBIN HOPSIIOK;
6) asemenTol abe, bea v cab UMEIOT OIMHAKOBBIN MOPSIIOK.

1.68. IlocTpouTth mpuMep I'PyHIbI, B KOTOPOit €CTh TaKue 3Jje-
MEHTHI a, b, ¢, 9T0 abc u cba UMeIOT pa3HbIit TOPAIOK.

1.69%*. Jlokazarnb, 4TO:

a) yerBepHas rpymmna V (3amada 1.11) sBiagercs HOpMAIbHBIM
JIeJIATeIeM CUMMETPUIECKOH IPYIIbl Sy;

6) dakroprpynna S4/V uzomopdHa cuMMeTpUYECKON IpyI-
e S3.

1.70*. HaiiTu 9uCII0 IEPECTAHOBOK CUMMETPHYECKOI IPYIIIBI Sy, ,
KOMMYTHUDPYIOIINUX C JAHHOI IIepeCTaHOBKOH 0.

1.71%. JlokasaTh, 9TO €CJIM IepecedeHne ABYX HOPMAJIbHBIX JIe-
sgmresieit Hy w Hy rpynnsl G COIEPXKUT JIUIIb €JUHUILY €, TO
hi1ho = hohq njs Bcex sjiemenToB hy € Hy, ho € Hs.

1.72. Ilycrs B rpyune G noarpynuna N(a) gBJisieTcs HOpMaJIU-
3aTopoM 3jieMenTa a. [lokazarsb, aro s soboro € G HOpMa-
JIM3aTOPOM 3eMenTa rax ! Gymer xN(a)r L.

1.73. Ilycrs N = N(H) — nopmajuzarop moarpyunsl H B
rpyutie G. Jano npasoe passoxenue G o N(H):

,HOKaBaTb, 9TO BCE MHOZKECTBa

-1 -1 -1
o1 Hxy yxoHxy .. x;Ha, ...
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PA3JIMIHBL U ITO BCAKOE MHOYKECTBO, CONpszKeHHOe ¢ H , coBmajtaer
c omumm w3 z; Hay b (i=1,2,...).
1.74. loka3aTbh, 9TO
a) HopMmasm3arop N (a) COIepKUT HOArPYIIY (a) B KadecTBe
HOPMAJILHOTO JIEJTUTEJIS;
6) duciio s1eMeHToB rpyuibl (G, CONPSI)KEHHBIX C (4, PABHO UH-
nekcy Hopmasmzaropa N(a) B G.
1.75. Jloka3aTh, 9TO
a) nopmasimzarop N (H) noarpyuust H B rpynne G comepKur
moarpynny H B KadecTBe HOPMAJIBLHOTO JIEJIUTEIS;
6) duciio noarpyni rpyuibl G, conpszkeHHbIx ¢ H, paBHO nH-
Jiekcy Hopmasmsartopa N(H) B G.

1.76. [lokazaTb, 4TO:

a) YUCJIO 9JIeMEHTOB Ipynubl (G, COIPSZKEHHBIX C JAHHBIM JIe-
MEHTOM, JIEJINT MOPSIOK rpymisl G

6) umcso moArpyun rpyumsl (G, COIPSI?KEHHBIX C JAHHON 110/~
IPYIION, IeJIUT MOPSIOK rpymmbl G.

1.77. Ilycrs x — amemenT KoHeuHO# rpynnsl G u k — [ucio
9JIEMEHTOB, COIPSKEHHBIX ¢ & B G mycTh k' — 9HMCIIO 3JIEMEHTOB,
conpsKeHHbIX ¢ 2™ B (. JlokazaTh, uto k' — menurennb dncia k.

1.78. Ilycrs H — moarpymnna wnigekca 2 B rpymme G, K —
KJIacc comnpsizkeHHbIXx B G anementoB u K C H. Jlokazarh, 910
K gaBnsgerca aub0 KJIacCOM CONpPSIKEHHBIX B H 3/1eMeHTOB, 1100
00'be/IMHEHNEM JIBYX KJIACCOB COIPSI?KEHHBIX B H 3J1eMEHTOB, CO-
CTOSIIINX U3 OJMHAKOBOIO YHCJIA JIEMEHTOB.

1.79. Haiitu 9uc/i0 IepecTaHOBOK CUMMETPUIECKON I'PYIIIEL S, ,
COUPAKEHHBIX C JaHHOU IIePEeCTaHOBKOM O.

1.80*. Koneunag rpynna G mMeeT HOPSIOK P, TIe p — IIPOCTOE
qucso. Jokazars, 4ro G MMeeT HeTPUBHAJLHBIN HEeHTD (cojepxKa-
it 60Jiee OJJHOrO JIEMEHTA).

1.81%*. Jlokazars, 94To /000 HOpMaJILHBINA JeauTenb A 3HaKO-
[epeMeHHON Tpynnsl A, cremnenu n > 5, cojepKariuii XoTs Obl
OIMH TPONHON IUKJI, COBIATAET C A,

1.82%. a) HaiiTu Bce KJIACCHI CONPSIZKEHHBIX 3JIEMEHTOB TDYIIIIbL
HUKOCAd/IPA;

6) [0Ka3aTb, YTO I'PYIIa UKOCAIPa sABJseTCs HpocToil (T.e.
He UMeeT HOPMAJIbHBIX JIeJINTe e, OTJIMIHBIX OT CaMOil IPYIIILI U
eJIMHUYIHOM TIOIPYIIIIbBI).
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1.83%*. JlokazaTh, 9TO 3HAKONEpEMEeHHAasl TPYIIA [IATONH CTEIIeHH
SABJIIeTCA IIPOCTOI.

1.84. Jloka3zarh, 9T0 (haKTOPrpyla CUMMETPUIECKON IPYIIIIbI
Sy, 1o 3HaKonepemeHHo rpymrme A, m3omopdua hakroprpyime
AIUTUBHON I'DYIIIBI IEJIbIX YHUCEJI [0 IMOATPYIIIe YETHBIX JHCEJI.

1.85. IlocTpouts (pakTOpPrpymIry

a) UTUBHON I'PYIIbLI HEJIBIX YUCEJ [0 IOArPYIe YUCel,
KPATHBIX JJAHHOMY HATYpaJbHOMY YUCIY d;

6) aJIUTUBHON IPYIIIBLI [EJIbIX YUCEJl, KPATHBIX 3, [0 MOATPYII-
IIe 9ucesi, KpaTHBIX 19;

B) a IMTUBHON IPYIIIBI [EJIbIX YUCeJl, KPATHBIX 4, [I0 MOArPYI-
IIe Iuces, KpaTHBIX 24;

') MyJbTUILIAKATUBHON TPYIIIBI JEHCTBUTEIbHBIX YUCE, OT-
JIMYHBIX OT HYJIsl, IO TOAIPYIIIE TOJIOKUTETbHBIX IUCET;

1) &JIMTUBHOI IPYIILI KOMIUIEKCHBIX YHCEJ [0 HOAIPYIIIe
IIEJIBIX T'ayCCOBBIX YUCET;

€) aJIUTUBHON IPYIIIBI BEKTOPOB IIOCKOCTH (BBIXOJANINAX U3
HAYAJIA KOOPJIUHAT ) [10 MOArPYIIIE BEKTOPOB, Jiexkaiux Ha ocu Ox;

2K) MYJIbTUILIMKATUBHOM IPYIIIbI KOMILIEKCHBIX 9UCEJI, OTJIY-
HBIX OT HYJIs, [I0 IIOATPYIIIE IeACTBATEIbHBIX YUCEL.

1.86. Ilycrs G,, — ajauTuBHAS TPYIIA BEKTOPOB N-MEPHOTO
JITHEHHOTO pocTpaHcTBa U Hy — moarpyiima BeKTOPOB k-MEpHO-
ro nomnpocrpancTa, 0 < k < n. lokasarb, 9ro (axToprpyima
G, /Hy, uzomopdua G,,_j.

1.87. Ilycrs G — MyJIBTHIUIMKATHBHAS TPYIINA BCEX KOMILJIEKC-
HBIX guces, oTndHbIX or 0, 1 H — MHO>XKecTBO Beex uucen u3 G,
JiexKaluX Ha JefiCTBUTEIbHON 1 MHUMOM OCSIX.

a) okazarb, yro H — noarpynua rpymmst G.

6) Haiitu cmexublie Kiaaccel rpymnbl G o noarpynne H.

B) Jlokazarh, uro daxroprpymuna G/H wuzomopdHa MynbTH-
WINKaTUBHON rpynme U BceX KOMILIEKCHBIX YHCEN, PABHBIX IIO
Mojtyso 1.

1.88*. Ilycrb
G — MyJIBTUILIUKATUBHAS TPYIIIA KOMILIEKCHBIX IUCEJT, OTJIMIHBIX
or 0,

H — muoxkecTBO dncest u3 (G, JexkKalmx Ha 1 JIydax, BHIXOISIIIX
u3 0 moJ paBHBIMU yIJVIAMH, [IPAYEM OJWH U3 STUX JIydell CcOBIIa-
JaeT € HOJIOZKATEJIbHON AeUCTBUATEILHON II0JIYyOChIO.

K — ajyiutuBHas rpynna BceX JeHCTBUTEIbHBIX 9UCET,
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7 — aJUIUTUBHAs IPYIIIA IEJIBIX YUCell,

D — MyJIpTUIIMKATUBHAS IPYIIIIA OJIOXKUTEIbHBIX THCE,

U — MyJIbTHIUIMKaTHBHAs TPyIIIa KOMIIJIEKCHBIX HYUCEJ, PABHBIX
o Mouyuo 1,

U,, — MyJIbTUIUIMKaTHBHAs I'PYIIa KOPHeR n-if crenenn us 1.
Hokazars, 9To

a) K/Z=2U; 6) G/D=2U; 8B) G/U=D;
r) U/U,=U; n) G/U,=G; e H<GuG/H=U;
x) H/D=U,; 3) H/U,=D.

1.89. /st MyJIBTUILUIMKATUBHBIX IPYIIT HEBBIPOXKICHHBIX KBl
PATHBIX MATPHUI] OPSIIKA N JOKA3ATh yTBEPKJICHUS:

a) daxToprpyuia rpyuibl 1efiCTBUTEIbHBIX MATPUIL 110 IO/~
IPYIIe MATPHUIL ¢ ONPEIEJIATENIEM, PABHBIM 1, n30MOpdHA My/Ib-
TUILINKATUBHON I'pyIe JefiCTBUTEIbHBIX YUCEeSI, OTIMIHBIX OT 0;

6) daxroprpyuia rpyuisl AefiCTBUTENbHBIX MATPUIL 110 IO/~
IPYIIie MATPUIL C OIPEIeTUTEIeM, PaBHBIM 1, m3oMopdHA MyJTb-
TUILIMKATUBHON I'PYIIIE MOJOXKUTEILHBIX THCET;

B) daxToprpyuia rpyuibl 1efiCTBUTENbHBIX MATPUIL 110 IO/
IPYyIIie MATPUIY C TMOJOKHUTEIHHBIMUA OIPEIETUTEIAMA STBISTETCS
IUKJIMYECKOH I'PYIIIOA BTOPOrO MOPAIKA;

r) baKTOPrpyIa rPyIibl KOMILIEKCHBIX MATPUIL 110 MOATPYII-
e MATPUIL C OMPEIEUTEIISIME, TI0 MOJYJII0 PABHBIME 1, m30MOpd-
HA MYJIbTUIIHKATABHON TPYIIE TOJOKUTETHHBIX TUCET;

1) baKTOPrpyIia rpyIiibl KOMILIEKCHBIX MATPHIL [0 TIOIPYII-
e MaTpUI[ C IOJIOXKUTEJbHBIMA OIPEIETUTEIIMA U30MOpGhHA
MYJIBTUILINKATABHOM T'PYIIe KOMIIEKCHBIX YHCEN, 10 MOJLYJIIO
paBHBIX 1.

1.90. okazarh, uro B (pakroprpynue Q/Z (Q — amnurushas
IPYIIa PAIMOHAJIBHBIX YHCes, Z — aJJIUTUBHAS TPYIIA IEJIBIX
quces):

a) KayKJIblii 9JIEMEHT MMeeT KOHEYHbIH IOPSIOK;

6) I KaxKIO0ro HATYPAJIbHOIO 7. UMEETCs B TOYHOCTHU OJHA
[OJIMPYIIA TIOPSIIIKA, 7.

1.91. Jlokaz3aTb, 9TO

a) cuMMeTpHYecKas Ipyla S3 UMeeT [IeCTb BHYTPDEHHUX aB-
TOMOPGU3MOB U HU OJHOTO BHENTHErO, MPUYEM IPYIIIa aBTOMOD-
dpu3MoB uzomopdHa, S3;
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6) uerBepHag rpymna V (3amada 1.11) umeer ofuH BHYTpeH-
Huil aBTOMOPGU3M (TOXKIECTBEHHBI) W NATh BHENIHUX, [IPUYEM
rpyimmna aBroMmopdu3MoB uzoMopdHa S;.

1.92. J[loxazarb, 4To Jjist Ji060# rpymmnbl G MHOXKECTBO BCEX
BHYTPEHHUX aBTOMOP(MU3MOB SBJISIETCS HOPMAJIBHON [TOATPYIIION
B I'pYIIIe BceX aBTOMOPMU3MOB rpymibl G.

1.93*. CymectByioT jin y Sg BHENIHIE aBTOMOP(PU3MBI?

1.94. /Toka3aTh, 9TO IpyIla BHYTPEHHUX aBTOMOPQMU3MOB
rpyunsl G uzomopdua daxroprpyiie rpymiasl G 10 ee eHTDY.

1.95. JlokazaTh, 9TO T'PYIIIa BCEX aBTOMOP(MU3IMOB HEKOMMY-
TATUBHON I'PYIIILI HE MOXKET ObITH ITUKIMIECKOI.

1.96. Jlokazarh, uTo (haKTOPrpynna HEKOMMYTATHBHON IpyI-
ubl 110 ee nearpy (npumep 1.18 Ha ¢. 25) He MOXKeT OBITH IUKJIU-
4eCKOil.

1.97*. JlokazaTb, 4TO €CJIU MOPSAJIOK KOHEUHOH rpymmsl G je-
JINTCSI HA MIPOCTOE YHCIO P, TO (G COMEPXKUT JIEMEHT MOPSIIKA P
(reopema Kormm).

1.98%*. Ilycrs p — npocroe uncio. I'pynna G HasslBaeTcst p-rpyl-
TIOH, €C/TU TOPSJIKA BCEX €€ JIEMEHTOB KOHEYHBI U PABHBI HEKO-
TOPBIM CTeleHsM dncjia p. Jokaszarb, uro KoHeuHas: rpymmna G
TOTJAa U TOJIBKO TOT/a OyIeT p-rpyIIoii, KOrJa ee HOPSI0K PaBeH
CTEIeHN YUCTIa P.

1.99. Jloka3aTk, 9TO IpyIIa HOPAIKA P2, TIe P — IPOCTOE TIC-
JIO, KOMMYTaTHBHA..

1.100. HaiiTu 9mcI0 KJIACCOB COMPSI?KEHHOCTH M THCJIO JIEMEH-
TOB B KazKJIOM KJjlacce JJIsi HEKOMMYTATHUBHON I'DYIIBI IOPSIKA
p?, TIe p — mpocroe YuCIIO.

1.101. HdokazaTb, 4TO:

a) aIUTUBHAS I'PYIIIA BEKTOPOB N-MEPHOIO JIMHEHHOIO MPO-
CTPAHCTBA €CTh IpsIMasl CyMMa 7 MOATPYMII BEKTOPOB OJIHOMEP-
HBIX MOJIPOCTPAHCTB, HATSIHYTHIX Ha BEKTODPHI JiI0OOro Oasuca
IIPOCTPAHCTBA;

6) aJIUTUBHAS IPYIIIa KOMILIEKCHBIX YUCEJI €CTh IIPAMAs CyM-
Ma TIOJITPYII JIEHCTBUTENLHBIX U YACTO MHUMBIX YHUCEJT;

B) MyJIbTUIJIMKATUBHAs TPYIIIa JAeHCTBUTEIHLHBIX YHUCE] €CTh
[IpsIMOe IIPOU3BeJIeHNe ITOArPYIIIBI IIOJIOKUTETbHBIX YUCEI U 10JI-
rpynnsl dyncea +1;

I') MyJIbTUIUINKATUBHASL TPYIIIA KOMILIEKCHBIX YHCEJI €CTh [Psi-
MO€ TPOU3BEJIEHNE TIOJITPYIII MOJOKUTETHHBIX TUCET U TUCEJT, I10
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MOJIYJTI0 PABHBIX €JIUHUIIE.
1.102. Hoxaszarb, uro ecu G = A+ By = A + By — upsimbie
pasyiokenust abesieBoit rpynnsl G u By C By, 10 By = Bs.
1.103. oxa3zaTh, uro npsimoe passoxkenne G = H+ K abeseBoii
rpymmbl G CyIIecTByeT TOTJIa U TOJBKO TOTJA, KOTJa CyIIeCTBYeT
romomopdHoe orobpakenne G Ha moarpymiy H, coxpaHsioriee
Ha MeCTe Bce 3JeMeHThI u3 H.

1.104. oxaszarh, uro eciiu G = A + B — mnpsiMoe pasjioxKeHue
rpyuisl G, To dakroprpynna G /A uzomopdua B.

1.105. Ilycts G = A; + As + --- + A pasiioxkenue abejieBoii
rpyunbl G B IPsIMYIO CyMMY MIOAIPYIN U T = aj + ag + -+ + as,
ar € Ag, k = 1,2,...,8, — COOTBETCTBYIOIEE PA3JIOKEHUE IJIe-
MEHTa T B CyMMy KOMIOHeHT. Jloka3aThb, 4To:

a) rpymna G TOrJga 1 TOJIBKO TOTJa UMEET KOHEUHBIH MOPII0K
n, KOIjia KaxKJasl MOoJArpymma Ay UMeeT KOHEUYHBIH MOPSIOK Ny,
k=1,2,...,s, npuaeM n = niNo...Ng.

6) 9JIEMEHT TOIJIa U TOJIHKO TOTJIA MMEET KOHEUHbIH IIOPSJIOK P,
KO/ KayKJasl €ro KOMIIOHEHTa G, MMeeT KOHEJHbIH MOPSIOK Pk,
k=1,2,... s, IpuueM p PAaBHO HAMMEHbIIIEMY ODIIEMY KPATHOMY
qucesI P1, P2y ..y Ps-

B) rpynna G TOTJa U TOJBKO TOIJA fABJISIETCH KOHEYHOW IHMK-
JIMIECKOM, KOTJa BCE MpsIMble ciaraeMble A — KOHEYHBIE HKJIN-
JecKue TPYIIIbI, IPUYEeM UX MOPSIIKU MOTAPHO B3AUMHO ITPOCTHI.
1.106. Pa3moXnuTh B IpAMYIO CYyMMY NPHUMapHBIX KOMIIOHEHT
UKJIMYECKYIO Ipymiy mopsiiaka: a) 6; 6) 12; B) 60; ) 900.
1.107*. [JokazaTh HEPA3JIOKUMOCTD B IPAMYIO CyMMY JIBYX HEHY-
JIEBBIX HOJIPYIII:

a) aJIUTUBHON IPYIIILL IEJIBIX YUCEJT;

6) aJIUTUBHON IPYIIILI PAIUOHAIBHBIX YHCEJ;

B) IUKJIMYECKON IPYNIbI MOPAIKa P, p — MPOCTOe.
1.108*.Tlycts G — HeHyseBast KOHeYHast abesieBa Tpymma (¢ a-
JIUTUBHON 3alKChio onepanun). Jlokasars yTBEpK ICHUSI:

a) ec/iu IOPSJIKA BCeX 3JIEMEHTOB u3 G JIeJIsaT IPOU3Be/IeHUe
Pq B3AWMHO IPOCTBHIX YuCesJ p u ¢, T0 G pasjaraercs B MPsIMyIO
cymmy noarpynn A u B, rie nopsiiKu BCeX 9JIeMEHTOB U3 A nejisar
p, a u3 B — pensar ¢, upudeM oxHa u3 noarpynn A uiau B moxker
0Ka3aTbhCs HYJIECBOI;

6) st rpymbsl G uMeer Mecto pasioxkenune G = Aj+As+. . .+
+ As B IpMyIO0 CYMMY HEHYJIEBBIX IOIIPYIII, HOPSIOK 3JIEMEH-
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TOB A; — CTeleHb TPOCTOTO UUCIA P;, IPUIEM BCE P; PA3TUIHBL:
Pi # pj UPU i # J;

B) rpymnna Ay, OTHOCSIIASICA K HPOCTOMY YHUCILY Pj, COCTOUT U3
BCEX JIEMEHTOB I'PYIILI (7, TOPSIIKA KOTOPBIX PABHBI CTEIIEHSIM
qpcia pF, 9TO OIHOZHAMHO ONpPe/Ie/IAeT PA3IOKEHHe U3 IYHKTA 6).
1.109. Haiitu Bce (¢ To4yHOCTBIO 110 U30MOpdU3Ma) abeseBbl
IPYIIIBI CJIEIYIOMNX TOPSIIKOB:

a) 3;6) 4; B) 6; 1) 8 1) 9; e) 12; k) 16; 3) 24; u) 30; k) 36;

a) 48; M) 60; 1) 63; 0) 72; ) 100.
1.110%*. Pa3/io:KuTh B IPAMYIO CYMMY IIPUMAPHBIX TUKJINIECKHX
1 GECKOHeYHBIX MUKIMYecKnX moarpymnn dbaxroprpynmy Z3/H,
rIe 1, L2, T3 — Hopoxuaonue Z°3, a nopoxaromue H 3a1aHbI
COOTHOITIEHUSIMA

y1 = Tz1 + 222 + 33, y1 = 4x1 + Sx2 + 33,
a) y2 = 211 + 82 + 9x3, ©) yo = by + 622 + dxs,
y3 = dx1 — 4das + 33, Yz = 81 + Tx2 + 93,
Y1 = 521 + Sz + 223, y1 = 621 + Sz + T3,
B) y2 = 11z1 + 8x2 + Bx3, 1) yo = 8x1 + Two + 1las,
y3 = 1721 + bag + 8x3, Y3 = 6x1 + dxo + 1lx3,
y1 = 4x1 + dbxg + z3, y1 = 2x1 + 6x2 — 223,
) y2 = 8x1 + 9xo + w3, e) ya2 = 2x1 + 8xo — 43,
y3 = 4x1 + 622 + 223, y3 = 4x1 + 12x4 + 4x3,
y1 = 621 + Sz + 4xs, y1 = lag + 222 + 323,
XK) Yo = Tx1 + 622 + 923, 3) Yo = 21,
ys = oz + 4xo — 43, Y3 = 3x1,
y1 = 4x1 + 729 + 323, Y1 = 221 + 3z2 + 4a3,
u) Y2 = 221 + 3w2 + 223,  K) yo = 1 + Hxo + 613,
y3 = 621 + 10z + Sx3, ys = 221 + 622 4+ 9x3.

1.111. Jloka3arh, 9TO sIBJISIETCs ITUKJIUIECKON KOHEeUIHAas abesre-
Ba rpymmna G, MOpsiIoK KOTOPOil paBeH:

a) IPOU3BEIEHMIO JBYX PA3JIMYHBIX IIPOCTBIX YHUCE P U ¢;

6) IPOU3BEIEHUIO PABJIUUHBIX IIPOCTBIX YUCEIL P1, P2, - - . , Ds;

B) HaiiTu Bce HOArpyuibl abeseBoil rpynusl G, HODPSIOK KO-
TOPOIl YIOBJIETBOPAET YCJIOBUIO IYHKTa 6), U HAWTU 9UCIIO ITUX
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IO/ PYIIIT;

I') JOKa3aTh, 4TO JJIs JH000r0 JeiuTelisd k NopsiiKa 1 KOHEedHO
abesieBoit rpynmbl (G CYIMIECTBYIOT MOATPYIIA U (DAKTOPTPYIIIA
rpyumsl G, UMeroIne mopsIoK k.

1.112. Ilycrs G — HenysieBas KoHeYHasi abejieBa I'PYIIa, BCe
HEHYJIEBBIE 2JIEMEHTHI KOTOPOH MMEIOT OJINH M TOT YK€ HOPSIJIOK P
(snemenTapuas rpynna). Joka3arh yTBEPKJICHUS:

&) YUCJIO P SBJISIETCH IPOCTHIM;

6) rpyuna G passaraercs B IPSMYIO0 CyMMY KOHEYHOI'O YUCJIA
IIKJIMIECKHUX TIOATPYIII OPSIKA P U UMeeT HopsaoK pF, roe k —
YUCJIO ITUX CJIATAEMbIX;

B) J06ag HenysieBag noarpyimna H rpynusr G cama Gyaer sJie-
MEHTaPHOM U SBJISIETCS IPSIMBIM CJIAra€MbIM B HEKOTOPOM IIPSMOM
pasnoxennu G = H + K rpymms G;

I') YUCJIO MOATPYIII HOPsiika p° 3jeMeHTapHoii rpyusl G no-
psaka p*, k > s > 0, paBuo

" =D —p)" —p*)...(0" —p* )
P =)@ —p)(p* —p?)...(p* —p>71)

1.113. okas3aTh, 9TO KOHeUYHas abesieBa rpyiia GG IOpoXKIaeT-
csl ee 3JIEMEHTAMHU MaKCHUMAJIBHOTO TOPSIIKA.




I'maBa 2

Kouabna

Ilepeitmem Tenepsb K pacCMOTPEHHIO DOJIee CITOXKHOM aredphl —
arebpel ¢ aAByMsi oneparumsamu. Ouepanuu 6ymeM Bcerja 0003Ha-
YaTh KaK CJIOYXKEHUE U YMHOXKEHHE, XOTs K OOBIYHBIM CJIOXKEHUIO U
YMHOXKEHHUIO OHU MOT'YT HE MMETh HUKAKOI'O OTHOIIEHUS.

2.1. OnpenesieHne KoJblia 1
pOCTeNIINE CBOCTBA

Kousbio — 310 MHO)KECTBO R ¢ iByMst OUHAPHBIMU OLEPAIUSIMA
CJIOXKEHUST + W YMHOYKEHUST + TAKIUMH, ITO

R1: orHOCHTE/NBbHO CiloKeHMs R — KOMMyTaTuBHag rpymnia (Ko-
TOpas HA3BIBAETCs addUMUGHOT 2pYnnoti KoAbua);

R2: ymHOXKeHME acconumaTuBHO;

R3: a-(b+c) = a-b+a-c; (b+c¢)-a = b-a+c-a (ducmpubymusrocms
YMHOXKEHUsI OTHOCUTEJILHO CJIOXKEHHsI CJIeBa U CIIPaBa).

Ecsiz B KOJIbIIE MIMEETCST €IMHUIHBIN JIEMEHT JJIsi Y MHOYKEHUSI,
TO KOJIbIIO HA3BIBAETCH KoAbUOM ¢ eduruueti. Mbl OymeM 0603Ha-
YaTh eAMHUILy depe3 1, HECMOTpsI Ha JIBYCMBICJIEHHOCTH TaKOI'O
obo3Hadenus. Kcm yMHOXKEHIE KOMMYTATUBHO, TO TAKOE KOJIBITO
HA3bIBACTCS KOMMYMAMUSHDM KOADUOM.

3ameuanme 2.1. B sinreparype BCTpedaercs APYyroe onpesese-
HIE KOJIbI[a, B KOTOPOM OMYIIeHa aKCHOMa acconuaTuBHOCTH R2.
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B rakux KHHrax KoJiblia ¢ acCOIMATUBHBIM yMHOXKEHUEM HA3bIBA-
f0TCst acconuaTuBHbiMu. Ham ymoOHee ncmob30BaTh Oojiee y3Koe
[IOHSATHUE KOJIBIIA.

3amevyanune 2.2. Korma paccMarpuBaioTcst KOJIbIA C €INHAIICH,
ITOYTH BCET/a MCKJIIOYAETCS BBIPOKIEHHBIN caydait 0 = 1. lasee
BCErJIa IPEJIIOJIaraeTcs, YTo B KOJblax ¢ exuaunei 0 £ 1.

O6paTHOro 3j1€MeHTa 110 BTOPOil omepanuu (yMHOMXKEHHIO) B
KOJIBIIE MOXKeT U He ObITh. IloaTomy ypaBHenme ax = b MoxKer
HE UMETh PEIeHHi B KOJIbIIE.

Kiaccuyecknii mpuMep KoJIbIia — 9T0 MHOXKECTBO IIeJIbIX YHCE)I
C olepalusMu CJI0XKeHUsI U yMHOxkeHust. O003HAYAETCsS KOJIBIO
Leabx guces1 depes Z. O0parTHOoro 3jeMeHTa [0 YMHOXKEHUIO HET
JJIST BCEX TEJIBIX vuncesi, 3a uckiaodennem 1. JIpyro#t BaKHBIN
IIPUMEP KOJIbIIa — KOJIBII0 MHOT'OYJIEHOB — IIOAPOOHO paccMaTpu-
Baercs HuzKe (pasuen 2.2).

W3 akcuoMm KoJIbIIa CJIEJYeT JIOBOJIBHO MHOI'O TPHUBHAJIBHBIX
ciencrBuit. [IpuBenem 3/1ech TOJNBKO caMble HEOOXOAUMBIE, U Oy-
JIeM BBOJIUTH OCTAJIbHBIE 110 MEPE HaJ00HOCTH.

VYrBepxkaenue 2.3. B aobom xoavue a(b— ¢) = ab — ac.

OTO yTBEPXKJIEHHE O3HAYAET, UTO JUCTPUOYTHUBHOCTD BBIIOJI-
HAETCS U JJIsl BBIYUTAHUSA (CJIOKEHUsI ¢ IPOTUBOIOJIOXKHBIM, T. €.
0OpATHBIM OTHOCUTEJIBHO CJIOXKEHUSI).

HoxkazarenscrBo. a(b—c¢) +ac=a(b—c+c) = ab. O
Koneuno, Boinosnsiercst Takzke u paBeHcTso (b— c)a = ba — ca.

VYrBepxkaeuue 2.4. B aobom xoavue a-0 = 0.

HokaszarenbcrBo. ¢-0=a(b—0b) =ab—ab=0. O

BroimoHsieTcst TakkKe M aHAJIOTHIHOE PABEHCTBO TIPU YMHOXKE-
nuu "Ha 0 ciesa: 0-a = 0.

st arcest 1 MHOTOYJIEHOB BBITTOJTHSIETCST TAKOE CBOMICTBO: €CIn
[IPOM3BEJEHNE IBYX 3JIEMEHTOB PAaBHO HYJIIO, TO XOTsl ObI OIWH
9JIEMEHT PaBeH HyJII0. B o0IneM cjydae 9TO CBOHCTBO MOXKET He
BBINTOJIHATHCs. JaBaiiTe paccMOTpUM HEKOTOPBIE TPUMEPHI.

IIpumep 2.5. MHOKECTBO IEIBIX YUCET C OMEPAIUSIMU CJIOXKE-
HUsI ¥ yMHOXKeHUs 110 Moty 1o 4. BoJjtee TouHO, MBI paccMaTpuBaeM
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ollepaly Ha MHOYKECTBE BLIYETOB II0 MOIYJIIO 4, T.e. He pasiu-
YaeM YHCJIa, PasHOCTb KOTOPBHIX Jeaurca Ha 4. OTHOCHTEIHHO
STHUX OIepalyii MHOXKECTBO M3 YeThIpEX Pa3JUYHBIX BBIYETOB IO
momymio 4, T.e. {0,1,2,3}, o6pasyer xombuo. I B 3T0M KOJIBIIE
IPOM3BEICHUE JIBYX HE PABHBIX HYJIIO 3JIEMEHTOB MOYKET OBITD Hy-
aeBbIM: 2 -2 = 0.

ITpumep 2.6. IIpsmbiv 06001IEHIEM TPEIBILYIIETO IIPUMEPA, SIB-
JISTETCST KOALUO GHIMEMOE MO MOOYAI0 M, TAe N — HATYpPaJbHOE
YUCII0. DJIEMEHTAaMU TOTO KOJIBIIA, KOTOPOEe MbI Oy1eM 0003HAYATH
Ly, sBasitorcst amedia, 0,1, ..., n — 1. CjioxkeHue U yMHOXKEHHE B
9TOM KOJIBIIE OIPEIEIAIOTCH KaK CJIOXKEHUE U YMHOXKEHUE 110 MOJLY-
JIIO M. AHAJIOrTYHO PebIIYIIEMY IPUMEDPY MOXKHO 3aMETHTD, 9TO
ecau gucjio n = ab — cocrasHoe, To ab = 0 B Z,. Oka3biBaercs,
YTO €CJIU N — MPOCTOE, TO IPOU3BEJICHIE HEHYJIEBBIX 9JIEMEHTOB B
Zy, obsi3arenprO oTaIngHO OT (. JloKa3aTesbCcTBO 3TOTO yTBEPKIE-
HUs OyJer npuseneHo Huke (cM. paszuern 2.7).

IIpumep 2.7. EcTb elre oauH BaXKHbBIH IPUMEDP — KOJIBIIO HEITpe-
poiBHBIX dyHKIMI Ha oTpeske [0,1] ¢ OGBIYHBIME ONEpaIusIMu
HOTOYEUHOTO CJIOXKeHUst n yMHOXKeHusi dbyukuuii: (f + g)(z) =
= f(x)+g(x), (f-9)(x) = f(x)g(z). Hymem 3TOro Kobua sBIseTCst
bYHKIWS, TOXKIECTBEHHO paBHast HyJl0. PaccMoTpuM JiBe HEHyITe-
BbIX (byHKIUHU f, g, TpadUKi KOTOPBIX N300parKeHbl Ha PUCYHKE.
OueBuIHO, YTO IPOU3BEIEHNE ITUX (DYHKINI TOKIECTBEHHO PAB-
HO HYJIIO.

IIpumep 2.8. Ilo aBym kosbiiaM Ry, Re MOXKHO OIPEIETUTH UX
npamyro cymmy Ri & Ry aHAIOTMYHO HIPSAMOMY IIPOU3BEIEHIIO
Py, KOTOPOe OBLIO OIpeiesieHo B npuMepe 1.35 u npsmoit cyM-
Me abeJieBbIX I'PYII, KOTOpas ObLIa omnpejeseHa B pasugene 1.12.
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Kosbio R @ Ro cocTOUT U3 BCEBO3MOXKHBIX map (r1,72), Tae
r1 € Ry, 79 € Ry. Onepanun onpenesstioTcs: Tak:

(7"1,7"2) + (7"/1,7"/2) = (Tl + 7"/1,7"2 + T/Q)v
(7’1,7‘2) . (’I"/l,’l"é) = (Tl : 7"/1,7"2 : T/Q)

(1711 TPOCTOTHI OOO3HAYEHUN MBI MCIIOJIb3YEM OJHU U T€ YK€ CHM-
BOJIBL JIJIs OIlepanyii B 060MX KOJIbLAX).

IIpoBepka akcroM KOJbIA JJIs IPSIMOI CyMMBI KOJIEI[ BBIIIOJI-
Haerca MexaHmdeckd. 1lo cioykeHUIO 3TO rpylima, KOTOpas eCTb
psIMOe IIPOU3BEICHNUE AJIUTUBHBIX I'pymn Kojen Ry u Ro. Ac-
CONMATUBHOCTH YMHOXKEHUS U JUCTPUOYTUBHOCTH IIPOBEPSIIOTCS
ITOKOMIIOHEHTHO.

B mpsamoit cymme KoJier HECJI0KHO TOCTPOUTH Napy HEHyJIe-
BBIX 3JIEMEHTOB, ITPOU3BEIEHNE KOTOPBIX PAaBHO HYJI0. Mcrmob3y-
eM yTBep:KJienue 2.4:

(a,0)-(0,b) = (a-0,0-b) = (0,0).

HemnysieBble 9/1eMeHTHI KOJIbI[A, IPOU3BE/IEHIE KOTOPHIX PABHO
HYJTIO, IMEIOT CIIeIaIbHOE HA3BAHUE — deAument Hyas. Texau-
qecKd ObIBAET YJ0OHO PA3IndaTh JIEBbIEe U IPABBIE JICJTUTETH HYJIs.
DuieMenT a € R Ha3bIBAETCH NPABLIM (JEBBIM) JIeJIUTeJIeM HYJId,
ecsn Jisi Hekoroporo b € R semosnnsiercst ba = 0 (ab = 0).

Hamwaue nesmresieit Hysist B KOJIbIAX SIBJISIETCS KpafiHe Helpu-
ATHbIM 3dderToM. [loaTomy BbIIEIsIETCS KITacC KOJIelr 6e3 Jeim-
resieit Hyst. KommyTraruBHable KoJblia 6€3 JietuTeseil Hy st Ha3bl-
BAIOTCS YEAOCTNHBLMU KOALUaMU (UM 0OJIACTAME 1EJOCTHOCTH ).
Kak mpasmiio, Mbl OyeM paccMaTpuBaTh IEJIOCTHBIE KOJIbIA, HO-
CKOJIbKY OHU JIAIOT BayKHBIE JJIs IIPUJIOZKEHUN ITPUMEPHI.

2.2. KoJp11o MHOTrO4J/I€HOB

Bosbmem kakoit-Hnby1b KOMMYTaTUBHOE KOJIBIO R ¢ euHuniei
(manpumep, 1eJible, PAIUOHAJIbHBIE, JIEHCTBUTE/ILHBIE, KOMILIEKC-
Hble Yncia u T.7.). IlocTpouM Kojbllo MHOrowieHoB R[x] ¢ ko-
sdbdunmenramu u3 R (uHOrma roBopaT 06 ajaredpe MHOIOWJICHOB
Hag R). Muozousen — 1o dhopMaibHOe BBIpazKeHue

A=ag+arz+ ax? + - + agz?, a; € R,aq # 0. (2.1)
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Yuciio d HaspiBaercs cmenensbio muorodiena (2.1) u obo3nadaercst
deg A. Ectp eme ommu uckiounTebHbI MHOrOwieH — 0. Ero
HeJIb34 IpeacTaBuTh B Buje (2.1). Crenens HyI€BONO MHOIOYICHA
OOBITHO TIOJIATAIOT HEOIPEIeIeHHOM, HO JacTO €e MOXKHO CINTATH
paBHO# —00.

Yro Takoe ¥ B dbopmye (2.1)? D10, KOHEUHO, IPOCTO HEpe-
MEHHAas T, BO3BE/IEHHAsI B HEKOTOPYIO cTenedb. Ho nudero 06 sToit
IIepeMeHHOM HaM 3HATh He HYKHO, OHA, WCIOJIb3YEeTCs B 3aIUCH
UCKJIIOYUTENIBHO JIJIsi HAJIsITHOCTH. |IpaBuiibHee Haxke CUUTATH,
YTO MHOTOUWIEH — 3TO (DUHUTHAS [TOC/IEI0BATEBbHOCTD 3JIEMEHTOB
Kosiblia R (mocienoBareibHOCTD KOI(DDUIueHToB):

Ag, A1y .- Qpy ...

3/1eCh CIIOBO «(PUHUMMHAA> O3HAYUAET, ITO BCE IJIEMEHTBI I1OCJIE-

JIOBATEIHLHOCTH, HAUYMHAs ¢ HeKoToporo mecra, pasubl 0. (Ecau

9TOro He TPeOOBATH, TO MBI IIOJIYy YUM JIPYTO0€ HHTEPECHOE KOJIBIO —

KOJIBIIO CTEIEHHBIX PAJO0B, KOTOPOE UI'DAET BarKHYIO POJIb B KOM-

6uHATOPHKE 1101 HA3BAHUEM [IPOU3BOAAIINX (DYHKIMIA. ) 3aMeTbTe,

9TO HYJIb BKJIIOYAETCS B TAKOE OIUCAHUE HA OOIMUX OCHOBAHUSIX.
CitokeHre MHOTOUYJIEHOB OTPEIeAeTCst POPMYIIOit

(ap + a1z + -+ + agz®) + (bo + b1z + -+ + bgz) =
= (ap +bo) + (a1 + b))z + -+ + (ag + ba)z?  (2.2)

(eci creneHu pasHbIe, K MHOIOYIEHY MEHbIIEH CTEIeHU HYXKHO
JI0O6ABUTD CjlaraeMble ¢ HyJeBbIME KO3(bdUIMeHTaMu), a yMHOXKe-
nre — bopMyIoit

(ap + a1z + - - - + agx?) (bo + bz + - - + bpa®) =
d+k i
= agby + (a1b0 + aobl)x 4+ .= Z z* Z ajbi_j (23)
i=0  j=0

(B KOTOpPOI1 OTCYyTCTBYIONIME KOIMDMDUIMEHTDI TAKKE [OJIATAIOTCS
PaBHBIMU HYJIFO — B ITOJTHOM COOTBETCTBUU CO BTOPOIl MHTEPIIPe-
Tarpeil MHOrO4IeHOB). 91U (HGOPMYJIBI MOKHO HOJIY IUTh, €CJIU [0
TPeboBaTh KOMMYTATUBHOCTH, ACCOIUATHBHOCTU U JIUCTPUOYTHUB-
HOCTU CJIOXKEHUSI U YMHOXKEHMsI MHOIO4eHOB. C JIeBBIMU YaCTSAMU
HAIIMCAHHBIX BBIPAYKEHUI HYKHO JefCTBOBATH TaK, KAK YUWJIA B
7-M KJIacce: paCKpbITh CKOOKM U IPUBECTH IIOIOOHBIE.
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Urak, R[z] — 970 MHOXKeCTBO (DUHUTHBIX MOCJIEI0BATEIBHO-

creit a1eMeHTOB R ¢ onepanusivu, 3a1aBaeMbiMu popmysamu (2.2)
u (2.3).

VrBepxkaenue 2.9. R[z] A6aAeMCA KOMMYMAMUBHBIM KOALUOM
¢ edunuuyed.

HoxkazaresbcrBo. 113 dopmyn (2.2) u (2.3) oueBugno, uro 0 =
=(0,...)u1=(1,0,...) OyayT COOTBETCTBEHHO HYJIEM U €1HU-
neit B R[z].

U3 onpenenenns cioxenus (KOI(MOUIUEHTDI CKJIaIbIBAIOTCS
[0 OTJEJIBHOCTHU IIPU PA3HBIX CTEIEHSIX) BUIHO, YTO KOMMYTaTUB-
HOCTb U ACCOIMATHUBHOCTH CJIOYKEHUS CJIEAYIOT U3 KOMMYTATHB-
HOCTU U aCCOIMATUBHOCTU cyioKeHus1 B R. IIpoTuBOMOIOKHBII
MHOTOUWIEeH (0OpPATHBIA OTHOCUTEILHO CJIOKEHHMSI ) IOy YAeTCs 116
peMeHoi 3HaKOB y Beex KoabdunumenTon. I103ToMy 110 CJIOKEHUTO
MHOTOYJIEHBI 06PA3YIOT TPYIIILY.

KoMMyTaTuBHOCTH YMHOXKEHUS OYEBUIHA U3 CUMMeTpun hop-
Mysibl (2.3), KOTOPOil olpeesisiercss yMHOKEHHE.

HuncTpubyTUBHOCTL TaK»Ke JIETKO MPOBEpsieTcs 1o (hopMyie
JUTsl YMHOXKEHHUST: IOACTaBUM B (DOPMYILy BMECTO b; BBIparKeHHe
¢; + d;j 1 3aTeM BOCIOJIL3YeMCs JUCTPUOYTUBHOCTLIO B KOJIbIE R,
HOJTY IHM:

7 i Q i
Doagbicg =Y ajleig +ding) =) ajeij+ Y ajdiy.
=0 =0 =0 =0

OTO U €CTh AUCTPUOYTUBHOCTb.
IIpoBepuM acconuaTUBHOCTH YMHOXKEHHS MHOTOYJIEHOB HEIO-
Cp€eJICTBEHHBIM BbIUMCJICHUEM:

A(Bngmi(z( 3 bkcs)xj> -

i kts=j

:Z( S a( > bsz)>$i:Z( > arbkcs)xi:

1=0 r4+j=1i k+s=j =0 r4+k+s=1
X (X )X ) = (S (Db o) =
1=0 r+k=j Jj+s=1t Jj  r+k=j s

— (AB)C. (24)
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Eciu BbI BHUMATEIIBHO TTOCMOTPUTE HA 3TY BBIKJIAJKY, TO TOM-
MeTe, YTO aCCOIUATUBHOCTH YMHOXKEHHS MHOT'OYJICHOB CJIeLyeT
U3 aCCOIMATUBHOCTU CJIOXKEHUSI HATYPAJbHBIX YHCET. 3aMeTbTe
TaKKe, YTO BepXHHUe MHJIEKChI B 3TOI BBbIKJIaJIKe He YKa3bIBAJIUCH.
OHu B Heil He UrPAIOT HUKAKON POJIM — HA CAMOM JIeJie MBI IIPO-
BEPUJIN aCCOIMATUBHOCTH B 0OJIee IMUPOKOM KOJIBIE CTEIEHHBIX
PsI0B. U

MozKeT MoKa3aThCsl HEIIOHATHBIM, 329eM HYKHBI TAKHe CJIO0MK-
HBIE BBIKJIQJKH B 3TOM JOKa3aTeJIbCTBE. KC/IM CMOTpeTh Ha MHO-
rowieH, Kak Ha dyHkimo u3 R B R, 3agaBaemyio dbopmysoii (2.1),
TO CBOWMCTBA KOJIBbIIA, BKJIIOUAs ACCOMUATUBHOCTD, OYEBUIHDI.

Ho Taxkoe moHMMaHHe MHOTOYJIEHOB OyIeT JJsi HAC CJIUIIKOM
OIPaHMYNTEIbHLIM. BO3bMeM, CKazKeM, KOJbIO M3 JBYX 3JIeMeH-
toB F = {0,1} co cloxkeHneM W yMHOMKEHHEM TIO MOJIYJIIO 2.
OYHKIME T — T U T — T2 B 9TOM KOJIBIE COBHAJAIOT. A MHO-
rOYJIeHbI T M 22 Hajl STHM KOJIBIIOM PAa3/IMYHLI 110 OIPEIeeHHIO,
JIAHHOMY BBIIe (OHOMY COOTBETCTBYET TOCJIEI0BATEILHOCTD KO-
sadbdunmentos (0, 1,0,...), a apyromy — (0,0, 1,0,...)).

OnHako sl HEJbIX, PAlMOHAJILHBIX, JeHCTBUTENLHBIX I
KOMILJIEKCHBIX 9YHCEJI OIPEJIEICHAe MHOTOYICHOB Kak (DyHKIuii,
3amaBaeMbIx dhopmyioii (2.1), pABHOCIILHO JAHHOMY BBIIIIE OIPE-
Jesienwio. Huke MBI 0GCYIUM 3TOT BOTPOC TOApobHee (CM. TIpH-
mep 3.21 u3 pazzgena 3.4).

A noka paccMOTPUM IIPOCTBIE AJIrebpandecKue CBOACTBa KOJIel]
MHOTOYJIEHOB.

VYreepxkaenue 2.10. Ecau 6 R nem deaumenets nyas, mo das
fy9 # 0 swnoaneno deg(fg) = deg f + degg.

HoxkazarenbcTBO: KOIPMUIMEHT MPU CTapIeil CTEeHNu IpOo-
U3BEJIEHUs] PABEH IIPOU3BENEHUIO KOI(DMUINEHTOB IPU CTAPIIIX
crereHsix coMHOXKuTesell. VckimounTenbuplil ciry4ait () mokpoisa-
ercs Toi ke DOPMyIIOH, eciin moJiaraTh crenedb () paBHOI —o0.

CaexncrBue 2.11. Ecau 6 R nem deaumenets nyan, mo u 6 R[x]
nem desumeneti HYAA.

Ucmonn3ysa (opMyily IJis CTENEHH IPOU3BEICHUS MHOTOYJIC-
HOB, MOXKHO HailTu u desumeny eOuHULYb, B KOJIbIle MHOIOYJIEHOB,
KAaK eIlle HA3BIBAIOT 00pAMUMDbLE IAEMEHbI OTHOCUTEIHLHO YMHO-
KEHUS.
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CaeacrBue 2.12. Obpamumbie saemenmovt 8 KOAbUE MHO20%AC-
no6 R[x] nad yeaocmmvim kosvuom R — amo xoncmarmo (mHo-
2o0unenv, cmenenu 0), obpamumuie 6 koavue R.

2.3. N3omopdusMbl 1 roMOMOPPU3IMBI
KoJIelr

OTH omepanuyu BBOISTCS IO aHAJOTWHU C rpymnnamu. lemepb
TpebyeTcst coxpanenne obeux omneparuii. Eciau ects kosbio R c
onepanuaMe +, - 1 Koablo R ¢ onepamusamu @, @, TO 20MOMOp-
Pusmom HasbIBaeTCa oTOOpazkenue ¢ : R — R’ coxpansiomee o6e
orepaIum:

p(r1 +12) = p(r1) & o(r2),
p(r1-r2) = @(r1) ® p(ra).

Hszomoppusm KoJer] — 3TO B3aUMHO OJJHOZHAYHBIA [OMOMOD-
dusm. Taxk ke, Kak U B cjIydae rpyII, B30MOPMHBIE KOJIbIA «OIH-
HAKOBBI» C AJIre0PanIecKOil TOUKU 3PEHUsI.

CosepiireHHO 6e3 M3MEHEHUIl JTOKA3bIBAETCS TEopeMa O TOM,
9TO rOMOMOpP(dHAas 00JIaCTh KOJIbIA ecTh KOJbIo. [1o mepBoit omne-
paIiu BCE MOBTOPSIETCS JOCTOBHO, ACCOIMATHBHOCTD YMHOYKEHMS
[IPOBEPSIETCSI TAK 2Ke, KAK U aCCOIMATUBHOCTD cJiozkenust. IIposep-
Ka JUCTPUOYTUBHOCTH OCYIIECTBIISIETCS] TPSIMBIM BBIYUCIEHAEM:

p(a) @ (p(b) @ p(c)) = pla) ®p(b+c) =
=pla-(b+ec)=wpla-bt+a-c)=pla-b)®ypa-c)=
= p(a) ® p(b) ® p(a) ® p(c).

S

2.4. Npeansl

I'pynnsr MokHO (HaKTOPU30BATH (<«JI€IUTHY ) 110 HOPMAJIbHBIM
moArpymnmnaM. AHAJOTHYHOE IEHACTBHE B CJIydae KOJIEI OCHOBAHO
Ha MOHATUN HJICAIA.

Yro Takoe udeas? DTO IMOIMHOXKECTBO KOJbIA, KOTOPOE IIO
CJIOXKEHUIO ABJIAETCA KOMMYTATUBHON moarpymmoit. Kpome Toro,
ujeas yJI0BJIETBOPSIET OU€Hb CUJIBHOMY YCJIOBUIO 110 YMHOYKEHUIO.
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Ecan ncnonbzoBaTh 06pas3bl u3 PUINKH, TO UIEAT — ITO TOIMHO-
KECTBO «C OYEHb CHUJIBHBIM IIOTEHIHAJIOM». KC/IM B3ATH IIPOU3-
BOJIbHBII 3JIEMEHT %, IPUHAJIEXKAIIUA ueay [, 1 yMHOXKUATH €ro
Ha, JII000# 9/IeMEHT KOJIbIa 1 € R, TO MPOU3BeJIeHNEe TAKXKE JTOJIK-
HO [PHHAJJIEXKATb ujeasy: r - € I (CBOICTBO «BTArMBaHUSY ).

B gacrrocTu, uaean I aBaseTcss KOJABIIOM OTHOCHTEIBLHO TEX
2Ke OoIepalii, 9YTo U UCXOTHOE KO0 K. DTo mpumMep nodkoavuya,
T. €. TAKOTO IMIOJIMHOXKECTBA KOJIbI[A, KOTOPOE SIBJISIETCS HOJIPYII-
0¥ 110 CJIOXKEHMWIO M 3aMKHYTO OTHOCHUTEJIbHO OIIepaIlii yMHO-
KEHUSI.

VMHOMXKeHHEe B KOJIbIE He 00s13aTe/IbHO KOMMyTaTuBHO. [TosTo-
My, KaK U B CJIy9ae CMEXKHBIX KJIACCOB I10 TOJIPYIIle, HY>KHBI JIBa
TEeXHUYECKUX IIOHSITUsI: €CJIM YMHOXKeHue Oepercsl cjieBa, TO 3TO
JIEBBII UJ€aJI, a eCJId ClIpaBa, TO — IpaBblil. EC/iu BBIIOJIHAIOT-
cs oba ycuoBug (Kak Bcerja OyieT B KOMMYTATUBHOM CJIydae),
TOBOPSIT O JBYCTOPOHHEM HJI€ajie WU IIPOCTO HJIeAJIe.

Texamaecku 6oJiee yI0OHO CIerKa MHOE OIpeJesIeHe UIeaIa.
[Ipu usydyeHun Teopun rpyin ObLIa JOKa3aHa IIPOCTAs TEOPEMa
0 TOM, YTO IOJAMHOYKECTBO I'PYIIIIbI SIBJISIETCS IIOAIPYIIIONH TOTIA
U TOJBKO TOTMa, KOIJa BMECTE C 3dJeMEHTaMH a U b COmepKuT
sinement ab~!. Ilosromy BMecTo ycioBus, uro I — HOArpyIIa,
MOYKHO HCIIOJIb30BaTh yejaosue a—b € I (Tak npeacrapiasercs ab™!
B ajuuTuBHOI 3amucn). Vrak, nonmuoxkectso I € R nasbiBaercs
NEBVIM UODEANOM, €CIIA BBIIOJHAIOTCH J(Ba CJIEAYIOIINUX YCJIOBUS:

1) ecma,bel, toa—bel;

2)ecmma€cl, reR,tora€l.

AHaJIOrUYHO OIPEJIEISIIOTCS IIPABhIe U JBYCTOPOHHUE UIEAJIbI.

Oxa3bIBaeTCs, 9TO UIeAIbI B TEOPUN KOJIEIl M B JAJIHLHEHIINX
TEOPHUSX UI'PAIOT IEPBOCTEIIEHHYO POJib. [Jist Haga/a oCMOTpUM
Ha IPUMEpHI UIeaJI0B.

IIpumep 2.13. BozbmeM KOIBIIO HEbIX duces Z. Boibepem B HeM
DUKCUPOBAHHBIN 2JIEMEHT 71, I PACCMOTPUM BCE €r0 KPATHBIE, T. €.
MHOXKeCTBO NZ = {rn | r € Z}. DT0 MHOXKECTBO — HIEAJ, UITO
JIETKO IIPOBEPUTDH U3 OIIPEJICJICHUSI.

Hetpynmo Takxke yoeanTnhest, IO JTI0O0M ngeast B Z UMeeT BUT,
nZ. Hehicreurensuo, nycrs I C Z — upean. Ecm I = {0}, To
I = 0Z. B uporusHOM ciy4ae I COmepKUT ITOJI0KUTEJHHBIE TUCTIA
(Tak Kak ujeaj — MOArpyma aauTusHoi rpynust Z). [lycrs n —
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HaWMeHbIIee TOJOXKUTEJIbHOe Yncjo, npuHajexaree I. Jloka-
xeM, aro I = nZ. B cuny onpenenenus uneana I O nZ. C apyroit
CTOPOHBI, €CJIN ¢ IPUHAIJIEXKUT Ueasry I TO OCTATOK I OT JeJIeHUsT
a Ha N upuHayIeKuT I, Tak Kak r = a — qn. Ho Torma, ecnu a we
IpUHAJIEXRKUT uaeainy nZ, To r # 0 u r < n, 9T0 HIPOTUBOPEIUT
BBIOODY M.

1o npocroe paccyzxaenue Oyger 0600IeHo ke (CM. Teope-
My 2.27).

IIpumep 2.14. To ke camoe MOXKHO CIeJIaTh M C MHOTOYJIEHA-
MHE: 3apUKCIPOBATH KAKOH-HUOY/Ib MHOTOWIEH ((Z) U yMHOXKHTD
ero Ha BCEBO3MOXKHbIE MHOrOWIeHbL. [Tomyunm unean () R[z] =

= {¢(@)e(x) [ () € Rlx]}.

[Tpusenennbie mpuMeps jterko 0600muTh. 110 siementy a € R
KOMMYTATHBHOTO KOJIbI[A K MOYKHO TIOCTPOUTH MHOXKECTBO

(a) ={ra+na|r e R,necl}

KOTOpOE€, KaK JIETKO IIPOBEPUTDL, ABJIAETCA MICAJIOM. ror naeaJi
Ha3bIBaETCA 2A406HIM UaeaﬂOM, TLOpO()fcaeHHMM anemernmom a. Ec-
JIX B KOJIbIIE€ €CThb €AWHHIIA, TO TJIAaBHBIN naeaJr MOXKHO 3alliCaThb
B TaKOM 2Ke€ BUJE, KaK B IIPEJAbIJIYINUX IIPpUMepax:

(a) ={ra|r € R}.

[naBubBIE UEaIbl MOXKHO OIPENEJUTh WHAYE. 3aMETHUM, UTO
repecevenne maeaaoB Takxke ujgeasi. [losromy st smo6oro 1mos-
MHOKeCTBa S KOJbIa R MOXKHO ONpeIeINTh HANMEHBIIHH HIeal,
coflepKaImii S, KaK mepecedeHne BCeX UJIeasoB, COJIEPKAIINX S.
DTOT uJeas Ha3bIBACTCH UJEAAOM, TNOPOAHCOCHHBLM MHONCECTNEOM
S (obosmauaerca (S)). B obmmem ciydae TIaBHBIM HJIEAJIOM, IO~
POKJIEHHBIM 3JIEMEHTOM @, MOYKHO HA3BATD UJeas, TOPOKICHHBIH
MHOX)KeCTBOM {a}.

Kosnbiia, B KOTOPBIX BCE UIIEATBI, OTJIMIHBIE OT CAMOTO KOJIb-
3, — TJIABHBIE, HA3BIBAIOTCS KOADYUAMYU 2AG6HUT Udea.nos. IIpumve-
PBI KOJIET] TVIABHBIX HJI€AJIOB, 000DIIAIONTNE KOJIBIIO MEJIbIX THCeT,
IIPUBOJSITCS HUXKe B paziene 2.7.

[TockosbKy W1easIbl B TEOPUH KOJIEIl UTPAIOT POJIb, AHAJIOI Y-
HYIO POJI HOPMAJILHBIX TOJTPYIIl B TEOPUU T'PYII, €CTECTBEHHO
[IPOBEPUTH CIIPABE/JIMBOCTD CJIEIYIOIIETO YTBEPXKICHNUSI.
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VYrBepxkaenue 2.15. fdpo 4106020 20momopdudma KoAeY, A6AA-
emca 08YCmMoPOHHUM UIEGAOM.

HoxkaszarenabctBo. [lycrs ¢: Ry — Ry — romoMopdusM KoJierr,
I = Kerp = {x | p(z) = 0} — smpo sroro romomopdusma.
ITockonbKy roMOMOPGU3M KOJIEIl SIBJASIETCS U TOMOMOPMOU3IMOM
UX aJUTUBHBIX rpymil, To I — noarpymnmna mo ciaoxenuio. Ocra-
JIOCh HIPOBEPHUTDH, YTO It Jioboro r € Ry m a € I BbnosiHeHo
ra € I, ar € I. U3 cBoiicTB romomopdusmMa cieayer, 9ro o(ra) =
= @(r)e(a) = ¢(r) - 0 = 0. Anamoruuno p(ar) = 0. O

2.5. KoJuabna KJjaccoB BbIYETOB

Tax ke, KaK MbI PaCKJI/bIBAJIN TPYIILy HA CMEXKHBIE KJIAC-
CBI 110 HOPMAJILHOM HOJIPYIIIe, MbI OyJIeM PAaCKJIAIbIBATEH KOJIBIO
mo uaeasaM. BosbMeM Kakoi-HUOYIL 9J€MEHT KOJIbIA 7' U pac-
CMOTPHUM CYMMBI 3TOI'O 3JIEMEHTA CO BCEMH dJIEMEHTAMHU HJIeaJia.
Iloyamm, KOHEYHO, CMEYKHBINH KJIACC M0 WAy KaK aJIUTUBHON
nonrpyme koJbita. Ho Teopust kKoJsery 04eHs J10/Iro pa3BuUBajach
COBEpPIIEHHO HE3aBUCUMO OT TEOPUH I'DYIII, IIO3TOMY B Hell BO3-
HUKJIa CBOsI TEPMHUHOJIOTHA. B nmaHHOM ciiydae CMeXKHbIE KJIACCHI
HA3BIBAIOTCS KAGCCAMU 8bHEMO6 N0 Modyso udeana I, wim, 60-
Jiee KpaTKO, KyaccaMu BbIueToB 10 . IIoCKOJIBKY MO CJI0KEHUIO
KOJIBIIO — IpylIlla, TO JJjid KJaCCOB BbIYETOB BbIIIOJIHAIOTCA BCE
TEeOPEMbI O CMEXKHBIX KJIacCaxX.

IIpumep 2.16. PaccMoTpuM KOJBIO TEIBIX YUCET U BBHIUETHI 110
uneany nZ, onucannoMmy B npumepe 2.13. Ilomyuum Takme mmHO-
2KeCTBa:

0+nZ={rn|reZ}=0,
1+nZ={1+rm|reZ} =1,

m=1)4+nZ={n—-1+m|reZ}=n—-1.

Cueryromuii mar COCTOUT B TOM, 9TOOBI JI0Ka3aTh, ITO COBO-
KYITHOCTBH KJIACCOB BBIYETOB CHOBa 00pa3yer KOJIbIO. DTO BEPHO,
eci uieaJ — JABYCTOPOHHMIH. (AHAJOTMYHO TOMY, KaK KJIACCHI
CMEYKHOCTH II0 TIOIPYIIIe 00pa3yioT IPYIILY JIHUIIb B TOM CJIIydae,
KOTJ[a JIEBbIE CMEXKHbIE KJIACCHI COBIAIAIOT C IIPABLIMH).
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Omneparun Ha1 KJIACCAMU BBIYETOB OIPEEIISAIOTCS AaHATIOTHTHO
olrepanusM HaJl CMeKHbIMKH Kiaccamu. OJHAKO WM3-3a HAJINUIHUS
JIBYX OIlepaluii BOSHUKAIOT HEKOTOPbIE TOHKOCTH.

JlokazkeM HeCKOJIBKO pocThix coornomnenuil. (IIpesmosnaraem
HUKEe, 9TO PACCMATPUBAIOTCS JIBYCTOPOHHUE UJIEAJIBI, XOTS YaCTh
YTBEPKIEHUIT BepHA U JjIsl OJIHOCTOPOHHUX HJICAJIOB. )

[IycTp y HAC ecTb jBa 3JeMeHTa, KOTOpble IIPUHAJJIEXKAT OJI-
HOMY KJIACCY BBIYETOB 10 MOJIYJIIO JIBYCTOPOHHEro mjeasa [. 1o
O3HAYAET, 9TO @ = T + 41, b = 1 + 19, 11,12 € I. Takue smeMeHTDHI
HA3BIBAIOTCS CPAGHUMDLMU, OTHOIIIEHIE CPABHIMOCTH 0003HAYAET-
csa=0b (mod I) (unorma g KparkocTu I He MUILYT), YATAETCSE
«@ CPABHUMO ¢ b 110 MOJLyJIIO Byeasa I».

HerocpencTBeHHO U3 onpeieieHust CeayeT

YrBepxkaenue 2.17. a =b (mod I) pasnocuavho a —b € I.

HoxkasarenabctBo. [lpemnomoxum, 9to ¢ = r + i1, b = r + is.
Torma a — b = i; — iy € I. U1 Haobopor: ectm a — b =i € I, TO
a=b+1€ b+ 1, 3uagnr, a = b. O

W3 31010 mpocTroro yTBepKICHUs CJe/LyeT BeChbMa IOJIE3HbII
BBIBOJI; CPABHEHUE TI0 MOJLYJIIO UJ1eaJia B OOJIBIION CTEIEHN TOX0XKE
Ha, 00BIYHOE PABEHCTBO.

VYrBepxkaenue 2.18. Ecaua; = az, by = ba, mo a1+by = as+bs
u a1by = agbs.

HdokazaTejabcTBO. Pa3HOCTH ABYyX 9JIEMEHTOB, ITPUHAICIKAIIAX
ujeaty, MPUHAJIEKAT UIeasly; MPOU3BEJEeHNe JIEMEHTa HIeasa
Ha JIIOOO JAPYTroil 3/IeMeHT MpUHAIEXKUT upeaty. [losromy

1) IIyctb a1 —ag € 1, b1 —by € I, Torma (a1 —|—b1)—(a2—|—b2) el,
T.€. a1 + b1 = as + bs.

2) a1by — agby = aibr — a1be + a1be — agbe = a1(by — b2)+
+(a1 — a2)bs € I (31€Ch UCIOIB30BAHO, YTO UIEAJT — JBYCTOPOH-
HUiA). O

Tel‘[epb onpeae/J MM CYMMY W IIPOU3BEICHUE KJIACCOB BbIYE€TOB
rm=r1+1,To=ro+1I:

PLAT =TTy =+ (2:5)

T -To=T1T2 =r1m2 + I.



2.5. KoJiblia KJIaCCOB BBIYETOB 97

Hyxmno noka3aTb KOPPEKTHOCTb BBEJIEHHBIX OIEpAITUil, T.e.
HE3aBUCUMOCTh PE3yJIbTaTa OMEPAINNA OT BHIOOPA IIPEICTABUTEIS
KJIACCa BBIYETOB. DTO HEMEJJIEHHO CJIe/IyeT U3 yTBep:xkaeHus 2.18.

eilicTBUTENIBHO, €CN

T1+I:f1:7"/1+_[,

= !
ro+ I =7y =1y+1,
TO 1 = 1Y, o = 715, u no yrBepkKienuio 2.18 moJydaem
r1+re = ] + 1), rire = rirh. Or0 m 3HAUUT, YTO cyMMa U

NPOU3BEJIEHNE TIPEJICTABATENEH KIIACCOB BBIYETOB TPHHAIJIEIKAT
OZIHOMY W TOMY YK€ KJIACCY BBIUETOB, KOTODBI He 3aBUCUT OT
BbIGOpa npejcrasuresieii. [loaromy pesyibrarsl onepanuii, onpe-
neseHnbix (2.5), (2.6), He 3aBucaT OT BBIOOpaA IIpEICTABUTEIENH
KJIACCOB BBIUETOB.

VYrBepxkaenue 2.19. CosokynHocmd KAGCCO8 SHIUEMOE € One-
payuamu, onpedeaernvmu pasencmeamy (2.5), (2.6), obpasyem
KOADYO.

9TO KOJIBIO U HA3BIBAETCH KOALUOM KAGCCO8 8biwemos (000-
snadenne R/T).

JokasarenbcTBo. [jis1 qoKka3aTebCTBa MbI TOCTPOUM TOMOMOP-
bU3M HCXOHOTO KOJIbIA HA COBOKYIHOCTH KJIACCOB BBIYETOB U
BOCIIOJTb3YEMCsT JIOKA3AHHBIM paHee YTBEPXKJIEHHeM, d9To obpas
KOJIBIIA TIPH TOMOMOP(MU3ME SIBISIETCS KOJBIIOM.

BosbMem mcxoHoe KOJIBIIO R M pas3iiozKuM ero o upeasty I,
HOJIyYMM MHOXKeCTBO KiiaccoB BblueroB R/I. Crpoum orobpazke-
uue p: R — R/I caenyroum obpazom @: 7 +— 7 =1 + I. IIpose-
pHUM, 9TO 3TO — rOMOMOPGU3M:

o(ri+re)=r+ro+Il=r+ro=711+72=p(r)+ @(re),
o(rire) =rmre+ 1 =TT =71 - T2 = p(r1)p(r2),
T. €. OHepaLLI/II/I COXpaHHIOTCH. CIOp’beKTI/IBHOCTB OquI/IrHHa: KJ1acCccC

BBIYETOB 7" + I sIBJIsIeTCst 0Opa3oM 9JIEMEHTa, 7. U

Teopema 2.20 (Teopema o romomopdusme koJsen). [Tycmo
w: Ry — Ry — comomoppusm xoney. Tozda koavyo xaaccos eviue-
mos no Mmooyt A0pa 20MOMOPHUSMA USOMOPPHO 20MOMOPHHOMY
0bpasy xoavya: Ry/Kerp = p(Ry).
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JokasarenbcTBo. 30MopdusM ycraHaBIUBAETCsI €CTECTBEH-
HBIM 00pa3oM:

a: {r} — o(r). (2.7)
3aech r € Ry, {r} — knacc Bbrueros mo moxayio I = Ker .
Orobpaxkenne (2.7) ompesesieHO KOPPEKTHO, TaK KaK €CJIH
r1 =719 (mod I), 10 p(r1—ry) =0, .e. p(r1) = @(re). OueBumno,
9TO (¢ CIOPBEKTUBHO (OHO TIEPEBOJAT B (1) KIACC BBIYETOB {1}).
IIpoBepum cBoiicTBa ToMoMopdu3Ma:

a({ri} +{r2}) = a({r1 +r2}) = o(r1 +12) = p(r1) + ¢(r2) =
=a({r}) + a({r2}),
p(r1) - p(r2) =

a({r1}) - a({r2}).

Snpo sroro romomopdusma Hysesoe, Tak kKak ¢(r) = 0 o3adaer
r €1, r.e. {r} =0. 3uauur, o — uzomMopdusm. O

a({ri}-{r2}) = a({ri-r2}) = p(r1-r2)

Teneps MBI TOAXOAMM K CAMOMY IJIABHOMY JIJIsl HAIIETO ITAJIb-
HEHIero M3JI0KEeHUsT BOIPOCY: MOXKHO JIM TaK BBIOpaTh uieal,
9TOOBI KOJIBIIO KJIACCOB BBIYETOB OBLIO «CcOBceM xopormum» ! Ha-
[IPUMED, XOTEJIOCH OBl UMETH BO3MOXKHOCTH PEIaTh B KOJIBIIE KJIAC-
COB BBIYETOB JIMHEWHbIE ypaBHEHUs. J[J1s 9TOro KOJIbIO KJIaCCOB
BBIUETOB JIOJI2KHO 00J1aIaTh HEKOTOPBIMU JOIIOJIHUTEILHBIMU CBOM-
CTBaMU, KOTOPbIE MBI YKayKeM B CJIEJIYIONIEM pa3Jieie.

2.6. Tena m mmojiss, MakCuMaJIbHbIE
n1eaJIbl

Beesem eme mBa ajrebpandeckux MOHATHUS: TEJIO U IOJIE.

Teao — 3TO TaKoe KOJIBIIO, HEHYJEBBIE JIEMEHTHEI KOTOPOTO
00pa3yoT Ipylny OTHOCUTEIBHO YMHOXKEHUsI, T. €. BBITOJTHSIIOTCS
JIOLIOJIHUTEIbHBIE CBOMCTBA!

1) cymecTByeT eAMHUYHBIN 3J€MEHT OTHOCHTEIHHO yMHOXKE-
uus 1, aj1s 11060ro Ipyroro 3JIeMeHTa a BbImoJHeno a-1 = 1-a = a;

2) mia a # 0 cymecTByeT oOpaTHBI 3eMeHT a b, J/Is KOTo-
poroa t-a=a-a"1 =1.

Orcroza citeryer pa3permunumMocTh ypaBaenus a-x = b upu a # 0.
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YrBepxkaenue 2.21. B meae nem deaumeneti nyss: u3 ab =0
cnedyem a =0 uau b = 0.

HoxkazaresnbcrBo. B sobom kombiie a-0 = 0 (yreepxkuenue 2.4).
Buauur, y 0 mer obparnoro. Ho eciim a # 0, b # 0, To y ab ectb
obparmst b~ la !, O

Iloae — 310 KOMMyTaTuBHOE Testo. Jpyrumu cimoBaMu, HEHY-
JIEBBIE 9JIEMEHTHI 1M0Jisi 00Pa3yI0T OTHOCUTEILHO yMHOXKEHUs abe-
JieBy rpyimy. BoJiee moapobHOE ompesiesieHne IMojist TAKOBO: I0-
JIeM Ha3bIBAETCS MHOXKECTBO F' ¢ nByMsi OMHAPHBIMU OME€PAITASIMU
(ci102KeHMe U yMHOXKEHHUE), KOTOPBIE YIOBJIETBOPSIOT CJIEYIOIIUM
CBOMCTBaM:

F1: Ornocurenvuo cioxkenusi F' siBiisiercst abesieBoil rpytimoii.

F2: Ornocurensro ymuoxkenust F* = F\ {0} sisiercs abeseBoii
rpymmoii. (3mecs 0 ofo3HadaeT HyIeBOH 9I€MEHT OTHOCH-
TEJIbHO CJIOXKEHUSL. )

F3: Axcuoma mucrpubyrusnocru: a(b + ¢) = ab + ac.

O6paTuTe BHUMaHNIE, YTO AKCHOMBI IOJISI ITO3BOJISIIOT BBIIOJI-
HsITh apuMETUIECKUE OMEPAINHA AHAJOTUIHO TOMY, KaK ITO Je-
JlaeTcs ¢ ducjamu. Ul HeynIMBUTEBHO: pallMOHAJbHBIE, JITEeHCTBU-
TeJIbHbIE U KOMILJIEKCHBIE YUCJIa JAl0T CaMble IIPOCTHIE U CaMble
BazKHbIE IpUMepHI 1oJjieii. Ho aTumu npumepaMu BO3MOXKHBIE HOJIsT
JaJieKo He ucueprbiBaioTcss. OIuH U3 BaXKHBIX CIIOCOOOB ITOCTPO-
€HUsl TI0JIel COCTOUT B MEPEXO/e OT KOMMYTATHBHOI'O KOJIBIA K
KOJIBITY KJIACCOB BBIYETOB 10 MOJYJII0 HEKOTOPOIrO HIeaJIa.

Kaxk ke BbIOpaTh Uaeas Tak, 9TOObI KOJBIIO KJIACCOB BHIYETOB
10 9TOMY WJIeaJLy OBLIO IojeM?

1j1st TOrO HAM TOTPEOYETCS eIlle OJIHO MOHSATHE — MAKCUMAAD-
nouti udean. Mmean I HasbiBaeTCss MaKCHMAaJbHBIM B KOJbIEe R,
ec/IM He CyIecTByeT Takoro ujgeasia I' # R, aro I C I' C R.

Teopema 2.22. Koavuo xaaccos sviuemos R/ I xommymamuero-
20 Koavua ¢ eduruuetl ecmsd nose moz2da u moavko mozda, ko20aq
1 — maxcumaavroil udeaan.

HdokazaTeabcTBo. KoMMyTaTHBHOE KOJBIIO SIBASIETCS TOJIEM TO-
Ia ¥ TOJBKO TOT/Ia B HEM pa3pelnuMbl ypaBHeHus ax = b, a # 0.
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IIycts I — MakcuMambHBIN neas. PaccMoTpuM ypaBHEHTE
a-z=>b, a#o0, (2.8)

a b — IPOM3BOJILHBIIT 3JIEMEHT U3 KOJbla R/, T. €. KJIacc BHIYETOB
b+ 1,b € R. JokaxkeM, 9TO TaKOe ypPaBHEHUE PAa3PEIINMO.

ITposepum, aro muoxkecrso I’ = {(r-a)+i|r € R,i € I} aB-
JISIETCST UJ1eaJIOM. J1jist 9TOro JOCTATOYHO J0KA3aTh, IYTO PA3HOCTH
JIBYX 3JIEMEHTOB OCTA€TCs B ITOM MHOXKECTBE U IIPOU3BEJICHUS
JII0OOT0 JIEMEHTa, 9TOI0 MHOXKECTBA HA, IIPOU3BOJILHBIE JIEMEHTHI
KOJIBIIA OCTAIOTCSI B 9TOM MHOYKECTBE:

(rl-a+i1)—(r2-a+i2)=(7‘1—7‘2)-G+(i1—i2)EI’,
r-(r'-a+i)=(rr")a+ (ri) e I'.

Cnenytomuit mar: I C I'. JleiicTBuTenbHO, 1714 3J1eMenTa ¢ €
nmeeM upejcrasienne B Buge 0 - a + 4. Ilouemy 310 BKIIIOUEHHE
crporoe? B I’ ectb anement 1-a+ 0 = a ¢ I (ycnosue a # 0
O3HaYaeT npocTo-Hampocto, uto a ¢ I). Cremosarensro, I' = R,
T. €. JIIO0OIT 3JIEMEHT KOJIbI[A, B TOM YHUCJIE U b, IPEJICTABUM B BUJIE
b =r-a+ i B HeKOTOpOM CMBIC/IE MBI HAILIN SIBHOE PEIICHUE
ypasuenuns (2.8): T = F. DTUM J0KA3aHA JTOCTATOIHOCTD.

JloKazaTebCcTBO HEOOXOMMOCTH HECJIOYKHO, HO 3TO PAaCCyK-
JIEHHE YacCTO BBI3bIBAET HEKOTOpoe HenoHnmMmanwue. [losTomy mpo-
BeJIeM ero MaKCHUMAaJbHO moapobHo. IlycTh paspernumbr J100be
ypasuenust Buga (2.8). Hykuo nokazars, uro I — MaKCHMAaJIbHBII
ueas.

Yro o3HAaYaeT paspernMocTh ypasHeHus (2.8)7 B TounocTn
paspemuMocThb cpaBaenus ax = b (mod I), KoTopas paBHOCHIIb-
HA I10 JOKA3aHHOMY BBIIIE yTBepKieHuto 2.17 ycioButo ax—b € 1.

Paccmorpum Takoit naeas I’, uro I C I'. Beibepem 3j1eMenT a
takoit, uto a € I' ma ¢ I. Tlockombky ax —b eI CI'ua €I, T0
ax € I'. TlosToMy (nmeas 3aMKHYT OTHOCUTEILHO BBIYATAHUSL) b €
I'. TIockoJIbKY b — IPOM3BOJIBHBIA 3JIEMEHT KOJIbIa R, TIPUXOIUM
K BbIBOMLy, uro I’ = R. d

DTa U3sAMIHAS TeOPEMa, JIETKO U IPOCTO JOKA3bIBAEMAast, II03BO-
JIJIa B CBOE BPEMs OCYIIECTBUThL I'MTaHTCKUAM IIPOPBIB, IIOCKOIBKY
C €€ IIOMOII[HIO CTPOUTCSI OTPOMHOE KOJITYECTBO 0OHEKTOB, B KOTO-
PBIX MOXKHO pellaTh JIMHEHble ypaBHEHUS.
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2.7. EBKIMI0OBBI KOJIBIIA

Jlastee MBI Oy/1€M HCKATH MAKCHMAJbHBIE UIEAJIbl B CIEINA b
HBIX KOJIBI[AX, KOTOPbIE HA3BIBAIOTCS €BKJIMIOBBIMH.

ITo onpenenenuio, KOMMyTATHBHOE KOJIBIIO R Ha3bpIBaercs es-
KAUJOBBIM, €CJTH JIJIST HETO BBIMIOJIHEHBI CJIEJYTIONIHE CBOMCTBA.

El:

E2:

E3:

EA4:

Koubio R — nesocraoe (T. €. B HEM HET JieuTesieil Hyist: 13
ab = 0 caenyer, aro a = 0 wm b = 0).

Jj1s KaxKI0ro HEHyJIeBOIO SJIeMeHTa KOJIbla OIIPeJIeJIeHa
YUCIIOBAsl XapPaKTEPUCTUKA — HOPMa, KOTOpasl IPUHIMAeT
IieJible HEOTPHIATe IbHbIe 3HaYenust. T. e. Hopma — 9TO TaKoe
orobpakernue N: R\ {0} — Z, aro N(r) > 0.

BoamokHOCTD J1e1eHns ¢ OCTATKOM O3HAYAET, UTO JIJIs JIIO-
OBIX JIEMEHTOB «a, b KOJbIa, b # 0, CyIecTByIOT Takue ¢, 1,
910 @ = ¢b + r u gmbo r = 0, ym60 N(r) < N(b). Duement
7 Ha3bIBAETCH OCTATKOM OT JeJIeHUs a Ha b. DTO OCHOBHOE
cBoiicTBO HOpMBL. COOCTBEHHO, OTCIONA U BO3HUK TEPMUH
«€BKJIUJ0BO». JleJ0 B TOM, UTO B JOIIEMINNX JI0 HAC PYKO-
[UCSX TEPMUH «JIeJIEHHE C OCTATKOM» BIIEPBbBIE MOSIBJISIETCS
B counHenusix EBKma.

Hopma nponseeienus qByX HEHYJIEBBIX COMHOXKATEEH 60JIb-
1re TuOOo paBHA HOPME JII000ro m3 comuoxuresneii. ®opmasib-
HO: Jst J06bIX a,b € R, a # 0, b # 0 Beiosnneno N (ab) >
> max(N(a), N(b)).

VYrBepxkaeHue 2.23. E6kaudoso KoabUo ABAAECMCA KONGUOM C
eduruye.

JokazaTesqbcTBo. Boibepem Takoii HeHyJeBoil sj1eMeHT e’ eB-
KJIn10Ba Koytblia R, uro N(e') npuHuMaeT MUHIMAJIBHO BO3MOK-
HOE TI0JIOKUTEIHHOE 3HAYEHHUE (3eCh CYIIECTBEHHO, YTO 3HAUCHUST
HODPM 3JIEMEHTOB II€JIble HEOTPUIIATEIbHBIE, I09TOMY MUHUMYM JI0-
cruraercs). Paznesimm Ipou3BOJIbHBIN 3JIEMEHT @ Ha €’ ¢ OCTATKOM:
a = ge’ + r. Ilo ceoiictey E3 BepHO 0100 M3 nByx: qubo N (r) <
< N(e'), mu6o r = 0. ITepBoe HEBO3MOXKHO B CH/Ly MUHUMAJIBHOCTH
HOpMBI €. 3Haunt, a = ge’. Vtak, Bce 37eMEHTBI KOJIbIa KPATHBI
e’ (menarca 6e3 ocrarka). B 4acTHOCTH, 9TO BEPHO U JIs CAMOTO
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e': ¢ = ee’. Ho Torma mnsa moboro a € R umeem ae’ = aee’,

T.e. €'(a — ae) = 0. IlockonbKy Kosbllo R nesnocrHoe u ¢ # 0,
nostyaaeM a — ae = (. S3uauur, e aBasgerca eaunuieil koyabia R. [J

PaCCMOTpI/IM JBa OCHOBHBIX ITpUMeEPa €BKJINIOBBLIX KOJICII.

IIpumep 2.24. Kobiio Z 1enbix qmcesa — eBKIna0Bo. Hopma —
5T0 MOIY/h uuciaa. CeoiicTBa 1, 4 oueBnmaHbI. BO3MOXKHOCTS Jie-
JIEHUSI C OCTATKOM TOXKe IpoBepsieTcs 6e3 Tpyna: mwid a,b € Z,
b > 0, obosnauum ¢ = max{s | a > sb}. 3amerum, uro gb + b > a.
[Moatomy ecim a # gb, To mist 7 = a — ¢b BbIOAHEHO T < b. 4
b < 0 nmosmaraem ¢ = max{s | —a > s(—b)}, cpoiicrsa ocrarka
IIPOBEPSIIOTCS AHAJIOTUIHO.

IIpumep 2.25. Ilycrs F' — mekoropoe moje. OKa3piBaeTCsl, 9TO
KOJIBIO MHOTOWIeHOB F[x] Hamx nomem F — eskamzmoso. Hopma —
9TO CTENEHb MHOTOWIEHA.

ITo crencremio 2.11 B kombie F[z] mer gemmresneit 0, Tak Kak
ux Her B nojie F' (cMm. yrBepxKieHne 2.21).

ITo yreepxaenmo 2.10 crenenb NMpon3BeeHUs IBYX HEHyJe-
BBIX MHOT'OYJICHOB PaBHa CyMMe CTEIeHelH COMHOKUTEIIEH, OTCIOna
CJIEITyeT CBOHCTBO 4 M3 OUpEEIeHIS €BKJINI0BA KOJIbIA.

JlemUTh MHOTOWIEHBI ¢ OCTATKOM MOXKHO <«B CTOJIOHK», KaK
y4aT B IIKOJE JEJUTh OOLIMHBIE Hesble duciaa. PopMaabHO BO3-
MOYKHOCTB JIJIEHAs C OCTATKOM MOYKHO ITPOBEPHUTH MO MH/LYKITHH.
IlycTe MBI paccMaTpuBaeM JEJIEHHE C OCTATKOM Ha MHOTOYWJICH
g(z) = go + g17 + gox? + -+ + gax?, g4 # 0. s mmorowre-
HoB f cremenu Menbiie d umeeMm mpezcrasierne f = 0-g + f,
deg f < degg. Do 6aza mamykIwu. Ternepsb MPEIOIOKIM, UTO
MBI YMEEM JIeJIUTh C OCTATKOM Ha (¢ MHOTOWJIEHBI CTEIICHH MEHb-
nre n. PaccMOTpPUM MHOTOYJIEH CTENEeHH 7

flx)=fo+ fix+---+ faz", fn#0.

Muorouner f = f — fngglx”‘dg UMeeT CTelleHb, MEHBIIYIO 71,
IIO9TOMY €r0 MOYKHO Pa3/IeJIUTh C OCTATKOM Ha ¢:
f: hg +r, degr < degg.
Ho Torpa
f=F+fugg'a" g = (h+ fugg'a" g +r.

3Ha‘{I/IT, f TaKzKe MOKHO pa3Je/InTh Ha g C OCTATKOM.
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3amevyanue 2.26. B ompenenennn meeHns ¢ OCTATKOM MBI HE
TpebOoBaJIM eIUHCTBEHHOCTU HEIIOJTHOTO YaCTHOTO M OCTATKA. JTO
TpebOBaHWE He HYXKHO JJIsi JOKA3aTeTbCTBA OCHOBHBIX CBOMCTB
eBKJIMJIOBBIX KoJien. OTMeTHM, OHAKO, 9TO JJIsd KOJIbIIa MHOIO-
YJIEHOB, KaK W JIJI KOJIBITA IEJbIX 9HCEN, HEIIOJHOEe YACTHOE U
OCTATOK OIIPEJIEIEHBI OTHO3ZHATHO.

HeiicrBurensho, nycts f = qug + 11 = ¢2g + r2. Torma
(1 — q2)g + (r2 — r1) = 0. U3 3700t bopMy/IbI cpasy Hnosydaem,
9TO 1 = @2, TaK Kak degr; < degg. Ho Torma u 1 = ro.

,ZLaJIee MBI pacCMaTpUBa€M TOJIBKO €BKJIMJIOBBI KOJIbIla.

Teopema 2.27. E6kAudosv, KoAbYUG — IMO KOALUG 2A0EHBIT Ude-
anos.

Ob6patHoe, BoODIIEe TOBOPsi, HEBEPHO.

HoxkazareabcTBo. Ilycts I C R — uneas. IIpeanosoxkum, 4ro
97IeMeHT ¢ € I mMeeT HAMMEHBIIYIO HOPMY CPEJH BCeX HEHYJIEBBIX
9JIEMEHTOB ujeasa. Ternepb BO3bMeM JII000H APYroil 3JIeMeHT Hjie-
ajia b u pazgenuM ero Ha a ¢ ocratkoM: b = qa+ 1, N(r) < N(a).
Ho r = b — qa € I, mosToMy B CUJly MUHUMAJHHOCTA HOPMBI @
nosygaeM, 9ro r = 0, 1. e. b = qa. Takum obpazom, I = (a). O

Iycrs a,b — nBa s1ementa (eBrinmoBa) Koublia R. Hauboaw-
wWuM 00uuM desumenem a U b Ha3bIBAIOT TAKOH dJIeMEHT d, 9TO
a = qd, b = rd, u gna mo6oro obmero gemurens d (a = ¢'d,
b = r'd’) Bemouneno d = d'd” pna kaxkoro-to d” € R. HaubGosib-
MUX OOMIUX JeJIATeNIeH B CMBIC/IE JAHHOIO OIPENE/ICHUAS MOXKET
661Th MHOTO. CKaXkeM, 5 U —5 SBJISIOTCS HAUOOJIBITUMU OOITUMEI
nenuressmu dncea 10 u 15 B KoJiblie Z.

IIycte di u dy — aBa HambosbIuxX OOIUX JeauTesisi. Torma
no omnpenenenuto di = d'dy = d'd"dy, T.e. dd’ = 1. Ml Bo-
JIMM, 9TO HaubOJIbIINE OOINME JEIUTE/]IN OTIAUYAIOTCH HA MHOXKU-
Tesb, JjI KOTOPOro B KOJIbIlE eCcTh obpaTHbIil. VI HaobopoT, ecin
d — HanOOBINI OOIMHUIl TeTNTENb, & € — 00PAMUMbLY FTEMEHT
(mesiuresib eUHUIbL), TO £d — TakKe HAMOOJIbIIUHA OOIIWii j1e/u-
tenb. Jeiictutensho, ecmm a = qd, b = rd, To a = (qge~1)(ed),
b= (re71)(ed); ecrm d = d'd", To ed = (ed')d".

Nrak, Hanbosbime o0Ire IeJIUTENN OTJINYAI0OTCS MHOYXKUTE-
JISIMH, KOTOPBIE ABJISIOTCS JEIUTE/ISAMU €IMHUIIbL.
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JlBa 3jieMeHTa KOJIbIA HA3BIBAIOTCS ACCOUUUPOSAHHDIMU, ECITH
OHU PA3JIUYAIOTCS IEIUTEAIMA E€IUHUILI: a ~ b paBHOCUIBLHO
a = eb, ¢ — pmeynTeNb €IUHUNLI. ACCOLIMUPOBAHHOCTL SIBJIAET-
Csl OTHOIIEHHEM 3KBUBaJIEHTHOCTU. HecsiozkHast MpOBEpKa TOro
YTBEPKIEHHUST OCTABJISIETCS UUTATENI0 B KAYeCTBe YIIParKHEHUS.

Mpbr O6ymem 0603HAYATH HAMOOJBITNHM OOIINI JIe/IUTEND Yepes
(a,b) 1 IOHUMATH [1OJ] STUM TPAJUIMOHHBIM 0603HAYEHUEM 410601
13 HauOOJILIINX OOIIUX JICJIATEIEH.

Teopema 2.28. Haubosvwuti obwut deaumens 08Yx aneMeRmos
€6KAUJ06A KOABUA MOICHO NPEICAsUMD KAk AUHETHYI0 Kombu-
HAYUIO daemenmos a,b ¢ xoaduyuenmamu uz koavua: (a,b) =
=Ta+g¢b, 7,4 € R.

HdokazaTeabcTBo. PaccMorpuMm MHOXKecTBO [, cocrosiee u3
BCeX 3JIEMEHTOB KOJblia BuAa ra + gb, r,q € R. IlpoBepum, uro
9TO MHOXKECTBO — HJIEaJI:

(ria+ @1b) — (rea + g2b) = (1 —r2)a+ (1 — q2)b € I,
r(r'a+q'b) = (r')a+ (r¢' )b € I.

[TockoJIbKY KOJIBIIO €BKJIMIOBO, TO 3TOT WJEAJ — [JIABHBIH, T.e.
I=(d).

Hokaxkem, uto d — HamboabImuit obmuit nerurenb a, b. Bo-
IIEPBBIX, TOCKOJIBKY a = ea + 0b € I, b = Oa + eb € I, nonyyaem
a = sd, b = td. Bo-Bropbix, MOCKOIBKY d € I, ero MOXKHO TIpeJI-
cTaBUTL B Buge d = 7Ta + ¢b. 3nagur, eciu a = ¢'d’, b = r'd’,
TO

d — ,f;qldl + qud/ — (/f;ql + qu)d/.

Kak y»ke 0Ob1710 TTOKa3aHO, JTI000M APyTroit HAUOOIBIIHI 00Tt
senuTens d oTamaaercs ot d Ha MHOKUTEJIb €, KOTOPBIH ABJIACTCS
pesuresieM equnuibl. [losromy d = (e7)a + (£G)b. O

Sameuanne 2.29. O6ozuauenue (a,bd) ABYCMBICIEHHO: TaK 060~
3HAYaeTcs He TOJIbKO HAMOOILIINI OOIIMI JIeINTeIb 3JIeMEHTOB
a,b, HO ¥ WAEas, TMOPOXKIEHHBIA JIeMeHTaMU a, b (HaI/IMeHbLuHI/“I
UJ1eadl, CoJepKaIuil 911 3j1eMeHThI ). B ciIyvyae eBKIMIOBBIX KOJIeI]
9Ta JBYCMBICJIEHHOCTb HE CYIIEeCTBEHHA, HOCKOJIbKY uzgeas (a,b)
SIBJISIETCSI TVIABHBIM MJIEAJI0OM, IOPOXKIEHHBIM HANOOIBITAM OOIIUM
nenarenem (a,b).
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DJIEMEHTBI €BKJINJIOBA KOJIbIa R HA3BIBAIOTCHA 63GUMMHO NPO-
CMbLMU, €CIN UX HaHOOJIBINUIA OO JeIUTEIb PaBeH eIUHUIIE.

YacTHbIM cilydaeM TeopeMbl 2.28 gBjisseTcsd OCHOBHASI TeO-
peMa Teopuu JAeJIMMOCTH: €CJIA YUCIA T U 111 B3AUMHO IIPOCTHI,
TO MOKHO [T0106pPATh J[Ba TAKUX IEJBIX T U Y, 9T0 2n + ym = 1.
fAcno TakaKe, 9TO U3 TeOpEMBI 2.28 cilelyeT, YTO i JIIOOBIX NBYX
IEJIBIX T, M MOYXKHO I[OI00paTh Takue IeJble YuCiaa T, Y, UTO
an + ym = (n,m). Ucnoab3ys 9Tu yTBEPKIEHUS, MOXKHO OLPE-
JIeJINTH TOPSIJIOK dJIEMEeHTa B IUKJmdeckoit rpymme C, u onucarh
BCe MopoxKparornue saeMenTsl C,.

VYrBepxkaenue 2.30. Ilycmov m — yenoe wucao. Toeda nopsadox
m 6 addumuenoti epynne Ly, 6vi4emos no modyso n pasen d =
=n/(n,m).

JokazarenbcTBo. Bo-nepssix, dm = dm = n-(m/(n,m)) =
= 0. Bo-sropnix, ecmx sm = 0, s # 0, To sm = tn. Tax Kax
(n,m) = zn + ym, to s(n,m) = sxn + sym geaurca Ha n. Ho
rorga s(n,m) =nus >d. O

Caencrue 2.31. B addumusnotli epynne Z, mMoporcoaOUuMU
INEMEHMAMU ABAAOMCHA 6 TNOYHOCIU e GHINEMDL T, OAf KOMO-
pox (n,x) = 1.

Bepuemcs x obmieit Teopun. Ilycts ecth Tpu agemenTta a, b, ¢
HEJIOCTHOrO KOJIbIA ¢ eiuHuieid u a = be. PaceMoTpuM mzeasint
(a), (b), T.e. Bce KpaTHBIE @ U Bee KparHbie b. Mmeer mecTo

VYrBepxkaenue 2.32. (a) C (b).

HdokazaTeabcTBo. Bo3bMeMm Kakoi-HUOYIb JIEMEHT U3 UIeATa
(a). On moxer GbITH npeacrasied B Buje ad = b(cd) € (b). O

Ecmun snement b accomumpoBan ¢ a, T.e. b = a - &, TO
a = b-et. Cunenosaremsno, (a) C (b), (b) C (a) u nosromy
(a) = (b). Apyrumu cjoBaMu, eciid JBa 3JIEMEHTa Pa3JIHYAlOTCs
JIeJIATeJIeM €IMHANLI, TO OHU IOPOXKIAIOT OJUHAKOBLIE MIIEAJIBL.

DjiemeHT b HA3BIBAETCS COOCTNEEHHBIM desumenem HEHYJIEBOTO
3JIEMEHTa (1, €CJIU @ = bC U ¢ HeOOpaTUM.

VYrBepxkaenune 2.33. [lycmov b — cobemeenunll deaumend a.
Tozda a we asasemces deaumenem b, m.e. b # ad.
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(3uaunt, b ¢ (a) u moromy (a) C (b).)

HokasarenbctBo. Ot nporusHoro. Ilycts a = be. [penmoso-
xuM, 910 b = ad. Torma a = a(ed) n a(l — ed) = 0. Tak kak
MBI PacCMaTPUBAEM KOJbIA 0e3 JeuTesieil Hyssd, TO 10 Kpaiiueit
Mepe OUH U3 COMHOXKuTeJieit B jieBoil yactu pasen (. Ilockosbky
a # 0, o 1 = cd. Dnement d — oOpaTHBI K ¢, IPUXOIUM K
IIPOTUBOPEUHIO. U

Jlemma 2.34. Ecau a # 0 passazaemcs 6 npousdsedenue cob-
cmeernvir deaumenets be, mo N(b) < N(a).

JokasarenbcTBo. Pasgenmum b #Ha a ¢ ocratkom: b = qa + r.
IMockoubky b — coberBenustit genurens, o 1 # 0, N(r) < N(a).
Ho a = be. MTostomy b = geb+r, T.e. r = b(1 — qc¢) # 0. Cnenosa-
tesibHO, N(a) > N(r) > N(b) (HopMa Ipou3BeneHNs] HE MEHBIIE
HOPMBI HEHYJIEBOTO COMHOXKUTEJISI ). O

HOHyTHO, JJId 3aBEPIICHUsA KapTUHBI, BBIBCIECM M3 ITON JIeM-
MBI elie OJIHY HECJIOZKHYIO TeOpeMy. DJiemenT KOJIbITa Ha3bIBACTCA
npocmuviM, €CJIn y HETO HET COOCTBEHHBIX ,ILBJ'II/ITG.HBI;'L a OH CaM He
ABJIdeTCdA AeJimTesieM €IUHHIIbI.

Teopema 2.35. Kaorcouil snemenm eskiudosa KoAbUG Pa3ia2a-
EMCA 6 NPoU3BedenUe NPOCTNBIL INEMEHRMOB U OEAUMENS EOUHUUDL.

JokazarenbcTBo. Hayknus nmo BesmynHe HOpMBI. B KadecTse
6a3bl MHYKI[UA PACCMOTPUM yTBEPIKIEHUE TEOPEMBI JIJIsl 3JIEMEH-
TOB ¢ MHUHUMAJBHOH HOpMOi. OUeBUIHO, YTO OHU MPOCTHIE: B
POTUBHOM CJIy4ae OHM UMeJU Obl COOCTBEHHBIE JIEUTENN, U STH
JIEJIATEITN UMEJTN OBl MEHBIIYIO HOPMY.

[IpenmosoxkuM, 9TO yTBEPKIECHHE TEOPEMBI BEPHO sl BCEX
3HAYEHNIT HOPMBI, MEHBINUX JUOO PABHBIX HEKOTOPOMY UHCIY 17.
BosbmeM ciierytonee 3HAUEHNE HOPMBI 1M+ S, T. €. HAMMEHbBIIee U3
3HAYEHUIT HOPMBI, OOJIBIINX M (CYIIECTBEHHOE OTJIMYNe OT CTaH-
JIApTHOW MHJIYKITNH 37€Ch B TOM, UTO HUKTO HE YTBEPXKIAET, UTO
3HadeHus HOpM uayT noapsn). lycrs N(a) = m + s. Ecom a —
MPOCTOI 3JIEMEHT, TO yTBEPKIEHNE BBIMOJHsAeTCs. Ko a — He
IPOCTOI, TO OH pa3jaraercst B MPOU3BEJIEHNE COOCTBEHHBIX /U~
TeJlell, HOpMa KOTOPBIX MeHbIIle HOpMBL a: a = be, N(b) < N(a),
N(c) < N(a). Ousi b, ¢ yTBepKieHUE CLIPABEIJIMBO B CUJLY IIPEJI-
MIOJIOYKEHNST HHAYKIMA, 3HAYUT OHO CIOPABEJIUBO U JJIsT . d
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M1 yxe pokasasu (yrBepzxkienue 2.33) 4To HEIPOCTON 3Jie-
MEHT HE MOXKET IIOPOJUTh MAKCUMAJILHBIN niea (PaBHOCHIbLHAS
dopma: BeaKHil TVIABHBI MaKCUMAJILHBIA KJIE€AJ [TOPOXKIAETCS
IPOCTBHIM 3JieMeHTOoM). Bepro u obparHoe:

Teopema 2.36. IIpocmoti asemenm p nopoxrcoaem MakCuMaAb-
noull udean (p).

HdokazareabcTBo. 1o Teopeme 2.22 maeast aBIsgeTCS MaKCUMAIb-
HBIM TOTJIa U TOJIbKO TOIJA, KOIJIa KOJIBIIO KJIACCOB BBIYETOB IIO
9TOMY WHJeasy $ABJSETCS II0JeM, T.€. Pa3pellnMO ypaBHEHUe
ar = b, a # 0. Jloxazkem, uTo B Kosblle R/(p) Taxkoe ypaBHeHue
00sI3aTeJIBHO pa3peInmMo.

Paccmorpum Haubosbmmii obmmit genurens (a,p). Tak kax
P — IPOCTOIi, €ro JeJTUTEIN — TOJIHKO euHuIbl 1 oH caM. Ho a Ha
p ue nenurcs (a # 0, snauut, a ¢ (p)). Hostomy (a,p) — nenurens
enuuantipl. 11o Teopeme 2.28 euHUIly MOYKHO IPEJICTABUTD B BUJIE
JIMHEWHO! KOMOWHAIMY G U P:

1 =ar+pq.

Joxaxkem, uato rb — pemtenue ypasHenusi af = b. Tak kak b =
=1-b=(ar + pq)b = a(rd) + p(gb), To

a(rb) + p(gb) =b = arb+pgb=">b = arb=b.

Urak, Mbl JoKa3am, 90 J100oe JIMHeiHOe ypaBHEHHE paspe-
[IKMO, 3HAYUT, KOJILIIO KJIACCOB BbrueToB R/(p) — mosie, a moromy
uznean (p) — MaKCHUMaJIeH. O

B eBKIMIOBBIX KOJBIAX CYIIECTBYET IIPOCTOM CIIOCO6 HAXOXK-
JieHUs HaubOoJIBIIEro O0IIero JIEIUTE s U PEICHs YPABHEHUS Ta+
yb = (a,b), KOTOPBIl HA3LIBAETCH PACULUPEHHBIM AAZOPUTMMOM
FEexauda.

VYrBepxkaenue 2.37. lis a06vx anemenmos a, b, q eskaudosa
Koavya svmoaneno (a,b) = (a — gb,b).

HokasarenabctBo. [lycrs d — obmuit gemurens a u b, T e.
a=dd, b="0bd. Torma a —gb = a'd — qb/d = (a' — ¢b')d, Tak
qT0 d sBseTcs obmuM geauteneMm a — qb u b. I maobopor, ecin
a—qb=cd, b=1bd, 0o a = gb+cd = (¢gb'+¢)d. 3uauur, MHOKECTBO
obmux geauresneit g map a,b u a — gb, b onMHAKOBO. O
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VYrBepxkaenue 2.38. Pewerusmu 00Hopoodno20 Aunetinozo ypas-
HeHUuA ¢ dsymsa nepemernumu ax + by = 0 ¢ xoadpuyuenmamu
ug eekaudosa Koavua R (a u b ne pasmsve odnospemenno Hy.ai0)
ABAANOMCA

xzt%, Y= —t%, d = (a,b), t € R.
HdokazaTenabcTBo. Pazmenus obe qacTu ypaBHeHNUsT HA HANOO/Ib-
it o6t gesuredis (a,b), HOLyYUM PABHOCHIBHOE yDaBHEHHUE,
k03 dunmeHTH KOTOPOro B3auMHo mpocthl. [losToMy mocrarodno
pemnuTh ypaBHeHue ax + by = 0 co B3auMHO pocThIMu K03 du-
[UEHTAMU.

Eciu (a,b) = 1, To no Teopeme 2.28 mjisi HEKOTOPBIX U, v € R
BBINIOJIHEHO au + bv = 1. YMHOXKUM paBeHCTBO ax + by = 0 Ha u:

u(ax + by) = ua + uby = (1 — bv)x + uby = = + b(by — vz) = 0.

Takum obpazom, z = tb npu mexkoropom t € R. Ho Torma by =
= —ar = —tab u y = —ta. C japyroit cTOpoHBI, JObasi mapa
(tb, —ta) saBisierca pemenueM ypasuenus ax + by = 0. O

Pacmupennsrit asropurm EBkinga paboraer cieayrommm 06-
pasoMm. BHagaJie BBIUUCISIETCS IIOCIEI0BATETHLHOCT OCTATKOB
(coberBenHo anropurm EBkinma):

a; = Qi410i4+1 + Giy2, Ao =a, a; =b,

moka a;4o # 0. Iocnennue guciia B 9TOW MOCIEI0BATELHOCTH
At = Qi+104+41, Qt41, UpuIeM a1 = (ap,a1) = (a,b).

ITouemy anaropurm EBkinma paboTaeT KOHETHOE YUCTIO MTATOB
U J]aeT TpaBWIbHBIA oTBeT? HOpMBI 9JIEMEHTOB @; YMEHBIIAIOTCS
upu ¢ > 1, OCKOJIbKY KaXKIblil CJIEYIOIIHNI JIEMEHT SBJISETCS
OCTATKOM OT JIeJIeHUsT Ha TPEIbIIYIIUi. SHAYUT, [IOCIe KOHETHOTO
YUCJIa MAr0B OCTATOK CTAHET HYJH0. KOPPEKTHOCTH OTBETA CJIey-
eT U3 yTBepxKaenusd 2.37:

(ao,a1) = (a1, a2) = -+ = (at, Gry1) = a1 -

Bropast gacts asropurma (paciiupeHHbIH ajaropurM EBim-
JIa) CTPOUT IOCJIEIOBATEIHHOCTD 11D X;, Y, HAUUHAL C Ty = —1,
Yt = Ge+1 + 1 1O cireyronuM peKyppeHTHBIM hopMyIamM

Ti = Yi+1, Yi = Tit+1 — Gi+1Yi+1-



2.8. OcHoBHas1 TeopeMa apH@METHKH 109

ITo uuayKIUU IPOBEPSIETCST, YTO
T + Y;Qip1 = (ao, al). (29)
9TO0 BepHO mpH i = t, TaK KaK

L0y + Y41 = —Ge1e41 + (i1 + 1)@ = a1 = (ao, a1).

Eciu (2.9) Bepro 1pu ¢ + 1, TO OHO BEPHO U LIpH %:

Ti0; + YiGiy1 = Yir10i + (Tiv1 — Gir1Yit1)0ip1 =
= Yi+1(Qi+10it1 + @ira) + (Tit1 — Giy1Yit1)0iy1 =
= Zit1Qi41 + Yir10ir2 = (ao,a1).

IMapa (zg, yo), HoLyveHHas B pe3yjbrare paboTbl BTOPOil Ya-
cTu ajgropurMma, Oyger pemenueMm ypasuenus ar + by = (a,b).
OcraJjibHble peleHust OTAMIAIOTCS OT ITOIO HA PEIICHHE OIHOPOI-
HOIO ypaBHEHHs, Tak Kak eciu axg + byo = (a,b) u ax + by =
= (a,b), To (az + by) — (azo + byo) = a(z — o) + b(y — yo) = 0.
IlosTomy obrrtee pereHnre JTUHEHHOTO HEOIHOPOIHOTO YPABHEHUS
UMEET BUJI

b a
x:xo—kta, yzyo—ta d=(a,b), t € R.

2.8. OcHoBHag Teopema apudMeTuKu

OpauM u3 caecTsuii Teopemsl 2.36 sIBJISIETCs TO, YTO B KOJIBIE
KJIACCOB BBIYETOB II0 MOAYJIO (p), rae (p) — mpocroii uueas, Her
Jerureneil Hys (Bblie GbUIO JOKA3aHO, ITO UX HET B JIOOOM Te-
Jsie). U3 aroro daxra 1morydaercs BaXKHOE yCUIEHAE TeopeMbl 2.35.

Teopema 2.39. Kaorcovti snemenm esxiudosa KoabUa 00H03HAY-
HO PA3AAZAEMCA 68 NPOUIGEIEHUE NPOCTBIT INEMEHMOE C MOYHO-
cmwvio do deaumeneti QUHUYDBL. IMO 03HAMAEM, YMO ECAU ECTMD
d6a Passodtcenus 8 NPouU3eedeHue NPOCMbLL

a=epip2...Pn =0¢1G2 ... Gm

(€,0 — deaumenu edunuyvt), Mo n = M U CYWECMBYem maKas
NePecmano6ra undekcos o, 4mo p; = €iqq (), 20e €; — deaumenu
eQUHULDL.
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JokazareabcTBo. VHayKIms 1o JIMHE KpaTdaiInero pa3aoxKe-
HUS B IIPOU3BEEHUE ITPOCTHIX.

Baza wanyknum: n = 0, genurenun eauuunpl. [lycts mesm-
TeJIb EJIMHUIILI € ABJSETCH ITPOU3BEJIEHUEM ITPOCTHIX IJIEMEHTOB
G192 - . . Gm. Torma g, — IeanuTelb eMUHAIDL, TaK KAK € 1qa . . . Gm
ABJISIETCA 0OpaTHBLIM K ¢1. HO 9TO NMPOTHUBOPEUUT OIPEICTICHUIO
mpocToThl. 3HaduT, m = 0.

IIycThb yTBepKI€HIE TEOPEMBI BBIIOJIHEHO JJISI BCEX SJIEMEHTOB
KOJIbIIa, KOTOPBIE PAa3JIaraioTcs B MIPOU3BeIeHUE He OoJtee dIeM n
mpocThIX. PaccMoTpuM Ba pa3iioKeHus Ha MPOCTHIE:

EP1P2 - - - PnPnt+1 = 0q1G2 . . . G, T =M.

ITocKOMBKY B KOJIBIIE BBIYETOB IO MOJYIIO (Pp41) HET JesuTeseil
HyJIs, OJIMH U3 COMHOKHTeJIell B IpaBoil YacTU JOJKEeH JIeIUThb-
Csl HA Pp41- C TOYHOCTBIO O IepeHyMepaliu 3JIEMEHTOB MOXKHO
CUNTATh, YTO 3TO — (. VI3 TIPOCTOTHI Ppi1, ¢m BBITEKAET, UTO
Pn+1 = Ent+14m. 3uaynr,

€En41P1P2 - - - Pn = 0G1G2 - - . 1.

Ocrajoch IPUMEHUTDH TPEAIIOJIOKEHNE WHIYKIMA K STUM Pa3JIo-
JKEHUSIM. O

Koubrio nienbix uncest Z eBkiugioso (cM. npumep 2.24). Hesnn-
TeJIIMU eJUHUIBI B 9TOM KOJble aBisitorcs +1. Ilosromy us Teo-
pembl 2.39 BBITEKAET CJIEJCTBHE, N3BECTHOE KAK OCHOBHAsl TE€O-
pemMa apudMEeTUKN: BCAKOE MOJOKUTEILHOE IEJI0e YUCTI0 Pas-
JIaraeTCsd B MPOU3BEIEHNE MPOCTHIX UNUCET OJHO3HATHO C TOUHO-
CTBIO JI0 TIEPECTAHOBKU MHOXKHUTEJICH.

3ameuanne 2.40. Kosbria, B KOTOPBIX JTIOOO0# 3JIEMEHT OHO-
3HAYHO B CMBICJIE TeOpeMbl 2.39 paziiaraeTcs Ha MPOCThIE MHOXKH-
TeJIN, Ha3bIBAIOTCS Pakmopuasvhoimy. Teopema 2.39 yTBepK1aer,
YTO BCE €BKJIMJIOBBI KOJIbIa (pakTopuaabHbl. OGpaTHOe HEBEPHO.
MozxHo, HanpuMep, JT0Ka3aTh, YTO KOJIBI[O MHOTOYJIEHOB OT NIBYX
nepeMeHHbIx Q[z,y] saBiserca dakropuanbHbiM. Ho 310 KOIb-
10 HE ABJISETCS €BKJIMJIOBBIM, IOTOMY YUTO HE SABJISIETCH KOJIBIIOM
IJIABHBIX UJI€AJIOB. MHOIOWIEHBI, y KOTOPBIX CBOOOIHBIN WIEH pa-
BeH (), 0OPa3yIOT B 9TOM KOJIBbIIE MJI€AJ U JIEFKO IIPOBEPUTH, UTO
9TOT HjieaJll He SIBJIFETCS [JIABHBIM.



2.9. Kuwuraiickass TeopeMa 06 ocTaTKax 111

2.9. Kuraiickas TeopeMa 00 ocTaTKax

B stom pa3zmeiie Mbl puBesieM ellle OJJHO BaKHOE CJIEJICTBUE
00111elt TEOPUN €BKIUIOBBIX KOJIEIL.

Teopema 2.41. /[asa 83aUMHO NPOCMBIT INEMEHMOSE D1, P2 €6-
xaudosa Koavua R umeem mecmo uzomoppusm xoaey R/ (p1pe) =

R/(p1) © R/(p2).

HokasarenbcTBo. Paccmorpum romomopdusm

p: R— R/(p1) © R/(p2), w:7 = ({r}1,{r}2),

rae {r}; obo3HATAET KJIACC BBIYETOB IO MOJYJIIO P;.

Teopema 2.28 yTBep2KTaeT, 9TO B KOJIbIle HAIIYTCSA TaKue dj1e-
MEHTBI Z1,T2, JJIs KOTOPBIX T1p1 + Z2p2 = (p1,p2) = 1. U3
9TOr0 PABEHCTBA CJIEJYET, 9TO D] ABJACTCS JIETUTEJEM €IUHHIIbI
B R/(p2), a Dz siBisiercst gesmresieM eauHunpl B R/ (p1).

Hyers r = y1p1 = y2p2 € Kerp. Torma yipr = Y2p2 = 0
B R/(p1). llockoubky Pz — mesurens eauuunsl, 1o gz = 0, T.e.
Yo = ap1. 3HaumtT, v = apip2. IllodTOMy SIpPO roMoMopdu3Ma @
coBagaer ¢ (p1p2).

[Ipu sTOM romoMOphuU3M ¢ CIOPBHEKTUBEH, TAK KaK JJIs JII00O0i
maphl KJIAcCoB BbUeToB ({71 }1, {72 }2) HallmeTcs ameMeHT KosbIa
s =r1+(re—r1)x1p1 = ro—(re—r1)T2op2, KOTOPHIHA 0TOOPAXKAETCSI
B 3Ty mapy Ipu romomMopdusme (.

OcTanoch TPUMEHATH TeopeMy O romMoMopdusme kogern. [

Teopema 2.41 uMeeT OUYeBUIHBIE CJIEACTBUS JJIA KOJEIl BblUe-
TOB, IIUKJIMYECKUX I'PYIII U KOJIEI BHIYETOB II0 MOIYJIIO HU/EaI0B
KOJTBIIA MHOTOYJIEHOB.

Caencrsue 2.42. Ecau p,q — 63aUMMHO NPOCMBIE YUCAL, O
Lipg & Ly D ZLy.
Caencrsue 2.43. Ecau p,q — 63aUMMHO NPOCMBIE YUCAL, O
Cpg =2 C, ® (.

CaenctBue 2.44. Ilycmo K — noae. Ecau mmozouaenws f,g €
K[x] ssaummno npocmo, mo Klx)/(fg) = Klx]/(f) ® K[x]/(g)-

IIpuBemem ere ouH IpUMEP UCIOIB30BAHNA KUTANCKON Teo-
pembl 06 ocrarkax. @yuknus Ditepa ¢(n) paBHA KOJIUYECTBY
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HATYypPaJIbHBIX YHCEJI, MCHBINUX 7 WU B3aUMHO HIPOCTBLIX C N (T. €.
KOJIMYIECTBY O6paTI/IIVIbIX JIEMEHTOB KOJIbIIa BBIYE€TOB Zn)

Teopema 2.45. Qynxuyus p(n) MYLLMUNAUKAMUBHA, M. €. ECAU
(n,m) =1, mo p(nm) = p(n)p(m).

HokazareabcTBo. OOpaTuMble 3JIEMEHTBI B KOJIbIE Zy B Ly —
9TO T€ JIEMEHTBI, y KOTOPBIX B KaXK/I0{l KOMIIOHEHTE — 0OPATUMBbIi
3JIEMEHT. 3HAYUT, KOJIMIECTBO OOPATUMBIX 3JIEMEHTOB B KOJIbIIE
Lo = 2y ® 7y, paBHO KOJIMIECTBY AP (X, Y), Tl & — 0OpaATUMBbIiL
B Zp, & Yy — OOPATUMBIA B Zyy,. O

2.10. agaun

2.1. Broisicuurh, Kakue U3 CIELYIONUX MHOMXKECTB SBJISIOT-
cd KOJIbIIAMH (HO HE IOJIIMH) M KaKH€ IIOJISIMH OTHOCHTEIHHO
yKasaHHbIx onepanuil. (Eciu oneparuun He yKasaHbI, TO HOJpa-
3YMEBAIOTCS CIIOYKEHUE U YMHOYKEHIE JHCel. )

a) mesble ucia Z;

6) uerHble YnCIa;

B) IleJIble Ynciia, KpaTHbIE JAHHOMY 4uciay d (paccMOTpeTh B
gacrHocTH, ciaydail d = 0);

r) parponasbusle dnciaa Q;

1) AeficTBUTEIbHBIE Ynciaa R;

e) koMiutekcuble uncia C;

) JleficTBUTe b HbIe UnCIa BUAA T + yv/2, e @,y € Z;

3) JeifcTBUTeNbHBIE YHCa Bua & + y+v/2, e o,y € Q;

M) KOMILUIEKCHBIE YUCTIa BUJA 1 + mi, Tjae n,m € Z (rayccoBsl
qucsa);

K) MHOXKEeCTBO KOMILJIEKCHBIX 4Hces Buja & + yi, rjue z,y € Q;

JI) MATPUIIBI TIOPSAJIKA 1 C IEJIBIMA SJIEMEHTAMU OTHOCUTEIHHO
CJIOXKEHUSI U YMHOYKEHUSI MaTPHUIL;

M) MATPHUIbI HOPSIKA N C JIEHCTBATEIHHBIMA JIEMEHTAME OT-
HOCHTEJIHHO CJIOXKEHUS U YMHOMKEHUS MaTPHUIL;

H) QYHKIMA ¢ JefiCTBUTEIBHBIMEI 3HAYEHISIMI, HEIPEPLIBHBIE
Ha orpeske [—1,+1] oTHOCHTEIBHO OOBIMHBIX CJIOKEHU U yMHO-
KeHusi DyHKITHH;
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0) MHOT'OYJIEHBI OT OJIHOIO HEU3BECTHOTO & C TeabiMu Ko3(bdu-
[IMEHTAMU OTHOCUTEJIBHO OOBITHBIX OIEpPAIUil CJIOKEHUsT U yMHO-
JKEHUS;

) MHOTOYIEHBI OT OJHOTO HEU3BECTHOIO X C JEHCTBUTE/LHbBI-
MH KO3 (DUIMEHTAMI OTHOCUTEIBHO OOBIYHBIX OIEepallnii;

a b
P) MaTpPUIBI BUIA (2b a) C PaAlMOHAJILHLIMU WU JIeiACTBY-

TeJIbHbIMU a, b OTHOCHTEJILHO CJIOXKEHUSI U YMHOXKEHHA MATPUIL;

¢) O6pa3syior Jiu KOJIbIIO BCE TPUTOHOMETPUYECKHUE MOJTMHOMBI

ap + Z ay cos(kx) + by sin(kx)
k=1

¢ feficrBUTEIbHBIMU KO3 duimenTaMu? BoIICHUTE TO 2Ke JIJIsT 110-
JIMHOMOB OJJHHX KOCHHYCOB g+ Y p_, @k oS(kx) 1 OJHUX CHHYCOB
ao+ > p_y axsin(kx).

2.2. O6pa3zyer Jin KOJBIO OTHOCUTETHLHO OOBIYHBIX OHEepPAIHii
CJIOZKEHUS U YMHOXKEHUSI

a) MHOKECTBO DAIIMOHAJLHBIX YUCEJI, B HECOKPATUMON 3a1ucy
KOTOPBIX 3HAMEHATENH JeIIT (PUKCUPOBAHHOE HATYPAJIHLHOE THC-
aon €N;

6) MHOXKECTBO PAIIMOHAJLHBIX YUCEJI, B HECOKPATUMON 3a1ucy
KOTOPBIX 3HAMEHATEeIU He AeJATCd Ha (PUKCUPOBAHHOE IIPOCTOE
YUCJIO P;

B) MHOXKECTBO DPAIMOHAJILHBIX YUCE, B HECOKPATHMON 3amu-
CU KOTOPBIX 3HAMEHATE/IM ABJISIOTCS CTeIleHAMN (PUKCUPOBAHHOIO
IIPOCTOr'O YUCJIA P;

r) amcia Buga x + yv/2, e x,y € Q (s onpenenennocT
Gepercst JefCTBUTEIHHOE 3HAYCHUE KOPHS );

J1) MHOYKECTBO KOMILIEKCHBIX 9UCe]I BUJA 4121 + dg2a + ... +
+ anzn, TOE a1, A2, ..., Ay — JEHCTBUTEILHLIC YUCIA, & 21, 22,

.y Zn — KOMILIEKCHBIE KOPHU N-ii cTelenu us 1;

€) MHOXKECTBO KOMILJIEKCHBIX YHCeJ BHJA % VD e D —

dbukcupoBanHoe 1eJ10e YucI0, CBOOOAHOE OT KBaJAPATOB (HE JIeJis-
ieecs Ha KBAJPAT IPOCTOTO YUCIA), 7, M — IEJIbe YUCJIa OJMHA~
KOBOII YE€THOCTH.

2.3. O6pa3zyer Jin yKazaHHOE MHOYKECTBO MATPHI] KOJIBIIO OT-
HOCUTEJLHO MATPUIHOTO CJIOXKEHUS U YMHOYKEHUS:
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&) MHOKECTBO JIEHCTBATE/IbHBIX CAMMETPUIECKAX MATPHUI] 110~
paKa n;

6) MHOXKECTBO JIEfICTBUTEJILHBIX OPTOrOHAJBHBIX MaTPUI] HO-
paKa n;

B) MHOKECTBO BEDXHHX TPEYTOJIbHBIX MATPHUI| HOPsI/IKA 1}

I') MHOYKECTBO MaTDPHUI| BUJIA T e D — duxcupo
pul BAJ Dn m)’ pat P

BaHHOE TIEJI0e YUCJIO, N, M € Z;

m
1) MHOXKECTBO MATDPHI] BUJIA Dn , tme D — durcupo-
BAHHBI 3JIEMEHT HEKOTOPOro Kojbia K; n,m € K
1 m
€) MHOXKECTBO MATDUI BUJA AW , tne D — dukcn-

POBAHHOE TIEJI0€ IHCJI0, CBOOOIHOE OT KBaJpaToB (He Je/dIneecs
HA KBaJIPAT [IPOCTOrO YHCJIA), N, M — IeJIble YUC/Ia OJUHAKOBOMI
YEeTHOCTH;

zZ w
2K) MHOXKECTBO KOMILJIEKCHBIX MaTPHI[ BUIA < @ z);

3) MHOXKECTBO BEIECTBEHHbBIX MaTPHI[ BHA

r -y =z t
Y r -t z
—z T Y
-t -z -y x

2.4. OO6pazyer Jiu CJeayIoliee MHOXKECTBO (DYHKIHI KOJIb-
[0 OTHOCHUTEIHLHO OOBIYHBIX ONEPAIil CJIOXKEHHUS] U YMHOMKEHUSI
byHKIWMIA:

a) MHOXKeCTBO (DYHKIUiT JeHCTBUTEILHOIO IEPEMEHHOIO HA, OT-
peske |[a, b];

6) MHOKeCTBO DYHKIMI JeHCTBUTEIHHONO IEPEMEHHOIO, UMe-
IOIUX BTOPYIO IIPOU3BOJHYIO Ha UHTEpBaJe (a,b);

B) MHOKECTBO PAIMOHAJIBHBIX (DYHKIWIA HefiCTBUTELHOTO e~
PEMEHHOT0;

I') MHOXKECTBO HEIPEPLIBHBIX EPUOIUYECKUX (DYHKIMH meii-
CTBUTEJILHOIO [TEPEMEHHOIO0;

J1) MHOXKECTBO (DYHKIWIi JIEHICTBUTEILHOIO IIEPEMEHHOr0, 00-
pamatoruxcs B 0 Ha HekoTOpoM MojamHoKecTtBe D C R;

e) MHOXKeCTBO (DYHKIUIl, OIPEIeIeHHbIX HA HEKOTOPOM MHO-
xkecrBe D M NPUHUMAIONUX 3HAYEHUE B HEKOTOPOM KoJiblle K.
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2.5. B MHOXecTBe MHOTOWIEHOB OT IEPEMEHHOTO ¢ ¢ OOBITHBIM
CJIOXKEHNEM B KavIeCTBEe YMHOXKEHHUsI PACCMATPUBAETCS OTEPAIlsT
cyneprosunu, 3ajantas npasumioM (fog)(t) = f(g(t)). Asasiercs
JIL 9TO MHOYKECTBO KOJIBIIOM OTHOCHUTEJILHO 3aJIAHHBIX OIleparuii?

2.6. OO6pasyer Ju KOJBIO MHOXKECTBO BCEX MOJIMHOYKECTB
HEKOTOPOTO MHOYKECTBA OTHOCUTEIHHO CHMMETPUIECKON PAZHOCTH
U TIepecevueHnsi, PACCMATPUBAEMbIX KaK CJIOXKEHHE M yMHOXKEHHUEe
COOTBETCTBEHHO?

2.7. SBagercs aM KOJIBIOM MHOXKECTBO TPEXMEDHBIX BEKTO-
POB OTHOCHUTEJIBHO OMepaInii BEKTOPHOTO CJIOXKEHUsT I BEKTOPHOTO
YMHOYKEHUSI !

2.8. Jlokazarb, YTO B KOJIbIIE C €MHUIIEHl BBIIOJIHSIIOTCH TOXK-
JlecTsa

a) —ab=(—1)ab, 6) (-1)-(-1)=1.

2.9. Kaxkwue u3 koJer B 3aja4ax 2.1 — 2.7 comepzKar JeJUTE TN
HyJIs?
2.10. Jlokazark, uto ecin a® — menuress HysIs, TO U 4 — -
JINTEb HYJIS.
2.11. /[lokazaTh, 9TO BCE AMATOHAJIBHBIE MATPHUIIBI, T. €. MATPU-

bl BUJIQ

ai 0 0 0
0 a 0 0
0 0 as o1,
0 0 0 an

[OPAJIKA N > 2 ¢ JeHCTBUTENbHBIMU KOdMDUIMEHTaMUA OTHOCH-
TEJIbHO OOBIYHBIX OIIEPAIINil CJIOKEHUS U YMHOXKEHHU MaTPUIL 00-
pPa3yioT KOMMYTATUBHOE KOJIBIIO C JIEJTUTEIAMA HYJIA.

2.12. Jloka3aTb, ITO B KOJIbIIE KBaIPATHBIX MATPHUIL HOPSJIKA 1
C dJIEMEHTAMH U3 HEKOTOPOIO IIOJIS JEJIUTEISIMI HYJIs SIBJIAIOTCS
BBIPOKJIEHHBbIE MAaTPHIbL, ¥ TOJAbKO oHU. (Marpuna Has3blBaeTcs
BBIPOKJICHHOM, ecjiu ee onpezenTesb pase ().

2.13. Haiitu Bce genurenn Hysd Koubla Z & Z (oupenesenue
UPSIMO¥A CyMMBI KOJIel[ ¢M. Ha c. 87).

2.14. JlokazaTh, 9YTO Bce 0OpaTUMBbIE IJEMEHTHI KOJIbIA C €1~
HUIEH 00pa3yIoT IPYIILY OTHOCUTEJIHHO yMHOXKEHHUSI.
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2.15. Haiitu obpaTumMble 37/eMEHTBI B KOJIbIIAX C €IUHUIEH U3
3aga4 2.1 — 2.7.

2.16. lokazaTb, YTO U3 PABEHCTBA AT = QY JJIs JIAHHOTO dJIe-
MEHTa @ U JIOOBIX JIEMEHTOB X U Y KOJIbIIA CJIE/IyeT PABEHCTBO
T = Yy TOrJa U TOJBKO TOIJIa, KOTJIa  He SIBJISETCS JeIUTeJIEM
HYJId.

2.17. Ilokazarb, 9TO MaTPUILI MOPAIKA N > 2 C IJIEMEHTAMU
U3 HEKOTOPOT'O I0JIsl, B KOTOPBIX BCE CTPOKM, HAUYUHAS CO BTOPOIA,
COCTOAT U3 HyJIel, 00Pa3yIOT KOJIBIO OTHOCUTEIHFHO MATPUIHOIO
CJIOZKEHUS U YMHOXKEHUSI, B KOTOPOM BCSIKUI 9JIEMEHT, OTJIMYHbBIN
OT HyJIsl, Oy/IeT IPaBBIM JleJnTeseM Hyls. Kakue MaTpUIIbI B 3TOM
KOJIBIIE HE OYyJIyT JIEBBIMU JIEJIUTEISIMU HYJISA !

2.18. DaemeHT a KOJbIA R Ha3bIBAETCSI HUABNOMEHMHBIM, €C-
mu o™ = 0 1718 HEKOTOpOro HaTypajbHOro m. [l1g KoMMyTaTHB-
HOI'O KOJibIla R 10Ka3aTh, 9TO a) €Ccu @ — HUJILIOTEHTHBI, TO
JUtst 1106010 1 € R 971eMeHT ra — TaK»Ke HUJIBIIOTEHTHBIIT; 6) ecim
a,b — HWJIBIIOTEHTHBIE, TO @ + b — TaK»Ke HUJIbIIOTEHTHBIA.

2.19. Haiitu Bce oOpaTnMble 3JIeMEHTHI, BCE JIeJIUTEIN HyJIsd U
BCE HIUIBIIOTEHTHLIE SJIEMEHTHI B KOJILIAX &) Zpn, LA P — IPO-
CTOE YKCJI0; 0) KOJIBIIO BEPXHUX TPEYTOJbHBIX MATPHIL HAJL IIOJIEM;
B) K010 M>5[R] MaTpuIr BTOpOro mopsiika ¢ JefCTBATETHHBIMA
9JIEMEHTAMH; T') KOJIBIO BCeX (DYHKIUIL, OlpeIeIEHHBIX HA HEKO-
TOPOM MHOXKeCTBe S U MPUHUMAOIINX 3HAYeHus B moJe K.

2.20. Ilycts R — koHewHOE KOJBIO. JJoKazaTh, 9T0

a) ecit R He COmep:KUT JiesiuTesieil HyJist, TO OHO UMEEeT €U~
HUILy ¥ BCE €r0 HEeHYJIEBbIE JIEMEHTHI 0OPATUMBbL;

6) eciu R mMeer euHUILY, TO KAXK/IBI €r0 3JIeMEeHT, UMEIONTHi
OJIHOCTOPOHHUI 0OpaTHBI, 0OpaTUM;

B) eciu R mMeer euHMILY, TO BCAKUil JIEBBIH JI€UTEIDb HYJIs
SIBJISIETCS TIPABBIM JIEJIUTEJIEM HYJIS;

BepHo su yTBepKIeHUE B) Jyis KOJtel 6e3 equHUIbL?

2.21. JlokazaTh, ITO B KOJbIE C eqUHUIEH u 6e3 jgenuresieit
HYJIsl KQXKIBII 9JIEMEHT, UMEIOIUI OTHOCTOPOHHUI OOPATHBIM, siB-
JISIETCsT OOPATUMBIM.

2.22. Ilycts R — xomblo ¢ equauIeit, ¢,y € R. Jloka3zars, 9To

a) ecJi IIPOU3BEJICHNs TY U YT OOPATUMBI, TO JIEMEHTHL T U Y
TaK>Ke 0OPATHUMBI;

6) eciiu R 6e3 nesuresieii Hysisl 1 IPOU3BEIEHUE TY 0OPATUMO,
TO 3JIEMEHTHI T U Y TAKXKE 0OPaATUMBIL;
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B) ecyin R KOHEUHO U IPOU3BEJICHUE LY OOPATUMO, TO SJIEMEHTBI
T U Y TaK¥kKe 0OpaTUMBbI;

r) 6e3 JIONOJHUTEIbHBIX IIPEIIOJIOKEHH 0 KoJible R u3 obpa-
TUMOCTY IPOU3BEIEHUs LY HE CJIEIyeT OOPATUMOCTD 9JIEMEHTOB &
uy.

2.23. Ilycts R — KOJIBIO C eauHuIeil 1 S — ero moIKOJIbIIO.

a) Bepmo jm, uro 1 € S7?

6) Moxker Jiu MOAKOJIBIO S UMETh eJIUHUILY €, OTJIUIHYIO OT
1 — emguHUNB Kosbiia R?

2.24. IlokazaTb, 9TO B KOJIbIE C €IUHUIECH KOMMYTATHBHOCTH
CJIOKEHUSI BBITEKAET U3 OCTAJbHBIX AKCHOM KOJIBIIA.

2.25. Ilposeputrs, uto pasenctsa 0 -a = a -0 = 0 moxkHO
JIOKa3aTh, HE UCIOJIb3Ysd KOMMYTATUBHOCTH cJaoKeHusd. Jloka3aTn,
9TO B KOJIBIIE, COJIEPKAINEM XOTsi ObI OJMH JIEMEHT C, He sIBJISIO-
MUNC JAeTUTEIEM HyJs, KOMMYTaTUBHOCTDb CJIOYKEHUSI BBITEKAET
13 OCTAJIBHBIX aKCHOM KOJIBIA.

2.26. IlpuBecTn mupumepbl KOJEIl MATPHUIl, B KOTOPBIX €CTb
HECKOJIbKO MPABBIX WJIN JIEBBIX €JIMHUII.

2.27. Jloka3aTh, YTO €CJU BCE IJEMEHTHI KOMMYTATUBHOTO
KOJIbIIa R MMerT OOIMuil [AeuTesb @, TO 3TO KOJBIO 00JIagaer
eJINHUIIEH.

2.28. VYkazaThb KOMMYTaTHBHOE KOJILIIO C €IUMHUIEH, ComepKa-
mee seMeHT @ 7# 0 ¢ OMHUM U3 CJIeAYIONUX CBOUCTB:

a) a® = 0;

6) Juist JAHHOTO I[EJIONO YUCJa 7 > 1 BBIIOJHEHBI YCJIOBUS
a” =0, a" #0, ecn 0 < k < n.

2.29. Ilycrs R — KOMMyTaTHBHOE KOJIBIO € eMHUNEH n R{x) —
MHOKECTBO BCeX (HPOPMAJIBHBIX CTEMEHHBIX PsJ/IOB Z;OZO apz®,
ar € R. BBemeM OOBIYHBIE OIEpPAIAN CJIOXKEHUST U YMHOMKEHUST
PSIIOB:

Z apz® + Z bpzt = Z(ak + bk)xk,
k=0 k=0 k=0
00 (o) 00 k
(Zakxk> . (Zbkxk) =Z(ck)xk, rie ¢ = Zajbk_j.
k=0 k=0 k=0 §=0

IIokazaTp, 1TO:
a) R(x) — KOMMyTaTHBHOE KOJIBIIO C eJUHHUIIEN;
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6) R{x) comepKuT NOAKOJIBII0, n3oMopdHOe R;

B) eciiut R He mMeeT JiesiuTesteii HyIs, TO 9T0 BepHO u 11t R(x);

r) ecim R — moxte, 10 Y- arz® Torma un Tospko TormA GymeT
06paTuMBIM 3J1eMeHTOM Kouiblia R{x), korma ag # 0.

2.30. Ilyctp R — MHOXKECTBO BCEX YHCEJ BHIA 4 + bv/—=3,
rome a,b € Z. llokazarh, uro R — KOJBIO C €IUHHIEH, B KO-
TOPOM Ppa3JjIOyKeHHe Ha IPOCThle MHOXKHUTEJIU CYIIEeCTBYeT, HO He
OJIHO3HAYHO. B 4YacTHOCTH, IIOKa3aTh, YTO B JBYX Pa3JIOZKEHUSX
4 =2-2=(1++v=3)(1—+/-3) comHoKUTE/ U SBJIAIOTCSI
IPOCTEHIMHE, IIPHIeM 2 He acCOmuupoBaHo ¢ 1+ /—3.

2.31%*. JTokazaTh, 4TO BCe KOHEUHBIE CYMMBI Y, 42" ¢ IeIbIMU
ko3 unmenTaMu a; U HEOTPUIATEILHBIMA [IBOMYHO PAIMOHAJb-
HBIMU T}, OTHOCHUTEJIbHO OOBIYHBIX OIEPAIMIl CJIOKEHUS U yMHO-
JKEHUsl 4ucesl 00pasyloT KOMMYTaTUBHOE KOJIbIO C €IMHUILEH U
0e3 jlesinTesieil Hyssl, B KOTOPOM HE CYIIECTBYeT Pa3JIOzKEeHHUs Ha
[IPOCTHIE MHOYKHUTEJIH.

2.32. JlokazaTh n30MOPGU3M CJIEAYIONIIX KOJIEI]: KOJIbIIa KOM-
IJIEKCHBIX YUCeJI BUIA, %’“/57 rme D — dbuxkcupoBaHHOE TIEI0€
YHCJI0, CBOOOIHOE OT KBAAPATOB (He Jesisieecs Ha KBaJPAT IIPO-
CTOrO 4UCIA), 7, M — IeJIble YUCJIA OJUHAKOBONH Y€THOCTH OTHO-
CUTEJIbHO OOBIYHBIX OIEPAIHil CJIOXKEHUsSI U YMHOXKEHUsI, U KOJIbIA

m n
MaTpHUIl BUIa % (Dn m)’ rme D — 1o ke camoe 9ucio, n,m —

I[eJIble YUCJIA OJINHAKOBON YE€THOCTU, OTHOCUTEIHHO MATPUIHOIO
CJIOZKEHUS U YMHOXKEHUS.
2.33. [lokazarh n30MOpGMU3M CAEAYIOMUX KOJIEI: KOJIhIIO KOM-

z w
IUIEKCHBIX MAaTpPHUI[ BUIQ W 3 OTHOCHUTEJIbHO MaTPHUYIHOI'O
CJIOZKEHUA 1 YMHO2KEHUA U KOJIBIIO ,HeﬁCTBHTeJIbeIX MaTPpHIL BUIa

x -y =z t

|
N
-
8
8 < w

-t —z -y
OTHOCHUTEJIbHO MaTPUYHOI'O CJIO?KEHUS U YMHOXKEHUH.

2.34. Ilyctb R — KOJBIIO, COCTOSINEE U3 BCEX JIEHCTBUTE/Ib-
HbIX yHKuuit f(x), onpelesieHHBIX Ha BCell YUCJIOBON MPIMOIi,
C OOBIYHBIMU OIIEPAIMAME CJIOKEHUS U YMHOXKEHUsI, U ¢ — Jeii-
crBUTEbHOE yucyo. Jloka3aTs, 4To:
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a) orobpaxenue @[f(x)] = f(c¢) ecrb romomopdHoe oToGpa-
JKeHue KoJjblla R Ha nose R geficTBUTEIbHBIX YUCEJT;

6) sapo Ker ¢ romomopdusma ¢ ecrb umpeast B R;

B) dakropkoibio R/ Kery uzomopdHo mosmo aeicTBuTe b
HBIX yncesa R.

2.35. Auneebpa xeamepruonos H — 310 MHOKECTBO
H = {ag + a1i + azj + ask | a; € R}
C OTEPAIUSIMU TOKOMIIOHEHTHOT'O CJIOYKEHUST
(ap + a1 + asj + ask) + (bo + b1i + baj + bsk)

" YMHOXKEHUA, KOTOPOE€ oIllpeesdeTcd Ta6.HI/II_IeI71 YMHOZKeHU A
«MHHUMBIX €JMHHWIL»

i j k
i =1 k =3
jil-k -1 i
k|l j —-i -1

U YCJIOBUEM JUCTPUOYTUBHOCTH.

a) ConpsikeHHBIM KBaTepHHOHY h = ag + a1 + asj + ask
Ha3bIBAETCsI KBATEPHUOH h = ag —a1i — asj — azk. IIpoBepuTh, 9TO
hh — neficrBurenbHoe wncao (KBartepunon suia a -+ 07 + 05 + 0k).
OTO YMCJIO HA3BIBAETCS K6adPAMoM HOPMb, KBATEPHUOHA.

6) IIpoBepurb, 4TO0 KBaTEPHUOHBI OOPA3YIOT TEJIO.

B) IIpoBepursb, uro /11060t KBATEPHUOH HOPMBI 1 MOXKHO 3a-
nucath B Buge h = cos(0/2) + sin(0/2)v, rae «MHEUMast 9acTb»
KBAaTEPHUOHA U SIBJIETCS €JUHUYHBIM BEKTODOM B TPEXMEPHOM
€BKJINJIOBOM IIPOCTPAHCTBE ¢ OPTOHOPMUPOBAHHBIM 0OA3UCOM i, 7,
k. KBaTepuunomny h cOmocTaBUM BpaIlleHIe TPEXMEPHOTO TPOCTPAH-
CTBa BOKDPYT OCH, 33JIaBaeMOil BEKTOPOM v, Ha yroJ 6.

JlokazaTh, 9TO TOCTPOECHHOE COOTBETCTBUE SBJISIETCA TOMOMOP-
bU3MOM: MPOU3BEIEHNIO KBATEPHUOHOB COOTBETCTBYET KOMITO3U-
Il COOTBETCTBYIOIUX UM BPAllleHHIt.

—c+di a—bi
¢ JeficTBUTENbHBIMI a, b, ¢, d u i = y/—1 u3omopdHa aaredpe
kBaTepHuonon H.

bi di
2.36. /[lokazaTh, 9To ajrebpa MaTpPHIL BUIA ( atb ot Z)
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2.37. [okazarh, 9To ajredbpa JeiiCTBUTEBHBIX MATPHUI] BUIA

a b c d

b a —-d ¢
—c d a —b
—-d —c b a

n3oMopdHa aarebpe Kkparepanonos H.

2.38. Ilycrs (n) — umeas, HOPOKICHHBIH IEIBIM YUCIOM 71 > 1
B KOJIbIIe MHOTOYIEHOB ¢ IeabiMu Kodddurmenramu Zx]. Ho-
Ka3aTh, uT0 (bakTopKoIbio Z[z]/(n) msomopdHO KOMBILY Z,|[7]
MHOTOYJIEHOB HAJI KOJBIOM Z;, BBIYETOB IO MOJLYJIIO 7.

2.39. Ilycts R u S — kousiblia ¢ equnureii, ¢: R — S — romo-
MOpdU3M.

a) BepHo s, uTo 06pa3 eauHUIbLI KOJIbla R aBIsgeTcs e Iunu-
et Kkosbna S?

6) Bepuo siu yrBepxKaenue a), eciu roMOMOP(MOU3M ¢ CIOD'bEK-
TUBEH?

2.40. Tomomopdusm ¢: R — S konerny R u S ¢ equannavu 1 u

€ HasbIBaeTCst yHumaproim, eciam (1) = e. Haiiru

a) BCe yHUTapHbIe TOMOMOP(MU3MBI KOJIbIA Z U KOJIbIA MHOIO-
WIEHOB Z[x] B IPOM3BOJIBHOE KOJBIO R ¢ emuHUIel;

6) Bce roMOMOPGhU3MBL KOJIBIA Z W KOJIBIA MHOTOUJIEHOB Z|x]
B IIPOU3BOJILHOE KOJIBIO IR.

2.41. Ilycts K — mose u f mpoberaer MHOXKECTBO BCEX MHO-
rouneHos crenenn 2 u3 K |[x]. PasbuTh HA KIACCHI MOMAPHO U30-
MOpPGHBIX KOJIeT, coBOKyHOCTH Koster, K [x]/(f), ecim a) K = C;
6) K =R; B) K =Q; r) K — KoHe4HOe 10JI€.

2.42. Haiitu ¢ ToYHOCTBIO J0 u30Mopdu3Ma: a) BCe KOJbIA
¢ enuHuIEH, 6) BCe KOJIbIA, Y KOTOPLIX aJIUTUBHAs I'PYIIA —
[UKJTAIECKAsT TIOPSJIKA M.

2.43. JlokazaTh, 9TO JI000€ TOMOMOP(HOE 0TOOPAKEHNE TIOJIS
P B kousb1io R sBisiercss mwin M30MOP(QHBIM OTOOPaKeHHEM Ha
HEKOTOPOE I10J1e, BXOojdinee B R KakK IOIKOJBIO (TaK HA3LIBAEMOE
Bjoxkenue P B R), wiu oTo0paskeHueM BCeX JeMeHTOB u3 P B
HyJIb 13 R.

2.44. Ilyctb Z — KOJBITO MEAbIX duces u R — 1060e KOJbIO C
enunuieii e. Jlokazarsb, 9T0 0TOOparXKeHUE ¢ : N +— Ne eCTh TOMO-
Mopduoe orobpaxkenue Z B R. Haiitu obpas ¢(Z) xoubiia Z 1pu
9TOM TOMOMOP(dU3ME.
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2.45. ByayTt nm cieayiomue MHOXKECTBa MOATPYIIAMU aJJIu-
TUBHOM TI'DYIIIBI, TOJIKOJIBIAMA WM UICAJAMU YKA3AHHBIX HIXKE
KOJIEIT;:

a) MHOXKECTBO nZ 4uce, KDATHBIX 4uciy n > 1, B Kojble Z
EJIBIX TUCEJT;

6) MHOXKECTBO Z TeJbIX YUCE B KOJbIE Z[X] MHOTOUIEHOB C
eJIbIMU KO3 duiimenTaMu;

B) MHOXKeCTBO nZ[x] MHOrOwIeHOB, K03bOUIUEHTH KOTOPBIX
KDATHBI 4uciay 1 > 1, B KOJblle Z[r] MHOTOUIEHOB C IIEJIBIMU
K03 durmenTamu;

r) MHOKecTBO N HATYPaJIbHBIX YKCeJI B KOJIbIIE 7 HEeJIbIX YUCell;

JI) MHOXKECTBO Z IIeJIbIX YUCEJl B KOJIbIIE Z[i] IeJIbIX TayCcCOBBIX
YqHCesI, T. €. YUCeJ BUJIA M + Nt ¢ HeJbIMA M, N € Z;

e) MHO2KeCTBO E wncest a + ai B KoJbLie Z[i] LeJIBIX FayCCOBBIX
qUCeT;

k) muoxkecTBO C umcen Buma (1 + 4) B Kosbue Z[i] neabix
rayCCcoBBIX 4HCel, TJe T npoberaer BCE KOJbIO Z[i];

3) MHOXKeCTBO Z[x] MHOTOWIEHOB C IieJibiMu Koadhduimenramu
B Kouiblle Q[z] MHOTOWIEHOB HaJ moJieM Q paruOHAIBHBIX YHCE;

1) MHOYKecTBO | MHOTOUJIEHOB, He COJEpIKAIUX HJIEHOB ¢ ¥
1utst Beex k < n, tae n > 1, B KoubIie Z[x] MHOTOWIEHOB C TETbIMI
KO3 durmenTamu;

K) MHOXKECTBO | MHOI'OYJIEHOB C YE€THBIMU CBOOOIHBIMU UJie-
HAMHI B KOJIbIle Z[X] MHOTOWIEHOB C NeJbIMU Kod(ddurmenramu;

JI) MHOXKeCTBO I MHOT'OYJIEHOB C YETHBIMH CTAPIIMMU KO-
dburmentamu B KoubIle Z[x] MHOTOWIEHOB ¢ TebiMu K03 dhurm-
€HTAMI.

2.46. Ilpu kakux n Bce HEOOpATHUMBIE JIEMEHTHI KOJbIA Zj,
obpasyror ugeas?!

2.47. JlokazaTh, 9TO IepeceveHue J00T0 MHOXKECTBA UIeaI0B
KOMMYTATHBHOTO KOJIbIIA R SIBJISIETCS MJIEAIOM.

2.48. JlokazaTh, 9TO MHOXKeCTBO [g HEIPEPBIBHLIX (DYHKIINIA,
obpamaroruxcst B 0 Ha durcupoBansoM nogmMuoxkecrse S C [a, b],
SIBJISIETCs] MJI€AJIOM B KOJIbIle (DYHKIWIA, HElPEPHIBHLIX Ha [a, b].
Bepro s, 9ro BesKuil mieasi 3TOTO KOJbla uMmeer Bui g jist
HEKOTOPOTO S7

2.49. okazarb, uro B Kojblle M, (Z) MaTpuIy nopsaika n Ha
KOJILLIOM Z 10JK0JbIO0 M, (27Z) sBisiercs JABYCTODOHHHM WJi€a-
JIOM.
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2.50. Jlokaszarb, 9T0 Jii060I HeHy/eBoi uueas B kojbue M, (Z)
MaTPHI, HOPsiJKa 7 HAJ KOJbIOM Z couanaer ¢ M, (kZ) mus
nekoroporo k € N.

2.51. Jlokazarb, uro B Kojble M, (R) mMaTpur mopsika n c
9JIEMEHTAME U3 IIPOU3BOJIBHOIO KOJIbIa R nieajaMu sIBJISIOTCS B
TOYHOCTU MHOXKECTBa MATPHUI], 9JIEMEHTHI KOTOPBIX [IPUHAIJIEXKAT
dbuKCHpOBaHHOMY HjI€aJIy KoJbia R.

2.52. JlokazaTh, 9TO B KOJIbIIE MATPHUIL HAJL TI0JIEM BCIKUI JTBY-
CTOPOHHWIT upeas JaubO HyJaeBOi, JmbOO COBIAaeT CO BCEM
KOJIBIIOM.

2.53. Haiitu Bce measibl KOJIbIIa BEPXHUX TPEYTOJbHBIX MaT-
PUIL TOPSIIKA 2 C LEJIBIMEA JJIEMEHTAMMU.

2.54. Ilycrts I u J — MHOXKECTBa MATPHIL BUIA

0 g h 0 I 2m
0 0 2k u 0 0 2n
0 0 O 00 O
¢ nesabivMu g, h, k, . ... Jlokazars, aro I sBiisieTcs JBYyCTOPOHHUM

UJIeAJIOM B KOJIbIle R BEpXHUX TPEYTOJIbHBIX MATpUIl Ha Z, J ecThb
uieaJs KoJibita I, HO J He sIBJIsIeTcsd ujieaJioM KoJiblia .

2.55. Ilycte R — KOMMyTaTuUBHOE KOJIBIO ¢ enunuieii. Jloka-
3aTh, YTO:

a) obpaTuMblii 3jeMeHT (T.e. JeJIUTeNb IUHUIIbI) HE MOXKeT
OBITH JEeJTUTEJIEM HYJIS;

6) oOpaTuMbLil 9JIEMEHT MUMeeT eIUHCTBEHHBINH 0OpaTHbIH J1e-
MEHT;

B) ecsit A, {4 0BpaTUMBI, TO G JEJUTCS HA b TOrJa M TOJBHKO
TOr/A, KOT/Ia aA JeuTces Ha bu;

I') TJIaBHBLHA nzead (a), OPOXKICHHBII 371eMeHTOM ¢ u3 R Torma
¥ TOJILKO TOTJIa OTJm4eH oT R, Korma a HeobpaTuM.

2.56. Ilyctb R — KOMMYyTATHBHOE KOJIBIIO C eauHuIeil u 6e3
JesinTesieii HyJist. JlokazaTh, 9TO 9J€MEHTHI @ U b TOrja U TOJbKO
TOIJ[a aCCOUUUPOBAHbI, KOT/Ia KaXK bl U3 HUX JEJIUTCS Ha JIPYTO.

2.57. Hokazarb, uro wuneas (M), HOPOXKIEHHBIH HEILYCTHIM
MuOKecTBOM M C R cocTouT U3 BCeX KOHEYHBIX CYMM BHJIA:

a) Y rgax, rp € R, ap € M, eciiu R mMeeT enuHUILY;
6) > rear + Y. nrag, ™k € R, ap € M, ng € Z, eciim R He
MeeT eIUHUIILL.
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2.58. Cywmmoit ugmeasos I, Io, . .., I KOMMyTaTUBHOIO KOJIBIIA
R HaspiBaeTcst MHOXKeCTBO I BceX 3j1eMeHTOB T u3 R, mpejcrasu-
MBIX B BHJe £ = T1+ 22+ -+, x; € 1;, 5 =1,2,..., k. Iumyr
I=05L+41+ -+ Ix. Ecmu gna nmroboro x u3 I ykasaHHOe mpe/i-
CTaBJIEHUE €IUHCTBEHHO, TO CyMMa | Ha3bIBAETCs IPSAMOIl CyMMO
uneanos I;. B stom ciydae mumyt I = I1 @1, ®. . .D1. Joxazars,
qTO0:

a) cyMMa JII060ro KOHEUHOI'O YHCIIA MJEAJIOB eCTh UIeal;
6) cymMMa JBYX HJ€aJIOB TOIJIA M TOJBKO TOra OyIeT HpsMOii
CyMMOi1, KOTJ[a IIEpecevueHne UIeAI0B COMEPKUT TOJIHKO HYJIb.

2.59. Hoxkaszarb, ato ecau I = [{ 15 — upsamast CyMMa HIeasioB
11, I>, To mpousBeenue JI000T0 d1eMenTa u3 I1 Ha J11000it 3/1eMeHT
u3 I paBHO HYJIIO.

2.60. Ilycts R = I} &> — pazioxkeHne KOMMYTATUBHOIO KOJIb-
na R ¢ equnurieit e B IpsMyIo CyMMy HEHYJIE€BBIX uieaJsios Iy, Is.
Jokazarh, 9T0 ecjii € = e1 + eg, €1 € 11, es € I3, TO €1, ey OyIyT
€JIMHUTIAMU COOTBETCTBEHHO B [1, I, HO He B R.

2.61. Kakne u3 xosen B 3ama4dax 2.1 — 2.7 gBIgA10TCS MOIAMA?

2.62. JlokazaTh, 9TO KOHETHOE KOMMYTATUBHOE KOJIBIO Oe3 Je-
JuTeseil HyJisd, cojepxKaliee 0oJiee OIHOIO IJIEMEHTA, SBJISIETCS
ITOJIEM.

2.63. KpampaTHass MaTpuIla Ha3bIBAETCS CKAJISPHON, €C/iu ee
9JIEMEHTHI HA TJIABHOI JUArOHAJA DaBHBI MeXKIy co0oil, a BHe
IJIABHOW JMArOHAIU — pPaBHBI Hy/I0. 1loKa3arh, 9T0 CKajspHBbIE
MaTPUIIBI TIOPSJIKA 7 C JeACTBUTEbHBIMU 3JIEMEHTAMUA OTHOCH-
TEJIbHO MATPUIHBIX CJIOXKEHUSI U yMHOXKEHUsT 00Pa3yIOT [10JIe, U30-
MOP(QHOE 0TI JIeHCTBUTEIbHBIX IHCEJ.

a b
2.64. IlokazaTh, ITO MATPHUIILI BUIA <—b a)’ rme amb —

JIefiCTBUTEIbHBIE THCIA, 00PA3yIoOT MoJIe, H30MOP(HOE MO0 KOM-
IJIEKCHBIX 9IHCEJ.

2.65. JlokasaTn,uro uncra suga Q[V/2] = {a + bv/2 + cV/4 |
a, b, c € Q} obpasyror moJe, IpuIeM KarKblil 9JEMEHT ITOrO HOJIst
[IPEJICTABJISIETCS] B YKA3aAHHOM BUJie O/IHO3HAaYHO. Haiitu semenr,
obparHblil uncay x = 1 — /2 + 2/4 (Gepercs neiicTBUTEIIBHOE
3HaYEHUE KOPHS).

2.66. Jlokazarn, uro uncia suga Q[V/5] = {a + bV/5 + /25 |
a,b, c € Q} obpasyror moJsie, IpUIeM KarXKIbIil SJIEMEHT ITOTO TOJIsT
[IPEJICTABJISIETCS] B YKA3aAHHOM BUJIe OJlHO3HaYHO. HaiiTu smemenr,
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obparubIi uncty © = 2+ 3¢/5 — 2¢/25 (6epercs meiicTBHTEIBHOE
3HAYEHHE KODHS).

2.67. Ilycrb a@ — kopenb MHorouieHa f(x) cremenu n > 1 ¢
paIMOHAIBHBIME KO3 DUIMEHTAMY, HEIIPUBOIUMOIO HAJL [IOJIEM
Q pammonasbubix yuces. Jlokazarh, 4T0 MHOXKECTBO () uuces
BUJIA

ap+ ara+ -+ ap—10™, ag,...,an—1 €Q,
obpasyer nojie, NpudeM KarKJIblil 3JIEMEHT 9TOr0 HOJId IPEeJICTaB-
JISIETCs B yKA3AHHOM BUJIE OJTHO3HAYHO. [ OBOPAT, YTO TO 110JI€ [0~
JIYYEHO TIPUCOEJIUHEHUEM JHUC/Ia (¢ K TIOJII0 PAIMOHAJILHBIX TUCEJL.

2.68. B mose, mOIyYeHHOM MPUCOEJIMHEHUEM K IOJIO PAIO-
HAJTBHBIX 9Hce] KOpHs o MHOroweHa f(x) = a3 + 4x% + 22 — 6

HaifTu unco, obparHoe uncay = 3 — a + a?.

a b
2.69. JlokazaTb, 4TO TOJIE€ MAaTPUIL BUJIA (2b a)’ C paruo-

HAJILHBIME @ 1 b n3omopdno moso Q[v/2].
2.70. Kakne u3 caeayonmnx MHOYKECTB MATPHUIL, 00Pa3yIoT MoJIe
OTHOCHUTEJILHO OOBITHBIX MATPUIHBIX OTEPAIIUIL:

Ty )
a) {(ny x) | z,y € (@} , TIe n € Z puKCUpOBaHO;

AT .
6) {(ny x) | z,y € R} , Trae n € Z GbUKCUpOBaHO;

B) {(a: Z>|x,y62p}, e p=2,3,5,77

ny

2.71. [okazaTb, 94TO mpu JIIOOOM U30MOP(PU3ME UUCTOBBIX IO~
JIeil TIOJIIToJIe PAIMOHAJIBHBIX YUCEJT OTODPAYKAETCST TOXK IECTBEHHO.
B wacTHOCTH, TI0JIEe PAIMOHAJILHBIX YHCEJT JIOMYyCKAET JIUIIh TOXK-
JIeCTBEHHOE M30MOp(dHOE 0TOOparKeHHe B CeOsI.

2.72. Jokaszarh, 9To moJie R He nMeeT aBTOMOPPU3IMOB, OTIHI-
HBIX OT TOXKJIECTBEHHOTO.

2.73. Haiitu Bce aBroMopduambl moss C, mpu KOTOPBIX KaxK-
JI0€ JIeWCTBUTEILHOE TUCJIO MTEPEXOIUT B CeOsl.

2.74. Uwmeer s mone Q[v/2] neroxecrsennbie aBToMopdus-
MBI

2.75. Ilpu kakux m,n € Z \ {0} nona Q[v/m] u Q[/n] uso-
MOpdHBIT?
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2.76. [okazarb, uro 1y JI060ro aBroMopdusma ¢ mojs K
MHOXKECTBO 3JIEMEHTOB, HEIIOBUKHBIX OTHOCUTEIBHO (0, SBJISIETCS
TOJIIIOJIEM.

2.77. CymecTByer Jid IOJie, CTPOrO COJEpIKAIlee IoJie KOM-
IJIEKCHBIX IUCEJI!

2.78. Haiitn nambosbinuii o0t geauTenb ducea a” — 1 u
a™ —1.

2.79. Haiitu mamboapmuit obIuil JeauTes b MHOTOUJICHOB
f(x) =23+ 2%+ 1, g(x) = 22 + v+ 1 a) Haz; TONIEM BHIYETOB
1o MoAyJiio 3; 6) HaJl [I0JeM PAIMOHAJBHBIX UUCEJL.

2.80. Haiitn manboapmmuii oOmuil gejmrTeab MHOTOYJIEHOB
f(z) = 523 + 22 + 5z + 1, g(z) = 522 + 62 + 1 a) Haz nosem
BBIUETOB 1O MO0 5 (IIpu 9TOM KaKiblii koaddurpenr a Ha-
JI0 IOHUMATh KAaK KPATHOE (€ €IUHUIBI € YKA3aHHOTO IOJIST WJIN
3aMEeHUTb KO MUIUEHTH UX HANMEHBITUMU HEOTPUIIATEIbHBIMI
BBIUETAMU 110 MOMYJIIO 5); 6) HAJ[ II0JIEeM PAIMOHAIBHBIX YUCEJL.

2.81. Haiitu mamboapmuit obIuil JeauTe b MHOTOUJICHOB
f(z) =2*+1, g(z) = 23 + x + 1 Haz MOJIEM BBIYETOB MO MOJLYJTIO
a) 3;6) 5.

2.82. Jlokazarb, 94TO

cp(n):n(l—pil)<1—pi2)...<l—pik),

rue o(n) — dyukuus Ditepa (YuCI0 06PATUMBIX JIEMEHTOB KOJIb-
na Zy), & p1, P2, --., Pk — BCE DA3IHIHDLIE IIPOCTHIE JEIATEIIN
qHUCTIA N.
2.83. Haiitu Bce Takwme membie n, JJig KOTOPBIX I'pyIna obpa-
TUMBIX 3JIEMEHTOB KoJiblia Z/(2"™) sBJIseTcs IUKITIeCKOil.
2.84%*. Jloka3zaTb, 9TO TpyIIa OOPATHMBIX 3JEMEHTOB KOJIbIA
Z/(p™) siByisteTcsl IMKIIMYECKON Jist JII060TO0 [IpocToro p = 3.
2.85. Jlokazarb, 94TO
a) KOJIbIIO [EeJIBIX TayCccoBbIX unces Z[i] = {m+in | m,n € Z}
eBKJINJIOBO;
6) KOJIBIIO KOMILTIEKCHBIX wmcen suma Z[iv/3] = {m + iny/3 |
m,n € Z} He SABJISAETCH €BKJIUJIOBBIM;
B) KOJIBIIO KOMILIEKCHBIX HHCEJI BAJIA
m+iny/3
=

ABJIA€TCA €BKJINJI0BbIM.

| m,n € Z; m—nquHo}
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2.86. Ilycrb Z[i] — KOJIBIO IEJBIX IAYCCOBBIX 4uces, ] — MHO-

JKECTBO BCEX YMCEJI 1M + N4 ¢ YeTHBIMU 1 U N.

a) ITokazars, uro I — uzneas B Z[i];

6) maiiTu cMexkHbIe Kiacesl Zi] mo I

B) B dakTopkosbIe Z[i|/] HaliTn neauTenn HyJIsl U MOKA3aTh
1M, uTo Z[i|/I He sBisIeTCs MOJIeM.

2.87. [okaszarb, uro dbakTopKoiblo Z[i]/(3) KoJbIa Iesibix
rayccoBbIx unucen Zi] mo raasromy uneany (3) = 3Z[i] ectb mose
U3 JIEBSTH JIEMEHTOB.

2.88. J[okaszarh, uro GakTopkosbno Z[i|/(n) Koubna meabix
rayccoBbIx qucesa Z[i] mo raasaoMy upeany (n) = nZli] rorna u
TOJILKO TOTJa OyIeT HOJIeM, KOLJa 1 — IIPOCTOE YUC/IO, He PABHOE
CyMMe JIByX KB&J[PATOB IEJIbIX IHCEJL.

2.89. JlokasaTh, 9TO KOJIBIO Z[x] He ABIAETCS KOJIBIOM TJIaB-
HBIX UJIEAJIOB.

2.90. Ilycrs Kz, y] — KOJIBIO MHOTOYIEHOB OT JBYX II€PEMEH-
HBIX T,y Haj nojeM K| I — MHOXKECTBO BCEX MHOTOYJIEHOB 9TOIO
KoJIbITa 6e3 cBobOaHOTO WieHa. /loka3aTs, ITo:

a) I sBjsieTcs ueasioM, HO He SIBJISIeTCsl [JIABHBIM HJICAJIOM;
6) dakropkonsno K|z,y]/I nzomopdro nosro K.

2.91. DHgoMOpdU3IMOM I'PYIILI HA3BIBAETCS TOMOMOPQMU3M
sToi rpynmnsl B cebsa. Ha muoKecTBe 3HIOMOPGU3IMOB KOMMYTa~
TUBHOI rpynnbl G OLpeJeM OLEPAIMI0 YMHOYKEHUsI KaK KOM-
HOBUIHIO SHIOMOPGMU3MOB, & OIIEPAIUIO CJIOXKEHUs — 10 IPABIILY

(o +9)(a) = ¢(a) + ¥(a).
Jloka3aTh, 9TO MHOYKECTBO SHJIOMOP(MU3MOB KOMMYTATUBHOM
IPYIIIIBI C ONPEIEJIEHHBIMU BBIIIE OTEPAIUSIMU CJIOKEHUS U yMHO-
KeHusi 00pa3yeT KOJIbIIO.
2.92. Jlokasarb, 94TO

a) KOJIBIO 9HIOMOPMU3MOB IUKJIMIECKON IPYIIIBI IIOPSIKA 7
U30MOPQPHO KOJIBILY Zny;

6) rpymumna aBroMopdU3MOB IUKJINIECKON IPYIIILI MOPSIKA 7
n3oMopdHA rpyIe 06paTUMbIX JIEMEHTOB KOJIbIA Zi, .

2.93. JlokazaThb, UTO BCAKOE KOJIBIIO C €IUHUIEH HM30MOPQHO
BKJIQJIBIBAETCSI B KOJIBI[O YHIAOMOP(MUIMOB CBOEHl aJIUTUBHOMN
rpyuisl. (U3omopdHoe BiioxkeHne — roMoMOpduU3M € HyJIEBBIM
SIZIPOM..)
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2.94. (Eme omsa Bepcusi KUTAHCKON TeopeMbl 00 OCTATKAX).
ITycts A — KOMMyTaTHBHOE KOJIBIO ¢ enuuuieil. /JJokazaTh, 4ro
ecm Iy u Is —uneannt B Au Iy +1; = A, T0 111 1I0OBIX 3/IEMEHTOB
1,22 € A cymecrByer Takoii s;semeHT x € A, uro x — x1 € I,
T —x9 € Is.

2.95*, B KoJIbIle BBITOJHEHO TOYKIECTBO T
TaKo€e KOJIBIIO KOMMYTATUBHO.

3 = z. Jlokazars, 9TO
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Koneunble nmojig niu noJad Iaaya

B 3710i1 ryraBe MblI PacCCMOTPUM KOHEUHBLE NOAA, T.€. HOJIs, B
KOTOPBIX €CTh JIUIIb KOHEYHOE YUC/I0 3j1eMeHTOB. OHHU TakKe Ha-
3BIBAIOTCS Noaamu [ aaya, B gects D. [ajya, KOTOPBIN UX MEPBBIM
U3y YU

OxkaspiBaeTcs, Bce 1moJis L'ajrya MOXKHO MOJIy9IUTh (DaKTOpHU3a-
[ueil Mo HEKOTOPOMY HJIEAJIy KOJbIA TEJIBIX YUCes WU KOJIbIa
MHOTOYJIEHOB.

3.1. Ilosie BBIYETOB 110 MOIYJIIO
ITPOCTOT'O YHCJIa

CrauaJia, pacCMOTPHUM KOJIBIIO HEJIBIX dncesl. Bo3bMeM mpous-
BOJILHOE IPOCTOE YUCiIO p 1 nocrpouM uaean (p) = {np | n € Z},
T. €. BO3bMEM BCe€ KPaTHBIE P.

Koubrio Z/pZ BbIYeTOB 1O MOJYJIIO 9TOrO UEaJa OIMCAHO B
npumepe 2.16. HammoMH#M, YTO OHO COCTOUT U3 P JIEMEHTOB

0=0+pZ={rp|rez}
1=1+4+pZ={1+rp|reZ},

p—1=p-1)+pZ={p—1+rp|reZ}.

[TockoubKy Z — €BKJIMZIOBO, a p — IIPOCTOE, IO TeopeMe 2.36 KOoJib-
1o Z/pZ siBisiercs nojeM. DTO 1I0Jie BBIYeTOB [0 MOJIYJIIO P U eCTh
npocreiimee moste [ajgya, KoTopoe MBI jajee OyaeM 0003HATATD
GF(p). Oneparnuu cJIoKeHHUsI U YMHOXKEHUS B TOM II0JIE — ITO
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CJIOJKEHVE M YMHOXKEHHE HEJIbIX 9ucesl no moayao p. CraxkeMm,
9100l HailTH T + ¥, HEOOXOUMO BBIYUCIUTL z = (2 + y) mod p,
KJIACC BBIYETOB Z W OyJeT pe3yJbTaToM CJIOXKeHUs T U §. JcHo
TaK¥Ke, ITO MOYKHO OpaTh M JIFOObIE JIPYTHE MPEICTABUTENN TEX
7K€ CAMBIX KJIACCOB BBIUETOB: PE3YJIBTAT CJIOXKEHUS IO MOJYJIIO P
He U3MEeHUTCSI.

ITosnst GF(p) — 9T0 KOHEUHBIIi AHAJIOT YUCJIOBBIX MoJIeil, GoJiee
TOYHO, — IOJIsl PATTHOHAIBHBIX IuCesl. ITOOB yBUIETD 3TO, BBEIEM
MOHSITHE TAPAKMEPUCTNUKY NOAA. PACCMOTPEM B HEKOTOPOM TIOJIE
F MHOYXKECTBO KPATHBIX €JMHHUIBL:

1=1,
2=1+1,

k=1+1+--+1,
| S

k pa3s

Eciin mopsinok 1 B ajymuTuBHOM rpynne 1moJisi 66CKOHEYEH, TO Xa-
pakTepucTuka noJssg F no onpenenenuio papua 0. B atom ciaydae
BCe KpAaTHBIE €JIWHUIBI PA3Jn4IHbl. B 1osie F' BBIIOTHUMBI BCe
apudMeTHIecKue JIeHCTBYs, T0OITOMY U3 9TUX KPATHBIX €JIUHUIIGI
MBI MOYKEM TIOCTPOUTD MPOU3BEIeHns 1 -k~ 1 IIPOTHBOIOIOKHbIE
K HuM (0OpaTHbIE OTHOCUTENLHO cjoxkenus). Apudmerndeckue
oIepaIuu ¢ TUMU YUCJIAMU BBITOJHSIIOTCS TaK YKe, KaK C OOBbIK-
HOBEHHBIMU JIPOOSIMU, ITO JIETKO IIPOBEPUTH, UCIIOJIb3Ysl CBOMCTBA
orepanuil CJI0KeHust U yMHOXKeHus B moJie. [Toaromy, mobaBiisist K
[TOCTPOEHHBIM BBIIIE 3JIEMEHTAM T0JIst 3jeMeHT 0, MBI MOJIydaeM
B mojie F' mopmosie, KOTopoe m30MOP(HO IIOJI0 PAIMOHAJIBHBIX
qncen Q.

Eciu nopsiyiok 1 B a/iuTUBHON I'pyIIe TOJIsI KOHEYeH, TO OH
7 eCThb 110 OIPEIEIEHNIO XapaKkTepucTuka mojs char F. Ilosropss
OIMCAHHYIO BBIIIE MPOIEAYPY A00aBIeHNsT K KPATHBIM €IMHUIIBI
«JIpObeii» , «ITPOTUBOMOJIOKHBIX Yuce» U 0, MbI ITOJIY UM [IOJIIIOJIE
mons F', conepxaimmee char F' snemenTo. Herpynno Bumers, 9To
OHO U30MOP(HO KOJIbILY KJIACCOB BbIUeTOB Z 110 Mouyimo (char F).
Ho (nm) C (n), mo3TOMy YTOOBI KOJIBIIO KJIACCOB BBIYETOB IIO
MOJYJIIO p ObUIO 10JIeM, HeOOXOAUMO (U JOCTATOYHO, KaK ObLIO
HOKA3aHO BBIIIE), YTOOBI P OBLIO IPOCTHIM YUCIOM.
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Urak, Mbl 10Ka3aau HeOPMAJILHO CIPABEIIMBOCTD CJIEIYIO-
IMAX YTBEPKICHUN.

YrBepxkaenue 3.1. Ecau xapaxmepucmukxa noss He pasHa Hy-
A10, MO OHG — MPOCMOE YUCAO.

YrBepxkaeuue 3.2. B xaosicdom nose F ecmvb aubo modnone,
ugomopgroe Q, aubo nodnose, usomopgprnoe GF(p), p = char F.

Yurareiio opeajaraercd IIOCTPOUThb CTPOrue JOKa3aTe/JIbCTBa
9TUX yTBep}K,ZLeHI/IIk/'I7 CJIelyd HaMEY€HHOMY BBIIIE ILJIaHYy.

3ameuanne 3.3. He ny»KHO JyMaTh, 4TO BCE MOJISI HOJIOKUTEb-
HOIl XapaKTepUCTUKKM KOHEYHbI. BoT mpocreifmuii npumep 6ec-
KOHEYHOTO TIOJISI MOJIOYKUTENHHON XapakTepucTuku. Ilyers k —
upousBosibHOe 1oJje. [locrpoum HoBoe nose k(x) — mosne panu-
oHasTbHBIX (byukimit Ha k. Ilo onpemenennio, sieMeHTaAME STOTO
HOJIsA, T.€. PAIMOHAJLHBIMYU (DYHKIUAMU, SIBJISIOTCS OTHOIIEHUST
MHOIOWIeHOB (T.e. qpobu) r = p/q, rue p, q € k[x], npudem ¢ # 0.
ITo oupenenenuio, p1/q1 = p2/qa, ecau p1ga = p2q1. Orciona cie-
JLyeT, 94To jis Jr060ro d BbinosiHsieTcs pasercTso (dp)/(dq) = p/q.
IlosTomy ApobU MOXKHO TPUBOJANUTDH K OOIEMY 3HAMEHATEIO, ITO
JlaeT BO3MOXKHOCTBh HMX CKJIaIbBaTh: p/q + u/v = (pv)/(qu) +
+ (qu)/(qv) = (pv + qu)/qu. YMuoxkenune npobeit ompee/geTcs
ecrecTBeHHBIM oOpasoM: (p/q) - (u/v) = (pu)/(qv). Ormernm, YTo
klx] C k(z) — KaK/IpLii MHOIOYWIEH D OTOXKAECTBIISIETCS C JPOBBIO
p/1. flcno, uTO 3TA KOHCTPYKIMS AEHCTBUTEIBHO Maet noJe. Kcmm
B kadecrBe k B3aThb Komeunoe moJie GF(g) XapaKTepuUCTHKHU P,
TO MBI puseM K Geckoneunomy noso GF(q)(x), koropoe Takxke
UMEET XapAKTEPUCTUKY P.

3.2. ABTromopduszm Ppobennyca

Komneunoe mosie nmeeT moI0KATENBHYIO XapPAKTEPUCTHUKY, TPH-
9eM 3Ta XapaKTePUCTHKA — MIPOCTOE YUCT0. BhIIucaeHust B mMoJje
IIOJIO?KATEIbHON XapaKTEePUCTUKHU CUJIBHO YIPOIIAIOTCS CJIELyIO-
men JIEMMOTA.

JIlemMma 3.4. B noae xapaxmepucmuru p > 0 8binosHeno mooic-
decmeso

(a +b)P =aP +bP. (3.1)
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JMokazaTreabcTBO. B Jj1l060M KOMMYTATUBHOM KOJIbIIE BEpHA
dopmysta st GuHOMA

(a+0b)P =a’+ <p>ap‘1b+---+ ( P >abp—1 + .
1 p—1
Yrober gokazarb (3.1), Z0CTATOYHO IPOBEPHUTH, YTO BCe (z),
k ¢ {0, p}, neasivest Ha p. SanumenM dhopMyiLy Jiis GHHOMUAIBHOTO
ko3 dunmenTa;

(p)_ pl  p-(p—1)-...-1
k) kl(p—k)! Ellp—k) ~

Tak KaK p — [IPOCTOE YUCJIO, & KOJIBIIO IEJIbIX YNCesI — €BKJINI0BO,
YUCIUTEIb APOOU JIeJIUTCs Ha P, a 3HAMEHATe b — HeT. B camMoMm
JieJie, pasjarasi COMHOXKUTEJN 3HAMEHATE IS B IPOU3BEJICHIE TTPO-
CTBIX, BHUJIUM, YTO KaXKJIBIil IIPOCTOH JIeJUTEe/Ih 3HAMEHATEsT He
MIPEBOCXOINT MaKcuMyMma u3 k u p — k, T. e. MeHbIIIE p. O

Awnanoruunas dopmyna st ymaoxkenus (ab)P = aPbP Bepna
JIJIsT JII0OO0TO TI0JIST IO OYEBUAHBIM IpudunnaM. [loaroMmy oTobpaszke-
Hue x — 2P ABjgeTcs rOMOMOPQU3MOM II0JIsI XAPAKTEPUCTUKU P
B cebst. A apo aroro romomMopdusMa HyJIEBOE, TAK KaK B IIOJIE eCTh
TOJIBKO JIBa Mjeasa — HJIeasl, COCTOAIMN U3 oxHoro snementa 0,
u camo mojie. eiicTBurensHo, ecoim [ — wumgean B moje, a € I,
a # 0, TO U BCAKUil APYroil HEHYJIEBOI JIEMEHT TOJISI T IIPUHA/I-
JeXKUT ujeasy I, TOCKOJIBKY fBJfeTcss KpaTHBIM a: © = (ra™1)a.
Pa3z sipo romomopdusma mHymeBoe, TO 0TOOparKeHUe UHBEKMUBHO
(110 OUPEIESIEHNIO 9TO O3HAYAET, YTO 0OPA3bI BCEX JIEMEHTOB Pa3-
Jimanbl). Takum 06pazoM, NPUXOAUM K MHTEPECHOMY CJIEJCTBUIO
JieMMbI 3.4 [1J1s KOHEYHBIX IT0JIEH.

Caencrsue 3.5. Omobpasicenue KOHewH020 NOASL TAPAKMEPUCTU-
KU p, 3adasaemoe Popmyioli x — x| asasemcs a8momopPuamom
NoAA.

HleficTBUTETEHO, MHBEKTUBHOE OTOOpAXKEHIEe KOHEIHOTO IT0JIsT
B cebsl sABJIseTCs OMEKTUBHBIM (B3aUMHO OJIHO3HAYHBIM).

Apromopdusm x — xP HazbiBaerca aBroMopduzMom Dpobe-
HHUycCa.
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3.3. HenpuBoamMbie MHOTOYJI€HbBI

Kak 6bU10 II0Ka3aHO BBIIIE, KOJIBIIO MHOIOYIEHOB HAJ [IOJIEM
F — eBkmumoBo. IIpocThie 3/IeMEHTHI 3TOTO KOJbIA HA3LIBAIOT-
et HEnpusodumvimy mHo2ousenamu (Ham F). B stom pasmemre
MBI PACCMOTPUM HEIPUBOIAMMBIE MHOTOYJIEHBI HAJ| HMOJAMHA KOM-
IJIEKCHBIX, JIEHCTBATEIbHBIX U PAIMOHAJIBLHBIX THUCET, 8 TAKZKE Hal
nosiem BeraeToB GF(p).

Hagmem ¢ TOro, 9ro IpOBEpUM CIPABEJIUBOCTh M3BECTHBIX
NIKOJILHBIX (PAKTOB O KOPHAX MHOTOUJICHOB JJIsl KOJIEI MHOTO'JIe-
HOB ¢ KO3 PUIMEHTaMU B IIPOU3BOJILHOM IIOJIE.

YrBepxkaenue 3.6. Ocmamox om desenus mmozounena f Ha
MHo20UAEH NEPBOT cmenenu x — a pasen f(a). B wacmmocmu, f
deaumes na (x — a) mozda u Moavko mozda, K020a a AGAAETNCH
xopruem f, r.e. f(a)=0.

HokazarenbcTBo. PasgenmuM f ¢ ocTaTkoM HA & — @, OCTATOK
JloKeH nMeTh crenes 0: f = g - (x —a) + b. ogcrasisis BMecTo
Z 3J1eMeHT a, nostydaeM f(a) = b. O

To xe camoe yTBepzKJeHUE MOYXKHO CHOPMYJIUPOBATH WHAYE.
Paccemorpum romomopduzm

Ev,: Flz] — F,

KOTOPBIii ONpEIESIeTCsT BBIYUCIEHNEM 3HAYEHUS MHOTOUJIEHA [TPH
x = a: Evg: f — f(a). Y sroro romomopdusma ectb gapo: Te
MHOTOWIEHBI, JJISI KOTOPBIX « siBiseTcss KopHeM. Torma Hare
yTBEpKIeHUe B TOYHOCTH 03Ha4aeT, 410 Ker Ev, = (x—a) (uzneadr,
HOPOXKIEHHBI T — a).

MoxkHO J0Ka3aTh 3TO YTBEpKIeHUe, He 00palasch K ese-
HUIO ¢ ocTaTKoM. JleiicTBuTesbHO, oTobpazkenue f(z) — f(x + a)
TaK»Ke SBJIFAETCS TOMOMOPGU3IMOM KoJieln. Bojee Toro, oHo B3a-
MMHO OJITHO3HAYHO: 00paTHOe OToDpakeHue 3a1aeTcs (popMyJIoii
f(z) — f(z—a). 3uaunt, 510 aBTOMOPMU3M KOJIbI[A MHOIOUJIEHOB.
Ho Torpa matme yTBepKaeHNe TOCTATOTHO JIOKa3aTh npu a = 0, a
B 9TOM CJIy4a€ OHO OYEBHJIHO.

[TomesubiM cieacTBHEM YyTBEpKIEHUS 3.6 SIBJISIETCS CJIEIyTO-
miast JeMMa.

JIlemMma 3.7. Mnozounren cmenenu d umeem we bosee d xophed.
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JlocTaTovHO BCHOMHHTB, YTO IIPU yMHOXKEHUH MHOTOYJIEHOB
CTEIeHU CKJIAJIBIBAIOTCS, U YI€CTh, UTO MHOIOUWIEHbI & — @ U T — b
B3auMHO 1poCThI pu a # b. OTcrofa mojydaeM OYeHb BayKHOE
YTBepIKJeHuE:

JIemma 3.8. Fcau dsa mmozousena cmenenu we eviue d Kak
GYHKUUY PABAUNHDL, MO UL SHAYEHUS COBNAJAIOM HE BOAEE YEM 6
d moukazx.

MoO2KHO IPUMEHUTH MPEJABLIYIYIO JIEMMY K PA3HOCTH MHOTO-
WIEHOB. DTa JIeMMa MOKA3BIBAET, ITO MHOTOWIEHBI «CHJILHO OTJIH-
YaloTCs OJIUH OT JPYroro». VIMEHHO 3TO CBOMCTBO MHOIOYJIEHOB
JIGZKHT B OCHOBE MHOTHX WX NPUMEHEHUIl B KOMOWHATODHKE U B
TEOpeTHIecKOil HH(pOPMATHKE.

Mo>KHO TaK3Ke 3aMETHTh, ITO KOPHU B JieMMe 3.7 MOTYT OBITh U
KpaTHBIMHA (TIO ONIPEJIEJICHUIO, ¢ — KOPEHb KPATHOCTH Kk O3HAYAET,
aro f memures Ha (x — a)f u He nemurcs Ha (r — a)ktl).

Tenepb MOCMOTPUM, KAKHE MHOTOW/ICHBI HEIIPUBOIUMBI HAJT TIO-
JieM KoMIteKcHbix ancest C.

Teopema 3.9 (ocHoBHasi Teopema anrebpsbr). Beaxuli mmo-
20unen noaodtcumenvnoti cmeneny nad nosem C umeem xopeno.

Xorst 9Ta TEOpeMa U HA3bIBAETCH OCHOBHOU TEOpeMOil ajreo-
PBbI, JIOKa3bIBaTh €€ Mbl He Oy/eM, [MOCKOJbKY ee JT0Ka3aTe/lbCTBO
OTHOCHUTCSI CKOpee K aHaimu3dy, deMm K ajrebpe. (IIpocroe moxa-
3aTeJHCTBO OCHOBHON TEOPEMBI ajrebphl CM., Hanpumep, B [5].)

W3 Teopemsbr 3.9 u yrBepKAeHNA 3.6 BBITEKAET, UTO HAJ, IIOJIEM
C nmenpuBOAMMBI TOJILKO MHOIOWIEHBI 11epBoil crenenu. (Muoro-
WIEH TEePBOl CTEIeHN HEeIPUBOIMM HAJ[ JIIOOBIM TIOJIEM, TaK KakK
[IPU YMHOYKEHUU MHOIOYJIEHOB UX CTEIIEHU CKJIAJIBIBAIOTCS, 8 MHO-
rOYJIEHBI HYJIEBOH CTereHr 06paTUMBL. )

Cueyromuii npumep — moJie JeficrBurenbubix ances R. Yro-
661 mepeiitu or mosis C k mosro R, 3amernm, dro orobpazkeHue
Z + Z, COIOCTABJISIONIEE KAXKJIOMY KOMILIEKCHOMY YHCIY 2 CO-
[pSZKEHHOE YHUCII0 Z, sBjissercst n3omopdusmom moust C ma cebst
(aBromopdusmom) u nepesoaut mnoje R B cebs. OTciona BoITEKAeT,
qr0 g5 Besikoro p € Clz] n Besikoro a € € nmeer mecro dbopmyia:

p(a) = p(a), (3.2)
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rje p noJaydaercd U3 p KOMILIEKCHBIM CONpsizKeHueM Koaddurm-
euros. ITycts Teneps p € Rlz] C Clx] — muorownen cremenn > 1,
He UMEIONMH JeHCTBUTEIbHBIX KOpHEH (Ipyu Hajauduu gefcTBu-
TeJIbHBIX KOPHEii p npuBouM). MHOro4IeH p nMeeT KOMILIEKCHBILI
kopenb . Tak Kak p = P, 10 u3 dopmyisl (3.2) mosydaeMm, 4To
p(a) = p(a) = p(a) = 0 = 0. Uz yrBep:kaenus 3.6 mosyuaem, 4o
B3AMMHO IIPOCThIE MHOIOWIEHBI & — & U & — & Aenar p. Ho rorma
p JequTcs U Ha ux npomssenenue ¢ = (x — «)(x — @), KoTOpOe
npuHAIERAT R[],

CiieoBaTesibHO, HAJ[ TIOJIEM R HEIIPUBOIMMBI:

&) MHOIOYIEHBI IIEPBOIl CTeneHu;

6) Te MHOIOYJIEHBI BTOPOi CTEIIEHU, KOTOPBIE HE UMEIOT KOpHe
B R (MHOrOY/IEHBI ¢ OTPUIATEILHBIM JUCKPUMUHAHTOM ).

Bce npoune MuOTOWIEHB! Ha R TpUBOAUMEL.

Topazno ciioxkuaee 06CTOUT [EJI0 ¢ MHOTOUWIEHAME HAJL TOJIEM
parmona bHbIX nces Q. Mbl orpaHMdMMCst JIMIIb T€M, YTO JTOKA-
JKeM CyIIeCTBOBAaHUE HEIPUBOAMMBIX HaJT (Q MHOIOUIEHOB IPOU3-
BOJIBHOH CTeIleHU.

Ecin ¢ — wenyneBoii MHOTOWIEH C paIlMOHAJILHBIMU KO-
durnmenTaMu CTEEeHNn 1, TO, MPUBOIA KOIPDUIMEHTH K 00IIeMy
3HAMEHATEJII0, MOXKHO 3amucarh: ¢ = «(ag + a1z + -+ - + a,x™) =
= aqp, rae Bce KO3 UIMEHTHI a; — IIeJIble YUCJIa, He UMEOINe
HETPUBUAJIBHOTO ODIIEro JeIuTeist, a, > 0, a € Q. Jlerko Bujers,
YTO MHOTOYJIEH (g W 9YHCJIO (v OIPEJIeJIEHbI OJHO3HAYHO. Byaem
HA3BIBATH () NPUMUMUEHHM MHO20%AEHOM, COOTBETCTBYIOIINM
MHOT'OUIEHY .

JIemma 3.10 (Taycc). (uv)o = upvo.

JokazaTesbcTBo. B cymuocT, HY>KHO JOKa3aTbh, YTO €CJIH Y
KasKJIOTO U3 MHOTOYJIEHOB Ug, Vg € Z[x] K03 bumenTs B3anMHO
IIPOCTHI B COBOKYITHOCTH, TO ¥ UX IIPOU3BEJICHHUS UgVy KOIDDUIU-
€HTBI TaK YK€ B3aMMHO IIPOCTHI B COBOKYITHOCTHU. JIJIst moKa3aTe b
cTBa ocTpouM romoMopdusM Kosbla Z[x] Ha kKoabo GF(p)|x],
KOTODBIIl HA3BIBAETCsT Pedykyueti MHO204AEHA TTO MOIYJIIO p. Pe-
IyKiyst f, MHOrowIeHa f IIOJIydaeTcs! IPUBEIEHUEM 10 MOJIYJIIO
p Kaxgoro u3 kosdduiuentos f. [Tocmorpes Ha GOpMyJIbI It
CYMMBI U IPOU3BE/IEHIS MHOTOYJICHOB, BUJUM, 9TO PEJLyKIUs JAeii-
CTBUTEJILHO SIBJISIETCS TOMOMOP(U3MOM.



3.3. HenpuBoauMble MHOTOYJIEHBI 135

ITpemmosnoxkum, 910 y KoahUIMEHTOB Ugvy eCTh 0BImuii mpo-
croit mesmuress p. Torma (uovg), ¥ Iy peayKiuil Mo MOIY/IIO p
umeeM (ug)p(vo)p = 0. ITockoabky B kombue GF(p)[r] mer me-
sresteit nyna (aemma 2.11), To oxma u3 peaykuuii (ug)p, (vo)p
pasHa (. DTO IPOTUBOPEYUT IIPUMUTUBHOCTHU Ug, Vo. O

Takum 06pa3oM, BOIIPOC O TPUBOUMOCTHA MHOTOUIEHA HAJT [TO-
JIEM pPAIMOHAIBHBIX 9UCEJI CBOJUTCS K BOIIPOCY O PA3JIOXKEHUN Ha
MHOXKWUTEJTU MEHbIIeH CTelleHr MHOTOWIEHA C TEIBIMU KO3 duIm-
eHTaMU. B 3TOM HaIpaBJIEHUH MMEETCsI CJEHYIONIee JOCTATOTHOE
YCJIOBUE HEIPUBOIUMOCTH:

Teopema 3.11 (kpurepuii ditzeninreiina). Fcau das mnozo-
yaena ¢ = ag + a1 + - + apx™ ¢ yeavimu Koadhuruenmamu
cywecmeyem makoe npocmoe “ucao p, 4mo p 1 an, p | a; npu
i=0,...,n—1, p? t ag, Mo aMom MHo20UACH HENPUBOOUM.

JMokazareabcTBo. [IpeanosioxkuM, 94T0 ¢ TPUBOIUMBINA MHOTO-
uynen: ¢ = uv. Torma ¢, = u,v,. Ilo ycraoBuio Teopemst g, = ax”,
a # 0. Bnaunr, u, = ba*, vp = cx™, rae k <n um < n. Ilosromy
BCe KO3 MDUIUEHTHI MHOTOUJIEHOB U 1 U, KPOME CTaPIIUX, JIEIATCS
HA P, & TOrJA CBOOOIHBIN 4WjieH MHOrO4wIeHa ¢, (T.€. ag), PaBHbIA
UQVp, AETUTCS Ha P2, ITO IPOTUBOPETHUT YCJIOBHIO. O

IIpumep 3.12. Muorounen 2z* — 62% 4+ 1522 + 21 HenmpuBomIM
uayt mosleM Q. Jlocrarodso B3ATH p = 3 M NPUMEHUTH KPUTEPHit
DiizeHIITEHHA.

IIpumep 3.13. dns Becsakoro n > 0 mHOrowreHn x” — 2 Henpu-
Bogum Hag Q. JlocTaTovHO B3ATH p = 2 M NPUMEHUTH KPUTEPHIt
Ditzenmreitna. OTCIOMA BBITEKAET, YTO HAJ [IOJIEM PAIMOHAJIBHBIX
YUCesI CYIIECTBYIOT HEIIPUBOIUMbIE MHOTOUJIEHBI JTIOOOI CTereHu.

Tenepb mepeiiieM K caMOMy BasKHOMY JJIT HAC CJIy9ar0 MHO-
rowienos Hax nojeMm GF(p). Haunem ¢ npumepos.

IIpumep 3.14. Haiinem Bce HEIPUBOINMbBIE MHOTOUIEHDBI CTEIIE-
ueit 2, 3, 4 max nonem GF(2). B srom mose ects 1Ba v1ementa 0
u 1, onepanuy — CJIOKEHHE U yMHOYKEHUE II0 MOZYJIIO 2.

Bropas crenenn: 2 + ax + b. Slcmo, uro b # 0, Tak Kax B
IPOTUBHOM CJIydae UMeeTcs Pa3jIoXKeHre Ha HeTPUBHAJbHBIC JIe-
murem 72 + ax = x(z + a). 3HaYUT, HENPUBOIUMBIN MHOIOUJIEH
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crenenn 2 nmeet B 22 + ax + 1. IIoCKOIBKY MHOTOUJIEHOB Hep-
BOIl cTeleHu Bcero JiBa: & U T + 1, a JIeJUMOCTD Ha [IE€PBBIIl MBI
y2Ke HCKJIIOYUJIN, TO OCTAJIOCh UCKJIIOYUTH JIEJTUMOCTb Ha T + 1.
DTO JIeaeTcs AHAJIOTUIHO TPEJIBIIYINEMY CIYYalo: TOC/Ie 3aMEHbI
y = x+1 ocraercs IpOBEPUTH, 9TO CBOOOIHBI UJIEH B PA3JIOKEHAN
o cremeHsM Yy He paseH (. DTOT CBOOOHBIN YjieH paBEH 3HAUE-
HUIO0 MHOrOYjIeHa npu ¢ = 1 (B mamem nose —1 = 1). Tlosromy
nostydaeM ycsosue 1 +a+ 1 # 0, T.e. a # 0.

Wrak, HEIpUBOAMMBII MHOIOYJIEH CTENEHH 2 €IMHCTBEHHBIN:
22+ +1.

Tperbs crenennb: x5 + ax? + bz + 1 (cBOGOAHLIH YIeH He paBeH
HYyJIIO, HHAYE UMEEM JIeJIUTEIb T ).

Uckimounm fesmmmvocts Ha « + 1, mosrydaem yciosue a + b # 0.
T.e. umeem nBa pemtenust a =0, b=1uma=1,b=0.

CoOTBETCTBEHHO, UMEEM JIBa HEIIPUBOMMBIX MHOTOMJIEHA CTe-
renu 3:

x3+x2+1,
24+ x+1.

st yeTBEPTOll CTENEHN UCKJIIOYEHNE JIeTMMOCTH Ha @ U & + 1
IPUBOAUT K MHOrOWIeHaM Bua ' +ax® +bx?+cz+1, a+b+c=1
(nanoMHUM, 9TO KO OUIMEHTHI Mbl CKJIa/IbIBAEM 110 MOYJIIO 2).
Bcero ects 4 BapuanTa, KOTOpbIE JAIOT 3 PEIIECHUS:

a | b | c | MHOTOUIEH |
olol1]at+2+1

0[1]0|2*+22+1 IIPUBOTUMBI
1{0(0|zt+23+1

(1|1 |zt +23+22+2+1

OTKyna B3sijIcs ellle OJWH IIPUBOAUMbII MHOTOUIeH? B Tabm-
Ile yKa3aHbl MHOTOYJIEHBI, y KOTOPBIX HET JeJInTeseil crerneHn 1.
Ho muorowien 4-it crernenn MoXKeT pas3JjiaraTbCs B IMPOU3BEJICHUE
JBYX HEIPUBOJIMMBIX MHOTOYWIEHOB 2-ii crernenu. HempuBoumbrii
MHOTOYJIEH 2-ii CTEIIeHU €JIMHCTBEHHBIN, TTI03TOMY TIOJTyYaeM €JINH-
CTBEHHOE UCKJIIOUeHe

(@ +z+1)° =z +22+1

(151 BO3BEJICHNSI B CTEIEHD, DABHYIO XaPAKTEPUCTHUKE [IOJIsl, Y HAC
ectb npocras Gopmyna (3.1)).



3.3. HenpuBoauMble MHOTOYJIEHBI 137

Vcnonn3yst HeMpUBOAMMbIE MHOTOWIEHBI, MOXKHO CTPOUTH KO-
HEYHBIE TIOJIS.

Pacemorpum nonie GF(p) = {0,1,...,p — 1}, ¢ oneparusnvu
CJIOZKEHMS ¥ YMHOXKEHHS 110 MOJLYJIIO IIPOCTOTO YucCaa p. BozbMem
MHOT'OYJIEH N-# CTeIeHn

P(z)=apa" + -+ a1x + ao

¢ koaddurmenramu u3 sroro moisA (a; € GF(p), 0 < i < n),
HenpuBOAMMBIH Hax nojem GF(p). Pasnoxkum Koabo MHOTOMWIE-
HoB Hag nojem GF(p) mo umeany, nopoxaenuomy P(x). Tlomy-
YUM COBOKYIIHOCTH OCTATKOB OT Jejenus Ha P(x), koropas obpa-
3yeT mosie (MOCKOJIbKY KOJIBII0 MHOTOWIEHOB EBKJIUIOBO, HICAJ

(P(z)) — MaKCHMAJIBHBIH). DJIEMEHTBI 9TOTO 10N OymeM 060-
snanats {r(2)} = {f € GF(p)la] | f(z) = r(z) + Q)P(e),
Q € GF(p)[z]}.

ITocrpoennoe none saBisgerca nosieM latya, T.e. B HeM couep-
JKUTC KOHEYHOE YHCJIO0 3JIEMEHTOB. JleficTBUTEIbHO, PA3HBIX dJIe-
MEHTOB 9TOT'O IOJIs, T. €. KJIACCOB BBIYETOB, MMEETCs CTOJILKO XK€,
CKOJIBKO €CTh Pa3HbIX OCTATKOB OT sesierust Ha P(x). A B ocraTke
or nesenus Ha P(x) Moxer 6bITh J1000H MHOIOUYJIEH CTEIeHH He
BoIre n— 1. Takoit MHOrOYIEH MOYKHO 3alncaTh Kak bg+b1x+. ..+
+b,_12"1, rae B kadecTBe KO3 MUITEHTOB MOKHO MOICTABIIAT
JioGbIe 31eMenThl 1ot GF(p). TlosroMy 9uc/io 3/1eMEHTOB PABHO
p™. CooTBeTcTByIOIIEE moJIe l'arya Ha3bIBAETCS PACITHPEHTEM N-ii
crenenu nosst GF(p) u obosnagaercs GF (p™). Obparure BHIMA-
HU€e Ha TO, YTO B 9TOM ODO3HAYEHUH HE HCIOJIb3YeTCs MHOTOYJIECH
P(z), ¢ OMOIIBIO KOTOPOTO MBI IIOCTPOUJIN T10JIe. DTO He CJIydaii-
HO. Bepna cienyromas Teopema.

Teopema 3.15. Jlwboe kxoneuroe nose u30MOPPHHO KAKOMY-HU-
6ydo noao Taaya GF(p™). Jhobwe dsa noas, codeporcausue p™
INEMENNOB, U3OMOPPHHDL.

Teopema 3.16. [aa a10601 cmenenu n u 044 4106020 NPOCMO20
p cywecmeyem Henpusodumvili noaurom cmenernu n wad GF(p).

STI/I JABE€ TEOPEMbI B COBOKYITHOCTHY ITOJTHOCTBHIO OITUCHIBAIOT BCE
KOHEYHbIe oI, IpyrumMu ciioBaMu mX MOXKHO ¢HOPMYINPOBATD
Tak: JiIoboe IoJIe COJAEPKHUT P IJIEMEHTOB, Ije p — IIPOCTOe, U
JIJIsT KaXKJIOro IIPOCTOr0 p M HATYPAJBHOIO 7. €CTh POBHO OJTHO
(¢ TognHOCTBIO N0 M30MOpduU3Ma) mone GF (p™).
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JokazarebCTBa 3TUX TeopeM mpuBojsiTcst Huxke. Ceituac 3a-
METHM TOJILKO, 9TO HAM IIOTPEOYETCst CTPOUTH IMOJIsI PACIIUPEHUEM
HE TOJIbKO IPOCTOrO 10Jis BbrueToB GF(p), HO U IPOU3BOJIBLHO-
o KOHEYHOrO 110Jis. KOHCTPYKIMS TaKOr0 PACIINPEHHS JOCTIOBHO
COBIIQJIAET C IIPUBOIMMOIi BBIIIle KOHCTPYKIUEH pacIIMpeHnus 101

GF(p).

3.4. JluneitHas ajredpa HaJ] KOHEYHBIM
moJjiemM

Haunem ¢ Toro, 9ro BBeIeM BEKTOPHBLIE MPOCTPAHCTBA HA,
KOHEYHBIM IIOJIEM.

AGcTpakTHOE 6€KMmOopHoe NPOCMPAHCMEO MOXKHO OIPEIC/INTh
HaJ JIIOObIM 1oJieM F. DTO0 MHOXKeCTBO V, Ha KOTOPOM 3aJIaHbI
creyrouye oneparun: cioxkenue +: V XV — V u ymHoXenue Ha
«aucyio» F'xV — V. Csoiicrsa 911X oneparuii TakoBbI (31eCh Mbl
0003HAYAEM 3JIEMEHTHI IOJIs TPeYeCKUMU OYKBaMU, & SJIEMEHTHI
BEKTOPHOI'O IIPOCTPAHCTBA — JIATHHCKUME, YMHOXKEHUE HA IUCJIO
0003HAYaEeM TOYKOH -, XOTS IMOYTH BCErIa B JAJbHEHIIEM TOYKA
6yer OILyCKaThCs ):

L1: V — xoMMyTaTuBHaS TPYIIA MO CIOKEHUIO;

L2: a-(v1+ve)=a-v1+a-ve, (1 + ) v =01 -v+ay-v
(ZuCTpUOY TUBHOCTS );

L3: a-(8-v) = (af) - v (koMnosuryst yMHOXKEHUH Ha, JIBa IUCIIA
COBIAJAET ¢ YMHOXKEHUEM HA IIPOU3BEICHUE ITUX YUCEI);

L4: 1-v=n.

Hynesoii BeKTOp (€AMHUYHBIA 3JIEMEHT B IPYIIE CJIOKEHUS
BEKTOPHOI'O IIPOCTPAHCTBA) OyeM o6o3navaTs 0.

IIpumep 3.17. Ilycts V = F™ — MHOXKECTBO II0CJI€I0BATEIHHO-
cTeil JJIMHBI N, COCTABJIEHHBIX U3 3eMeHToB moJist F'. Croxkenne
U YMHOYKEHHE Ha YHUCJIO OIMPEJEUM IOKOMIIOHEHTHO: Jisd & =

= (Oél,OéQ,...,Oén), ﬁ = (617527"'aﬁn)7 rae o; € F7 ﬁl € F7
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II0 OIIpeae/ICHUIO MMeeM

a+pB= (o1 + B, a2+ PBoy...,an+ Bn),
a-a = (aar,aas,. .., ca).

JIerko mpoBepUTDH BBHITIOJTHEHNE BCEX CBOMCTB U3 OIPeIeICHUS BEK-
TOPHOT'O MIPOCTPAHCTBA.

[TocTpoennoe B 3TOM HnpuMepe IPOCTPAHCTBO HA3LIBAETCH
N-MEPHBIM KOOPOUHAMHBLM NPOCTPAHCMEOM Had nosem F.

AnajiorudHo cirydaro KoJer (CM. BBIIIe), U3 ONPEJIE/ICHUs BeK-
TOPHOTO IIPOCTPAHCTBA CPa3y CJEILyeT JUCTPUOYTUBHOCTH OTHO-
CUTEJIBHO BhIYUTaHUA: v - v — (- v = (a — (3) - v, TaKk Kax

(a=p)-v+B-v=(a=B+pF) - v=a-v.
Orcroma noaydaem, aro 0 - v = 0, Tak Kak
O-v=(1-1)-v=v—v=0,
u —v = (—1) v Tak Kax
v+(-1)-v=1v+(-1)-vo=(1-1)-v=0-v=0.

Muo2kecTBO BeKTOPOB V' BEKTOPHOro ImpocTpaHcTBa V' Ha30-
BEM MOPOAHCOAIOWLUM, €CJTA KAXKIBI BEKTOD IPOCTPAHCTBA, SBJIs-
erca aunetinoti xombunayuet BekTopos u3 V') T.e. pyia mo6oro
v € V crpaBeyinBO paBEHCTBO BUIA

m
v = Zaivi, a; €F, v; eV,
i=1

[IpocrpancTBo V' HA3bIBAETCS KOHEUHOMEPHDBLM, €CITH B HEM
CYIIECTBYET KOHEYHOE ITOPOXKIAIONIEe MHOYKECTBO.

MHu0>kecTBO BEeKTOPOB V' Ha3BIBAETCS AUHETIHO HE3A6UCUMDBLM,,
ecau u3 Ele a;v; =0, e a; € F, v; € V, cienyer, aro a; = 0
JJISI BCEX 1.

CoBOKYyIIHOCTL BEKTOPOB V' HasbIBaeTCA 6A3UCOM, €CJIU OHA
OJTHOBPEMEHHO SIBJISIETCS U IIOPOKIAIOIINM, U JIMHEHHO HE3ABUCH-
MBIM MHOXKECTBOM.

Jlerko moHsATH, YTO 0A3UC CYIIECTBYET B JIOOOM KOHEYHOMED-
HOM BEKTOPHOM IipocTpancTse V. Bribepem Kakoe-HUOYIb KOHEY-
Hoe nopozkaomniee MuozkecTso V. Cpenn noamuozxkects V', KoTo-
pble SIBJISTFOTCS TIOPOXKIAIONIUME JijTsi V', BBIOEpEM MUHUMAJIBHOE
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10 BKJIIOUEHUIO ITOJAMHOXKeCTBO B. 910 u byner 6a3uc. eiictBu-
TEJIbHO, €CJIU

k
Zaibizo, a; € F, Oéj#o, v; € B,
1=1

to B\ {b;} rakke nopozxraomee: [yist ir06oro v € V nmeem

m

B; B;

v:Zﬁibi:Zﬂibi_jzaibi:Z ﬂi—aij b;.
=1 i#j T i#j i#j J

STO HpOTI/IBOpe‘{I/IT MUHUMAJIBHOCTH.

VYrBepxkaenue 3.18. Kaowcdvili asemenm KOHEWHOMEPHO20 6ek-
MOPHO20 NPOCMPAHCNEA 0OHOZHAYHO NPEICMABAAECMCS 6 GUIE AU-
HETHOT KOMOUHAUUY INEMEHMOE bA3UCA.

JdokazaTesabcTBo. lelicTBUTENBHO, €CJIM €CTh JBa IIPEJICTaBIIEe-
HU B BUJE JUHEHHON KOMOMHAIINKM BEKTOPOB U3 Oasuca

n n
v = E Qv; = E Bivi,
i=1 i=1

TO, BBIYUTAS OJHY U3 JPYTOM, MOJIyIaeM
n n n
O=v—v= Zaivi - Zﬁivi = Z(aiv — Biv) = Z(ai — Giv.
i=1 i=1 i=1 i=1
ITo onpesesieHuo JTUHEHHOW HE3ABUCUMOCTH OTCIOZA CJIEJLYeT, YTO
JIUIsT BCEX | BBIIOJIHAETCS paBeHCTBO oy — 3; =0, T.e. oy = G;. O

Takum 06pasoM, KaxKIoOMy 3JEMEHTY BEKTOPHOTO IMPOCTPAaH-
CTBa C KOHEYHBIM 0A3MCOM OJTHOZHAYHO COOTBETCTBYET HADOP KO-
3 OUINEHTOB pa3JI0KEeHNs 10 ITOMY Oa3uCy

v (.., am).

Ecsm BBecTn mousitme mzomMopdusMa BEKTOPHBIX IIPOCTPAHCTB
AHAJIOTMYIHO U30MOpdU3MaM IPYII U KoJjiel (OueKius, CoXpaHs-
IOIAsl OTIEPALIUY ), TO MOXKHO CKA3aTh, 4TO PA3JIOKEHHE 10 6A3UCy
3a71aeT U30MOPGMU3M MEXKIY KOHETHOMEPHBIM ITPOCTPAHCTBOM V
1 KOOPJIMHATHBIM POCTpaHCTBOM F'™.

Teopema 3.19. Yucao snemenmos 6 A0bux deyxr 6a3ucax KoHe -
HOMEPHO20 NPOCNPAHCMNEE 00UHAKOBO.
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Hpyrumu cjioBamMu, KOOpAWHATHBIE mpocTpancTtsa F™ u F™
HEM30MOPMHBI [IPU 1. £ M.

ITIo teopeme 3.19 umncio 3sleMeHTOB B 6a3mcCe HE 3aBUCUT OT
BBIOOpa Oa3uca U HA3BIBACTCH PA3MEPHOCTNBIO TIPOCTPAHCTBA.

Mz BeiBesieM Teopemy 3.19 u3 cieyroleii JeMMbI, UCIOIb3Y-
IOIell TOHSATHE SKBUBAJIEHTHBIX CACTEM BeKTOpOB. /IBe cucreMbl
BEKTOPOB ¥Y1,...,Y1 € V U 21,...,2, € V Ha30BeM 2K8UBAAEHT-
HOIMU, €CJTN KaXKJBIH BEKTOP OJHOM M3 CUCTEM BBIPAYKAETCHA B
BUJIE JIUHEHHON KOMOWMHAIIMN BEKTOPOB M3 BTOPOiT CUCTEMBI. fICHO,
9TO 9TO NEUCTBUTEJHHO OTHOINEHHE SKBUBAJEHTHOCTH: IOJICTA-
BUB B JIMHEHHYI0O KOMOMHAIIUIO BMECTO BEKTOPOB OIHON CHCTEMBI
WX BBIPAXKEHUs B BUJIE JINHEHHBIX KOMOWHAIMIT BEKTOPOB JIPYTOi
CUCTEMBI, MOYKHO PACKPBITh CKOOKM, IIPUBECTH TIOO0HBIE U TTOJIY-
YUTH JIMHEHHY 0 KOMOMHAINIO BEKTOPOB BTOPOIi cucreMbl. OTcroma
BBITEKAET TPAH3UTUBHOCTH. CUMMETPUIHOCTD U PedIIEKCUBHOCTH
OYEBU/IHBI U3 OILPEJIETICHISI.

JIemma 3.20 (siemMma o 3ameHne). ITycmo yi, ...,y — cucmema
U3 AUHETIHO He3A6UCUMDBLT 6EKTNOPOS U 6CE GEKTNOPYL 1Y; GbLPAIHCA-
0MCA KAK NUHETIHLE KOMOURAUUY 6EKMOPOS CUCTEMDL 21, . . .y Zm .
Tozda cywecmeyem KEUSAACHMHAA CUCTIEME 21, . . ., Zm CUCTE-
M@, CO0EPIAHCAWAS Y1, Y2, ..., Y U KaKue-mo m — | 6exmopos u3
CUCTNEMDL 21, - . 5 2 -

CrencrBueM 3TOU JIEMMBI SIBJISIETCSI HEPABEHCTBO [ < m.
K jaBy™m 6asucam jieMMy O 3aMeHE MOYKHO IMPUMEHSITH B J[BE CTO-
poHbI (TaK Kak Ji06ble BEKTODHI BHIPAXKAIOTCS B BHJIE JIMHEHHO
KOMOUHAIINYM BEKTOPOB U3 Oasnca, u Ga3ucHble BEKTOPHI JTUHEITHO
nezasucumbl ). [Tosromy mosyuaem gsa nepasencrsa l < m, m < [,
T.e. m = [. Ho 910 u ecTh yTBEpKIeHIE TEOPEMBI.

3HaYUT, OCTAJIOCH JOKA3aTh JIEMMY O 3aMeHe.

Jloka3aTeabCTBO JIEMMBbI O 3aMeHe. ByjeM JI0Ka3blBaTh WH-
AyKImei o (.
Baza unayknum: | = 1. YciioBue IeMMbI O3HAYAET, ITO

Y1 = Zaiziv (3.3)
i=1

upudeM He Bce Kod(dunuentsl pasubl 0 (IOSCHUM Ha BCAKUiL
cIydail: cucTeMa u3 OIHOTO BeKTopa () ABJISeTCs IO OIpPeIeSIEHUIO
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JHeiino 3asucumoit). Cunraem 6e3 orpaHudeHust OOITHOCTH, UTO
epBbiit KoaduruenT «; He pasen 0. Torma

m m
-1 1
—a1z1 = —y1 + g v, T.e. z1 =0 Y1+ E (—o7 ")z

i=2 i=2
(3.4)

CucreMbl Y1,29,...,2m U 21,29,...,2m B cuiy (3.3) u (3.4)
SKBHUBAJICHTHDI.

Wupykrusneiil nepexo. Ilycts semma mokazana jist [ < s.
PaccMoTpyM JIMHEHHO HE3ABUCUMYIO CUCTEMY Y1, - - ., Ys. Fe TOJI-
CHCTEMA Y1, - . . , Ys—1 TAKIKE JIMHEHHO He3aBHCUMA. 1103TOMY, TIepe-
HYMEPOBAB BEKTOPBI B CUCTEME Z1, . . ., Zm ), MOKHO CIMTATh, ITO
CHCTEMDBI Y1, - -+, Ys—1s Zsy+-+r2Zm M Z1,- -+, Zm IKBUBAJEHTHBI. Ho
TorIA

s—1 m
s = > _iyi+ > Bizi, (3.5)
i=1 i=$
[puyYeM XOTsl Obl OJMH U3 KO3(PPUIMEHTOB (; OTJINYEH OT HYJIs
(nnave n3 (3.5) mosyvasiach Obl JIMHEHHAS 3aBHCHMOCTH MEXKIY
BEKTOPAMU CHUCTEMBI Y1, . .., Ys). MoxkHO Ge3 orpanudenus oOII-

HOCTH TIPEINOJIOKUTH, 9To (s # 0. Torna

s—1 m
2o =B ys + Y (B + Y (=61 B)z. (3.6)
=1

1=s+1
CHCTEMBIL Y1, ..y Ys—1yZsy- -y Zm U Ylye s Ysy Zst1y- -+, 2m B CH-
sty (3.5) u (3.6) SKBUBaJIEHTHBI. SHAYHUT, SKBUBAJIEHTHBI U CHCTEMBI
Yis-- -5 Yss Zs+1y- -9 2m U 215 -5 Zm- U

IIpumep 3.21. MHuoroueHsl creneHu He Bbiie d ¢ Koddhuim-
eHTaMu U3 10jisg F' 06pas3yroT inHeiHOe MPOCTPAHCTBO HAI, TIOJIEM
F pasmeproctu d + 1. OueBuano, 9T0 MHOrOWIEHH 1, 2, 22, ...,
z¢ obpasyror 6aszuc B 3TOoM mpocTpancTBe. HO MOXKHO yKa3aTh
U JApyThe UHTEepPeCHble 0A3UCHI JJIsi TPOCTPAHCTBA MHOTOUJIEHOB.
B wacrrOCTH, ecsu B osie F' GouibIie d 3JIEMEHTOB, TO JIJIsi JIFOOOTO

HabOpa ag,...,0q U3 PA3IAIHBIX SJEMEHTOB IOJIsI CYIIECTBYIOT
TaKHe MHOTOWIEHHI fo,..., fq, uro fi(a;) = 1 u fi(a;) = 0 mpn
i # j. Muorowrens fy, ..., fq obpasyior 6azuc. [leiicTBuTesbHO,

MHorouten f = Y o jo;f; = 0 npuHEMaeT B KayKJOH TOUYKE a;
3HaueHue ;. 1103TOMy JIMHEHHAs 3aBHCHUMOCTb MEXKIY TaKHMU
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MHOTOWIeHaMu oy fo + a1 f1 + - - - + agfq = 0 o3HagaeT, 9o BCe ay;
paBubI 0.
BoinumieM siBHO BbIpayKeHUsl JJIsi MHOTOYJIEHOB f;:

(r—a1)(x —az)...(z—aq)

1= fao — ) a0 —a2) - (a0 — aa)’

(G e a
(a1 —ao)(ar — az) ... (a1 — aq)’

P (x—ag)(x—a1)...(x —aq—1)

(aqg —ap)(aqg —a1) ...(aq — ag—1)

Kosddburmentsr pasnoxenus: MmHOrowiena f mo sromy 6a3u-
Cy paBHBbI 3HAYEHUSM MHOTOYJIEHA B TOYKAX dg,--.,0qd, & CAMO
Pa3JIOXKEeHNE 10 9TOMY OA3UCY HAZBIBAETCST UHMEPNOAAUUOHHOT
dopmyaoti Jaeparorca:

d
F=Yflaifi. (3.7)
1=0

Kak ciresicrBue, mosryuaem, 9TO0 MHOTOUJIEH CTEIIEHU d HAJ [1O-
jeM F' OmHO3HAYHO OIpene/sieTcss CBOMMU 3HAYEHUSIMU, €CJIU
|F'| > d. B gacrHoCcTH, HaJ JIIOOLIM GECKOHEYHBIM IOJIEM KOJIb-
110 DYHKINH, TPEeJICTABUMBIX MHOTOWIEHAMHU, H30MOP(MHO KOJIBILY
MHOTOWIEHOB HAJ[ 3TUM OJIEM, OTIPE/ICJIEHHOMY KaK B pasjeiie 2.2.

amedanue 3.22. MoxKHO J0Ka3aTh U 00paTHOE: €CJIN B I0Je He
boJiee d 3JIEMEHTOB, TO HEKOTOPBIII MHOTOUJIEH CTEIIEHN HE BbIIIE
d ToxaectBenno paseH 0, cMm. HEXKe ciencTsre 3.36.

[TpumenuM Tenepb JTUHEHHYO aJredpy K M3y IeHUI0 KOHEIHBIX
OJIEN.

Jlemma 3.23. [loae xapaxmepucmuky P ABAAECMCA BEKMOPHBIM
npocmpancmeom wad nosem GF(p).

Orneparus CJIOKeHHsI B TIOJIE JIAeT OIIEPAIUIO CJIOXKEHUST B BEK-
TOpHOM TpocTpancTBe. Kak yke mokazano, mosie F' XapakTepu-
CTHKH P COIEPXKUT IOJII0JIe KpaTHbIX 1, nzomopduoe GF (p). Dro
HO3BOJISIET OLPEJEIUTh YMHOXKEHNE 3J1eMeHTOB F' («BEKTODOB» )
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Ha 2sieMeHTHl GF(p) («umcsia») Kak ymHOXKeHue B mojie F. Ax-
CHOMBI BEKTOPHOT'O IIPOCTPAHCTBA BBIMOJHSIIOTCSI B CUJLY CBOMCTB
apudMeTHIeCKUX Oonepanyii B nose.

CaencrBue 3.24. B xoneunom noase p" snemenmos, p — npo-
cmoe, . — HAMYPAABLHOE.

Tenepn paccmorpum noje GF(p™), mocTpoeHHOE KaK KOJIb-
[0 BBIYETOB 10 MOJYJII0 HEKOTOPOIO HEIIPUBOJAUMOrO MHOIOUICHA
f(z) crenenn n man GF(p). Mbl onncasu 3/1eMEHTBI STOTO IIOJIST
C TIOMOIIHI0 MHOTOYJIEHOB CTeneHn n — 1 ¢ Koaddunumenramu n3
GF(p): sanement {ag + a1z + -+ + ap—12" '} nona GF(p™) coor-
BETCTBYET TOMY KJIACCY BLIYETOB, B KOTOPBII BXOJAT MHOTOUJICHBI,
Jarolye IIpu IejIeHu Ha f(a:) OCTaTOK ag+ai1x+---+ an_lx"_l.

Teopema 3.25. Daemenmuw {1}, {x}, ..., {z"~1} obpasyrom 6a-
suc GF(p™).

B uwacrroctu, GF(p™) — BEeKTOpHOE [IPOCTPAHCTBO Pa3MEPHO-
cru n Hag noseM GF(p).

JoxkazareabcTBO. JI1000#1 OCTATOK IIPEJACTABUM B BHJE JIMHET-
HOM KOMOWHAITNY yKA3aHHBIX BEKTOPOB:

{ao+arz+ - +an 13"} = ao{l} +ar{z} + - +an_1{z" '}
" obpatHo, nmycth
bo{l} + bl{x} —+ -4 bn_l{xn_l} =0.

D10 03HAYAET, YTO MHOTOUJIEH by +b1x+- - -+bp_ 12"~ nesurcs Ha
muorouwied n-i crenenu f(z). IIOCKOIBKY IIpU yMHOXKEHUU HEHY-
JICBBIX MHOTOYJICHOB UX CTEIeHH CKJIAJBLIBAIOTCS, 3TO BO3MOZKHO
s mpu by + b1 + - + by_12" "1 = 0. 3uaunt, cucrema {1},
{x}, ..., {z"~ '} nuneitno mesaBUCHMA. O

3ameuyanue 3.26. Pasymeercs, mocTpoeHme TOJsT C TOMOIIHIO
BBIYETOB [0 MOJIYJIIO HEKOTOPOTO HENPUBOJMMOTO MHOTOWIEHA U
AHAJIOTH JIOKA3aHHBIX B 9TOM DAa3JIesic TEOPEM CIIPABE/JINBBI HE
TOJILKO B CJIy4ae KOHEeUHbIX noJieii. Hampumep, BosbMeM 1odie jeii-
CTBUTEJLHBIX UHCENl U HempHBOAUMBI Haj R wmuorowren z2 +
1. Iocrpoum mose R/(2? + 1), oo sABJsIeTCS BEKTOPHBIM IIPO-
crpancrsoM HaJ R. Duementsr {1}, {z} obpasyior 6asuc sroro
[POCTPAHCTBA. 3HAYAT, KAXKJIbIH 3JIEMEHT MOXKHO IPEJCTABUTD
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B Buge a{l} + b{z}. Jlerko mpoBepHUTH, UTO MHOJYUEHHOE IIOJIE
130MOpGHO MO0 KOMILIEKCHBIX ucel C, omuH U3 BO3MOXKHBIX
u30MopIU3MOB 33/aercst coorBercreueM 1 — 1, {z} — 1.

Jlemma 3.27. Ecau nose GF(p™) codeporcum noae GF(p*), mo
k deaum n.

Jloka3aTesqbCTBO. AHAJOTUYIHO JIOKA3aTEILCTBY JIEMMBI 3.23.
Ecmu Fy C Fa, To seMeHThl Fo MOXKHO YMHOXKATD HA JTEMEHTDI
u3 F1, a Takke CKJIaAbBarTh. [losroMmy Fh siBJIsIeTCs BEKTOPHBIM
IIPOCTPAHCTBOM HaJI mojieM F) pasmepHocTu d. 3HAYUAT, B HEM
|F1|¢ snementos. Taxkum obpazom p” = (pF)?¢, uro u osmagaer
NeJIMMOCTD 1 Ha, k. O

3ameuanne 3.28. Crpasemiuso u obparenne jeMMbl 3.27. OHo
cyesiyer u3 eAuHcTBeHHOCTH 0t GF(p™) (cMm. nmxe pasgen 3.8)
U CyIIECTBOBAHUS HEITPUBOIMMOIO MHOTOUJIEHA CTEIIeHN k HaI JIIo-
ObIM KOHEIHBIM II0JIeM (CM. BTOPOE JIOKA3aTeJLCTBO TeopeMbl 3.16
Ha c. 159).

3.5. KopHu MHOTO4JIEHOB
Ha/l KOHEYHbBIM I10JIEM

Teneps 6yzeM pemarh ypaBHeHUsT B KOHEIHOM T10J1e. PaceMoT-
puMm nosie GF(p™), a B HéM — Kakoii-HuOyapb jeMent 3, u Oyuem
HUHTEPECOBATHCA MHOTOYJICHAMH, JIJIT KOTOPBIX 3TOT 3JIEMEHT SAB-
JISIeTCsl KOPHEM.

Omnpegesienue 3.29. Muorowien m(x) HA3BIBAETC MUHUMAAL-
noti ynryuet as 3, ecimm m(z) — HopMupoBaHHbIii) MHOrOUTEH
MUHUMAJILHON CTEHEHH, IS KOTOPOro (3 SBJIAETCS KOPHEM.

JpyrumMu ciioBaMH, TOJIKHBI BBIIOJHATHCA TPU CBOMCTBA:

a) m(B) = 0;

6) f(8) # 0 npu f(x) # 0, deg f(z) < degm(x);

B) KoadduimenT upu crapimeii crenenu B m(x) pasex 1.

1Y HOpMHPOBAHHOrO MHOrOWIeHa crapimmii Kosdduiuent pasen 1. Bes-
KUl MHOI'OYJIEH MOYXKHO HOPMHPOBaTh, YMHOXKUB €r0 Ha OOPaTHBIH K CTapile-

My KO3(DUIHEHTY, IPU 9TOM MHOYKECTBO KOPHEH HE M3MEHSIETCS.
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IIpumep 3.30. IlycTb nosie mpeicTaBAeHO KaK KOJBIIO KJIACCOB
BBIUETOB 110 MOJYJIIO HEINPUBOIUMOro MHOrOWIeHa a(r) = ag +
+ a1z + - + apz™. s kinacca Bbraeros {x} nosmuoM a;, la(x)
SIBJIsIETCS] MUHUMAJIbHON dyHKuneit. leiicrBuTensbno, {} apiaser-
CsI €r0 KOpHEM:

ap{1} + a1{z} + - -+ an{z}" = {ap + a1z + - - + an2"} = {0},

T.e. {x} — xopenb a(z), Ho Torya {z} aBageTca Koprem u a;; ta(z).
JokazkeM MEHUMAJIBLHOCTD. [Ipe/iIooKumM, 9To CymecTBYeT MHO-
rousnied bg + b1z + -+ 4 bp_12" 1, 118 KOTOPOro

bo{1} +bri{a} + -+ by {2} =
=bo{l} +bi{a}+ - +bo_1{z" '} = {0}

DT0 PaBEeHCTBO 3aJaeT JINHEeHHYI0 3aBucuMocTb Mexay {1}, {z},
{22}, ... {2" "1}, xoroprie 06pazyioT 6azuc Mo/ Kak BEKTOPHOTO
npocrpancrsa Hag GF(p). Ilosromy Bee b; = 0.

IIpuBegeM HECKOIBKO MPOCTHIX CBONCTB MUHUMAJIBHBIX (DYHK-
AA.

VYrBepxkaeuue 3.31. m(z) — nenpusodumvll, MHO2OACH.

Hoxka3zaresbero. [Ipeanosoxkum, aro m(z) = my(x) me(x),
upudeMm degm;(z) > 0, HOCKOJLKY MHOTOYJIEHBI HYJIEBOI Crere-
HE — KOHCTAHTBI — 00pPa3yIoT I'PYIILY OOPATHMBIX 3JIEMEHTOB B
KOJIbITe MHOTOWIEeHOB Hag mosem. Ho m(3) = 0, mostomy xoTst Gb1
ofmH u3 MuOKuTeseit mq (3) mwim ma(5) TakzKe H0JKEH PABHATHCS
Hysto (B moJie menuTesieil Hysis HeT). 3HAYUT, OJUH U3 COMHOMKH-
TeJielt IMeeT KOpeHb (3, & ero CTeleHb MeHbIIe cTenenn m(x). ITo
OPOTUBOPEYUT MUHUMATIBHOCTH M (). O

VYrBepxkaenue 3.32. ITycmo m(x) — munumasvhas GyrKyus
das B, u B makoice asasemes xoprem muozousena f(x). Toeda
f(x) deaumesa na m(zx).

HoxkazarenbcrBo. Pasnenum f(z) va m(x) c ocrarkom: f(x) =
= u(x)m(x) + v(x), degv < degm. IloacTaBsAT B 3TO PABEHCTEO

B, nonyuaem 0 = f(8) = u(B)m(8)+v(8) = v(B). T.e. B stBasiercst

KopHeM v(), 9TO IPOTUBOPEYUT MUHUMAJIBLHOCTH (). O

CaencrBue 3.33. /s xastcdozo B ecmv posHo 00HA MUHUMGAD-
HAA PYHKUUA.
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HeiicTBUTEIBHO, IyCTh MUHUMAJILHBIX QyHKIWIT 1Be. OHuU B3a-
UMHO JeJIAT APYT [Ipyra, a 3HAYUAT, PA3JIUIAI0TCA HA 0OpaTUMBbIiA
MHOXKUTEIb (KOHCTAHTY). IIOCKOJNIbKY MUHMMAJIbHASA (DYHKIUS
HOPMHUPOBaHA, T4 KOHCTAHTA PaBHA 1, T. €. (DYHKIIH COBIIAIAIOT.

Yreepxkaeuue 3.34. Jlas xaocdozo B € GF(p™) cywecmeyem
MUHUMAALHAA PYHKUUA U ee CTEeneHd He NPesocTooum n.

JTokazaTeJbCTBO. PaccMOTPHUM CJIeIyIOoNue 3JIeMEeHThI most: 1,
B, 32, ..., 8% ux n+ 1 mryka, a pazmeproctb GF(p") Kak Bek-
TopHOro npocrpancrsa uaj GF(p) pasHa n. 3HauuT, 5TH I€MEH-
THI JIMHEHHO 3aBUCUMBI, T.€. CYIIECTBYIOT Takue KO3(DPUIMEeHTHI
€Oy - -+, Cpny ITO

co+cf+---+c, 0" =0.

CremoBaTesbHO, 3 — KOpEeHb MHOTOWIEHA Co+C1 T+ - -+, x™. Ha-
9UT, MUHUMAJIBHOM (DYHKITMe /11t 3 KaKoi-HuOyIs OyIeT HOpMu-
POBAHHBII HEITPUBOIUMBII JIEJTUTEH 9TOI0 MHOTOWIEHA. O

Teopewma 3.35. J10600 rnenyaeeoti snemenm noas GF (p™) aeasn-
n
emcsa xopHem muozovsena xP L — 1.

JokasarenbcTBo. Henysesbie 3/1eMeHTHI 110J1s1 00Pa3yioT IpyIi-
Iy O YMHOXKEHWIO, MOPSIIOK dTOoH rpynnsbl pased p — 1. Ilops-
JIOK JII00Oro ssieMeHTa (T.e. HOPSJIOK IUKJINIECKON [MOArPYIIIb,
HOPOXKIEHHON STUM 3JIEMEHTOM) [0 TeopeMe Jlarpanzka mesiut
[TOPSIJIOK IPYIIIbl. BO3bMeM IIPOM3BOJIBHBIN JIEMEHT (v, 0003HATNM
ero mopgaok 4epes k. Torma p"—1 = kq, o = 1, orkyzna norydaem

ap*ul_l:akq_lz(ak)q_lzlq_lzo, O

CaencrBue 3.36. Bce aaemernmuvr noas GF(p"), ne uckarouasn
n
HYAA, ABAAIOMCA KOPHAMU MHO204AEHG TP — X.

JokasarenbcTBo. Bbinecem x 3a CKOOKY:

1

" — = T - 1)

YV npaBoro MHOXKUTEJIE KOPHSIMI OYJIyT BCe HEHYJIEBbIE 3JIEMEHTHI,
a y aesoro — 0. O

Teopema 3.37. Mnozounen x™ — 1 deaumcesa na x™ — 1 moeda u
MoAbKo mozda, k0204 N 0eAUMCA HA M.
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HokaszarenabctBo. [lycrs n = mk. Caenaem 3aMmeHy mepemMeH-
oeix: £ =y. Torma 2™ —1 = yk —1l,az™—1=y—1. [lemumocTts
OYEeBHUIHA, TIOCKOJIbKY 1 siBisiercst KoprHeM y* — 1.

IIpeamonokum, 9TO0 N HE JEIUTCSI Ha M, T.e. N = km + 1,
0 < r < m. 3anuireM TOXIECTBO

_ 2" (x™F —1)(z™ - 1)

T_lz
zm —1 T

r(»mk
A (@ _1)(J;m—1)+xT—1.
zm —1
Ilocienee BoIpazkenue 3a/1aeT pe3yabTar geaenusd ™ —1 na " —1
€ OCTATKOM, OCKOJIbKY 2™F —1 nesmrces Ha 2™ —1 110 I0KA3aHHOMY
Boime. Ocratok 2" — 1 # 0 B cuity CJIeJIAHHBIX MIPEJIIOI0KEHNUI.

IIosTomy B aTOM ciydae ™ — 1 He meautca Ha x' — 1. O

OTa Teopema JaeT HaM BO3MOXKHOCTH PACKJIAJBIBATH HEKOTO-
poie MHOro4wIeHbl ™ — 1. Hanpumep, mycTs Mbl paboTaeM B Xa-
pakrepuctuke 2 (rae +1 = —1), pasnoxum x1° + 1

P l= (B ) (@ 2% F 2% 23 1),
ITpo/IO/IZKHUTE 3TO PA3JIOKEHHUE IOMOTAET CJIELYIONIas TEOPEMA.

Teopema 3.38. Bce nenpusodumvie MHO204AEHDL N-T CMENEHU
n
nad GF (p) asasomea desumenamu xP — x.

JokazareabcTBo. Eciu n = 1, To Hy?KHO TPOBEPUTDH, UTO T — G,
rae a € GF(p), aBiasgerca pejuresneM xP — x. 91O OYEBUIHO IPU
a = 0. B ocTaJbHLIX ¢JIyuastX Hy’KHO MPOBEPUTD, ITO ¢ — KOPEHb
MHOrowrena xP~1 — 1, 4TO y:Ke cieaaHo BbIIIE B TeopeMme 3.35.

ITpu n > 1 crpoum 110 HenpuBoAMMOMY MHOrOuWIeny f(x) cre-
nenn n noie GF(p™). Torga muorowren f(x) nmeer B GF(p™)
KOpeHb {z} u, Gosree TOro, HOPMUPOBAHHBIN [ (X) ABISETCS MUHU-
MasbHOH dyHKImeR mist {x}, ToCKoIBKy cTenenn {x} o6pasyoT
6asuc B GF(p™). C apyroit cToponsl, {2} aBIgeTCS KOPHEM yPaB-
mennst o7 ' —1. Tlo yrBepzkaenuio 3.32 0 MEHIMATBLHOMN (byHKIIT
muorowien 2P~ — 1 nenurest wa f(x). O

Wcnonb3yst 3Ty TEOpeMy, Mbl MOXKEM 3aBEPIIUTH PA3JIOXKEHUE
15
P —1:

e 41 = (z+1) (22 Fa+1) (et Fa+1) (o +23 4+ 1) (e 23 42 o+ 1).
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Teopema 3.39. J060t nenpusodumulii deaumend MHO20HAEHE
n
2P 1 — 1 umeem ecmenensv, ne npesocrodawyro n.

HoxkazareabcTBO. llycTh (0 — HenpuBOAWMBINT MHOTOYJIEH CTe-
nenn k, KOTOpblii siBasiercst peamurernem xP — z. Kparmbie  obpa-
3YI0T MAKCHUMAJBHBIN ueal B Koublie GF(p)[x], mosroMy KoIbIo
BBIYETOB II0 3TOMY HJIEAJy SBJISETCA HojeM. 1lojie MOXKHO pac-
CMaTpUBaTh KaK BEKTOPHOe IpocTpancTBo HaJ GF(p), Gaszucom
9TOTO TIPOCTPAHCTBA sIBJsieTcst HAOOp cremeneit {1}, {x} ,
{xF=1}. Ianee 6ymem obosmadars {r} = a. Ilockombky 2P —
JIJIATCS HA 9, TO B KOJIbIIE BBIYETOB 10 MOJIYJIO mieasa (o) mo-
aygaem o —a = 0.

JI1060i1 371eMEHT ITOCTPOEHHOTO IOJIsI €CTh JIMHEHHas KOMOUHa-
st 6A3UCHBIX 3JIEMEHTOB:

k-1

B=ay+aa+ -+ ap_1c .

BosBenem u JieByto, 1 paByIo 9acTH 9TOrO PABEHCTBA B CTEIEHBb
p", MOJTyIuM

n k—1\p"
B =(ap+ara+ -+ ap_1a" )P =
T n n n k—l n
=af +af o +---+af_(&"H)P
k—1
=ao+aia+---+ag1a” =0

Orcrofa mommygaem coorrormenne 37 — 3 = 0, 3Ha4uT, § — KOPEHb
ypasuerusi 7 — z = 0. Ho y aroro ypasrenus: He 6osee qem p'
PA3IMIHBIX KOPHEI, a B IOCTPOEHHOM HaMu 1oJte — pP 31eMeHTos.
Kaxkaplit a/1eMeHT T0JIst SIBJISeTCs KOPHEM, CJieJoBaTeabHo p' >
>pF e n>k. U

VYrBepxkaenue 3.40. Ilycmo nexomopviti snemenm 3 KoHewH020
noas umeem nopsdok £, a munumasvhas Gyrkyus m(x) amozo
anemenma umeem cmenens k. Tozda p* — 1 deaumes na £, a ecau
r <k, mop" —1 ne deaumecs wna £.

HoxkazareabcTBo. [lo cyTu 310 npsiMoe ciiencTBrE TOJIBKO YTO
JOKa3aHHOI TeopeMbl.

ITo menpusoguMoMy MHOTOWIEHY k-ii crerienu m () MOXKHO O~
crpouts nojie u3 p¥ saementos. HenyieBele 3/1eMEHTEI 5TOTO OIS,
B TOM 4ucjie u [3, siBJISIOTCS KOPHSAMHU YPABHEHUS 1= 0,
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T.€. ﬂpk*1 —-1=0, ﬂpk*1 = 1. DT0 HOKa3BIBAET MEPBYIO YACThH
YTBEPIKIEHUSL.

Bropast yacTb j0Ka3bBaeTCst OT MpOoTUBHOTO. [Ipemmonoxkum,
aro p" — 1 pemurcs wa ¢ u r < k. Torma 3 — KopeHb ypas-
menms 2P — 1 = 0. Tak kak m(z) — MunuMagbHas GyHKIHs
s B, To 2P — 1 memurca ma m(z) (yrsepskaenue 3.32). Tlo-
JIyqaeTcst, YTO Mbl HAIILJIA HEIPUBOIUMBIN JIEJTUTENb MHOTOWIEHA
2" —1 crenenu k. Ho k > r, 9T0 IPOTHBOPEUNT JOKAZAHHOMN BBIIIE
Teopeme 3.39. U

Citerytoriasi TeopeMa HyKHA HAM JIJIsl TOTO, YTOOBI PACKJIAJIbI-
BaTh MHOI'OYJIEHBI HA MHOXKUTEJIN.

Teopema 3.41. Ilycmo § € GF(p") — xopenv nenpusodumo-

20 mmozounena o(x) cmenenu n ¢ xoappuyuenmamu us GF(p).
n—1

Tozoa B, GP, ..., BP 6Ce Pa3AUMHDL U UCHEPTBLBAIOM CNUCOK

KopHel Imo20 MHO20UACHGE.

T. e. 9TOOBI IOy IUTH BCE KOPHU HEITPUBOIMMOTO MHOTOUICHA,
JOCTATOYHO HAUTHU OJUH U3 HUX U BO3BOJIUTH €0 TIOCJIE10BATETHHO
B CTEIEeHb P.

JokazareabcTBo. BHauaje jgokaxem, 4ro eciau (3 — KOpPEHb
o(z), To BP — TOXKE KOPEHbD.
Kak 6but0o mokaszano Beime, a?P = a miad Bcex a € GF(p).

IMosTomy juis mo6oro muorouwieHa f(x) ¢ koaddunuenramMu u3
GF(p) BBIIOJIHSAETCSA PABEHCTBO

f(@)P = @), (3-8)

JleiicTBATEILHO, BO3BEJECHUE B CTEIEHb P COXPAHSET ONEPAIAn
CJIOYKeHHsI U yMHOXKeHus (cM. Boiiie padzgern 3.2). [Tosromy

(a0+a1x+...+akxk)p :ag+a11)xp+a12)x2p+...+a£xkp =
2 k
=ag + a1(z?) + as(z?)* + - - + ap(zP)".

Eciu p(B8) = 0, To u p(B)? = 0. U3 (3.8) mosyuaem, 4ro u
p(Br) = 0. )

Wrak, mbl pokazaJu, aro 3, 6P, ..., OGP — KOPHHU MHOI'O-
wrieHa (). Ocraaock J0Ka3aTh, YTO OHU BCE PA3JIMYHBI, TOIJA
u3 JjieMMbl 3.7 ByJer ciiesoBaTh, 9TO Mbl HAILIM BCE KOPHU MHO-
rowiena ¢(x).
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4 k
[Ipenmnomnoxkum, uro fP = GP | npudem 6e3 orpaHUYeHus OOIIL-

woctu ¢ < k. Mpr 3maem, aro BP° = 3. C apyroii CTOpOHEI,
[TOCKOJIBKY
n k. n—k kypt Tk o\ pnTk n—k-40
R (D Y (L L

TO (3 — KOpEHb ypaBHEHHUs 2" 1 = 0. Us TeopeMbl 3.38

moyaaem n —k + £ > n, tak uro £ > k. Ipyrumu cioBamu, { = k
U BCE BBINUCAHHBIE BBIIIE KOPHU PA3JINIHBI. O

IIpumep 3.42. Paccmorpum GF(2) u HENPUBOAMMbBIN HAJ| STUM
I10JIEM MHOT'O4JICH Y€TBEPTON CTeIIeHN 42341, Haiinem ero KOp-
rm. JIjist 3T0ro crponM pacnmpenne G F(24) kKak Kolblio BEIMETOB
[0 MOJLYJIIO UeaJia, O6PA30BAHHOIO BCEMU KPATHBIME 3TOIO MHO-
rounena. OnunH KopeHb nosydaeM HemejgieHHo: {x}. Terneppb 10
Teopeme 3.41 MoxkHO BbimucaTh octanbubie: {2}, {1} = {23 +1},
{28} = {28 + 1} = {23 + 2% + 2}, Tak xax {2°} = {2* + 2} =
={?+2+1}, {28} ={a* + 2?2+ 2} = {2 + 1 + 2% + 2}.

Takum 06paszom, eciu Mbl pemaeM ypasuenue f(z) = 0, rae
f/ — HeNpUBOAUMBIl MHOTOYIEH, TO HYYKHO IIOCTPOUTH II0 HJI€a-
ay (f) mome. Ilepsriit KopeHb ecTh cpasy, 3to {x}. OcraabHbIe
[IOJIy4YaloTcs npuMeHeHneM TeopeMbl 3.41. B obiem ciaydae mrst
pellleHns ypaBHEHUsI Hy?KHO yMEThb PacKJIaJblBaTh MHOIOYIEH HAa
HEIPUBOIUMbIE MHOXKUTEJIH.

3.6. MynbTUIJIMKATUBHAsI I'PyNNHa MOJIs

Ecmu B mose Tamya ybparh Hy/Ie€BOH 3JI€MEHT, TO OCTaJbHBIE
3JIEMEHTHI TI0 YMHOXKEHUI0 00pa3yoT I'PYIILY, KOTOpasi Ha3bIBaeT-
¢t MyJIBTUILTUKATUBHOM rpyIoii mojisi. OKa3bIlBaeTCs, 9TO ITO HE
[IPOCTO KOMMYTaTHUBHAs TPYIIIA, a MUKJIAIecKast rpymma. JIpyru-
MU CJIOBAMU, B HEl €CTH [TOPOXKIATONTUH SJIEMEHT, U BCE OCTAJLHBIE
[IOJIy YAIOTCST BO3BEJIEHUEM B CTEIIEHb TOT0 TOPOK IAIOIIErO.

IIpumep 3.43. Bosbmem nosie GF(2) u ero pacmupenue deTsep-
Toii crenenn. Kak ckazano Bbliie (HO 110Ka He JIOKA3aHO), PACIIH-
peHne YeTBEPTOIl CTEIeHN MOKHO CTPOUTD C HOMOIIBIO JIFOOOI0 U3
TPeX HEIPUBOANMBIX MHOTOYJIEHOB. YJ00HEe BCEro 9TO CJeJIaTh,
ecim B3aTh MHOrowien zt + x + 1. Byjem zajaBaTh 3j1eMeHTHI
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CTeNeHb o 1, z, 22,23

a=(0, 1, 0, 0)

a?= (0, 0, 1, 0)

a®= (0, 0, 0, 1)

lta=a'= (1, 1, 0, 0)

at+a?=a= (0, 1, 1, 0)

a?+at=a%= (0, 0, 1, 1)
At+at+l=a+at=a"= (1, 1, 0, 1)
l+a’=a+1+a?+a=a%= (1, 0, 1, 0)
at+ad=a= (0, 1, 0, 1)
a?+l+a=a?+at=a%= (1, 1, 1, 0)
ata?+ad=al'= (0, 1, 1, 1)
l+a+a?+ad=a?+a®+at=at2= (1, 1, 1, 1)
l+a?+a=a+a?+ad+at=al3= (1, 0, 1, 1)
l+ad=a+a®+at=0a'"= (1, 0, 0, 1)
l=a+a*=a%= (1, 0, 0, 0)

Tabmuma 3.1. MynbTunimkaTusHas rpymnma noaa GF(24).

paciupennst HabopaMu KO3 UIIMEHTOB MHOTOWIEHA, KOTOPbIH
IOJTydaeTcss B OCTaTKe HpH Jejenun Ha z* + z + 1, 3anmmceisas
UX B HOPSIJIKE BO3PACTAHUS CTEIIEeHEl .

ITopoxmaronum sBsleTCS 3JEeMEeHT « = I, KOTODBIi B CH-
JIy Haniero coryianienns 3amuceiBaerca kax (0, 1,0, 0). TTocunraem
[IOCJIEIOBATEILHOCTD CTereHeil . Pe3yIbraThl BEIYUCIEHMIT TpH-
BeJleHbl B Tabsume 3.1.

Nwmest Takyto Tabiuily, O9eHb MPOCTO MPOU3BOJUATH YMHOXKE-
Hue:

(3 +zx+1)- (2> +2+1) =22
(1,1,0,1) - (1,1,1,0) = (0,0, 1,0),

aTol0 — 017 = o2

Teopema 3.44. MyasvmuniukamusHnas epynna 4100020 KOHEUHO-
20 NOAA YUKAUYCCKAS.

s nokasareabCcTBa 3TOHM TeOpeMbl HaM TMOTPEOYeTCs TOTOJI-
HUTE/IbHAS JIeMMa O KOHEUHBIX abeJIeBbIX IPYyIIax.
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Jlemma 3.45. Ilycmv m — makcumasvhoil nopadox Iemenma 6
rKoneunoti abeaesoti epynne G. Toeda nopadox a0b60z0 anemenma
G deaum m.

Hoka3zaresbcrBo. ['pynmna G o teopeme 1.79 onHo3HAYTHO pas3-
JlaraeTcs B MPAMYIO0 CyMMY IIPAMAapPHBIX KOMIIOHEHT — I[UKJITYe-
CKUX TPYHI, MOPSJIKA KOTOPBIX SBJISIOTCS CTEMEHSIMH MPOCTHIX
qucest. [Lis KazKI0ro IpoCcTOro AEJUTENs P; MTOPSAIKa IPY bl Hali-
JeM npuMapHyto KommoneHty (a) = Cpr, MaKCHMaJIbHOTO TIO-
psaxa pP. O6osmaunm mpomssegenne umcen p*i wepes M. Ilo
nocrpoenuo moboro x € G Bemonnserca M = e, 1. e. mopsAIOK x
nemut M. C apyroii CTOPOHBI, TPOU3BEICHUE BCEX TOPOKIAIOIINX
BBIODAHHBIX IIPUMAPHBIX KOMIIOHEHT 4103 ... UMEET MOpPsiioK M,
ITOCKOJIbKY HAMMEeHbIIee 00Inee KpaTHOe B3aUMHO ITPOCTHIX UHCE)T
PaBHO pouW3BeIeHnIO 3TuX uncen. [losromy m = M. U

HdokazaTeabcTBo TeopeMbl 3.44. IlycTth m — mMakcuMabHbBINH
MIOPSJOK JIEMEHTA B MYJIbTUILINKATUBHON TPYIIIE ITOJIS.

Ilo nmokazamuoit BbImIe JeMMe 3.45, KaXKJbIil HEHYJIEBOHN 3Je-
MEHT TIOJId sBJIAeTcsd KopHeM ypasuenus "' = 1. Ho y mHuOro-
qJIeHa cTeneHu m He Oosiee m kopueit. [losTomy m paBen uuciy
HEHYJIEBBIX 3JIEMEHTOB 110J1s1. Ho 9T0 1 03Ha9aeT, 9T0 MyJIbTHUILIN-
KATUBHAS IPYIIIIA [I0JIs [IUKJIMIECKasi: CYIECTBYET TAKOM SJIEMEHT,
9TO €ro IOPZAJOK COBIAJAECT C MOPSAIKOM TPYIIbI (M TOrIa BeCe
9JIEMEHTBI IPYIIILI SBJISIIOTCS CTEIIEHIMU 3TOTO JJIEMEHTA). U

MyJIbTUIIMKATUBHAS TPYIIA TPOCTOTO IMOJISI XapaKTEPUCTH-
ku p obozuavaerca GF(p)*. Ee nopoxuaomue sjieMeHTBl nepeo-
06pasnvimu KopHAMU N0 modyato p. HalieM nanmenbinue nepso-
00pa3Hble KOPHH 110 MOJLYJIAM HEKOTOPBIX MPOCTBIX YHCE.

p=2. I'pynna GF(p)* cOCTOUT U3 OJIHOTO 3jleMeHTa 1, OH Ke
SIBJISIETCSI TIEPBOOOPA3HBIM KOPHEM.

p = 3. IlepBo0OpPa3HBIil KOPEHD 2 — €IMHCTBEHHBIH Hee HHIT-
ublit snement GF(p)*

p = 5. Iockonbky (2)? = 4, nopsiox 2 pasen 4. JIpyrux Ba-
PUAHTOB HET, IIOCKOJIbKY HOPSAJIOK 3JIEMEHTa — JICJUTETh TOPAIKa
rpyrmbl 3Haunt, 2 — NepBOO6PA3HLIi KOPEeHb.

=T. CHOBa( )2=4+#1.Hoyp—1= 6 ecrb eme ouH J1e/H-
TeJIb 3 a (2)% = 8 = 1. Iosromy mopsyiok 2 paser 3. IlockombKy
9+#£1, (3)3 =27 #1, 3 — nepBoo6pA3HEI KOPEHb.

(3)>=9#1,(3)
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Bruraucienust MoxkHO 1po10/KuTh. [IpuBenem HeboIbITy 0 TAO-
JIMILY TIEPBOOOPA3HBIX KOPHEIA.

MOIYTb D 315|711 13|17(19(23|29|31|37 |41
IepBOOOPA3HBIIT
kopeub mod p [2|2|3| 2| 2| 3| 2| 2| 2| 3| 2| 7

3.7. CymiecTBoBaHUE TIOJIST U3
p" 3JIeMEeHTOB

Tenepb MOXKHO BEPHYTHCsI K BOIIPOCY O CYIIECTBOBAHUN KOHEY-
HOT'O TI0JIsI 33JIAHHOTO pa3Mepa. B 9ToM pasjesie Mbl BCIOLY [0JIa-
raeM ¢ = p", tae p — upocroe. Mbl JJOKazKeM CyIIeCTBOBAHUE MO/
U3 ¢ SJIEMEHTOB, OTKYJa OyHeT cJyieoBaTh U TeopeMma 3.16 o cy-
[IECTBOBAHUM HEIPUBOIUMOIO MHOTOUJIEHA CTEIIEHU 1 HAJL ITOJIEM
GF(p). Bosee Toro, Mbl 910 crestaeM gByMs criocobamu. Bragase
JIOKaXKeM CYIIEeCTBOBAHUE HOJIA U3 P’ 3JIEMEHTOB, OTKY/a BbIBe-
JIeM CYIIECTBOBAHME HEIIPUBOIUMOIO MHOIOUJIEHA CTEICHU 7L HAJL
GF(p). 3areM MBI pACCMOTPHM JIPYroe PaccykIeHHe, KOTOpOe
BHAYaJe YCTAHABJIUBAET CYIECTBOBAHUE HEIPUBOIUMOIO MHOIO-
wiena crerienu n Hajg GF(p), orkyna yxKe CleyeT CyIIecTBOBaHIe
101 U3 p" 37eMeHTOB ((haKTOPKOJIBIA [0 MOJLYJIIIO HEIPUBOIMMO-
ro MHOTOYJIEHA CTEICHU 7).

Haunem ¢ TOro, 9T0 IOCTPOUM II0JI€ XAPAKTEPUCTUKU D, HAJ
KOTOPBIM MHOIOWIEH 29 — X pasJjiaraercs Ha JUHEHHBIE MHOYKUTE I
(1. e. mmeer ¢ KopHeit). Bynem crpouts 1enodky mosieit

FhCF C...

O CJIeIyIOeMy MHIYKTHBHOMY mnpasuiy. Ilone Fy — aro mose
BerueroB GF(p). Ilycrs nose F, yxxe mocrpoeso. Eciu B pasio-
JKeHUU MHoroujeHa r¢ — T Ha HEIPUBOIUMbBbIE MHOMKUTEIU HaJ
[}, BcTpeTucs HeIPUBOIUMbI MHOXKHUTEDL f), CTelleHH OoJIbIIeii,
yeM 1, To crpoum HoBoe nosie Fii1 = Fylx]/(fr). B nporusrom
CJIydae TIOCTPOEHUE 3aKOHIEHO.

BameTnmM, 9TO B pas3sIoXKeHuW MHOro4jieHa xr? — T Hag IOoJeM
Fy1 Gosbllle HENPUBOAUMBIX MHOXKUTEJCH, 9eM B Pa3JIO’KEHUH
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Hag nojieM F. 3HaYuT, HOCTPOEHHAS BBIIIE NEI0YKa KoHedHa, (110~
CKOJIBKY YHCJIO HEIPUBOAMMBIX MHOYXKHUTEJIEHl MHOTOUIEHA HE TIpe-
BocxoauT ero crenenn). Ho Torya Haf MOCIEIHAM B 9TOM IENOYKe
mosieM F),, Muorowien x? — x pasjiaraercst Ha JIMHEHHBIE MHOXKU-
TEJIU 10 MOCTPOEHUIO.

Kopuu muorounena x? — x B mosie F),, 06pa3yioT HCKOMOE O~
roJie u3 " 3J1eMEeHTOB.

Bragaste pasbepemcs, moueMy 3TU KOPHH J€HCTBUTEIHHO 00-
pazytor nojnose. Orobpakenne x — x sBJsieTcs n-it nrepanueit
aBroMopduzma PpobeHnyca, KOTOPHI OBLI OIUCAH BBIIIE B Pa3-
nese 3.2. Tosromy (z + y)? = 29 + y?, (zy)? = z9y9. Orciona
[OJIyYaeM 3aMKHYTOCTh MHOXKECTBA KOpHell mMHOrodwiena x¢ — x
OTHOCHUTEJILHO CJIOXKeHUsT 1 yMHOKeHus. 0 u 1 nmpuHa [jie’KaT MHO-
JKECTBY KOPHEH 110 OYeBUHBIM mpuanHaM. Ho Torma MHOXKECTBO
KOpHell 3aMKHYTO U OTHOCUTEJILHO B3sATHs OOPATHBIX KaK 110 CJIO-
JKEHMIO, TaK W 10 YMHOYKEHUIO, TIOCKOJIBKY 110716 KOHETHO.

MozkeT 71 TaK CIy9UThCs, 9TO y MHOrOowIeHa 9 —x B moste ),
pPa3IMIHBIX KOpHeil MenbIre, yeM g7 [locKobKy 3TOT MHOrOW/IeH
pasjiaraeTcs Ha JIMHEITHbIe MHOXKUTEJIN, 3TO O3HAYAJIO ObI HAJININE
KPATHBIX KODHeil, T. e. Muoxureseit suga (z —a)”, r > 1.

YT00bI HCKIIOYUTH TAKYIO BO3MOXKHOCTD, HAM IIOTPEOYETCsT UC-
[I0JI30BATH TOHSATHE NPOU3B00HOT, MHOTOUYJIEeHA HaJ mojeMm F.
[IpousBosnast KoHCTAHTHI paBHa () 110 OTPE/IETIEHUIO, TTPOU3BOTHAS
a™ onpeiensiercst Kak nx" ! (31ech 1 03HAYAET BJEMEHT MO KO-
sdbdunmentos F, KOTOpBIi paBeH cymme n euHUII 110Jis ). Kpome
TOr0, IOTpedyeM JTUHEHHOCTH TPOU3BOJIHOMN: st JIOObIX o, § € F|
f, g € F[z] 3170 03HAUAET BBINOJIHEHNE PABEHCTBA

(af +B89) = af + By,

r7e mTpuxoM obo3HaYeHa MpPOou3BO/HAsA. [lo MuHEHOCTH MOXKHO
OIIPEJICJIUTH [IPOU3BOJIHYIO JJIsl JIFOOOr0 MHOTOWIEHA, 3HAS IIPOU3-
BOJ/IHBIE OJIHOYJIEHOB U KOHCTAHT.

VreBepxkaenue 3.46 (dbopmyna Jleibuuna). Aan awbox
mmozouaenos f,g ewnoaneno (fg) = f'g+ fg'.

0Ka3aTeJIbCTBO. Ecim oqun u3 comuoxkureneil pasexn 1, To
p
(f- 1)y =f =f-14f-1 (upoussogHas KOHCTAHTHl — HYJIb).
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st MorOMOB ", ¥ 1Meem

(xn . {Ek)/ _ (’I’L + k) . xn+k71 — nxnflxk =+ kxnxkfl _
_ (xn)lxk + xn(xk)l.
B OCTAJIBHBIX CJIydasaX (bOpMyJ'Ia BBITIOJIHACTCA B CUJTY JIMHEIHOCTH
IIPOU3BO/IHOM. U

Yreepxkaeuune 3.47. ITycmow [ u [’ e3aumno npocmuw. Tozda f
HE UMEEM KPAMHOT KOPHET.

HoxkazarenbcTBo. Ilpeanonoxkum nporusnoe: f = g2h. Torma
o dopmyne Jleitbnuna f' = 2¢’gh + ¢g?h’/. 3nauur, g aBIgeTCH
obmum gemureneM f u f’. IIpunum K TpOTUBOPEYNUIO. O

BbIMmc/mM TTpOM3BOIHYIO HAIEro MHOrowIeHa 14 — x:
(2?7 —z) =qz? ' —1=—1.

B mocnemnem pasencrse Mbl yuiau, uro ¢ = p” = (0 B moJje xa-
pakTepuctuku p. Tenepb u3 yTBep:KaeHud 3.47 MOTydaeM, UTO
y MHOrOwIeHa x¢ — x Haj mojeM F,, KpaTHbIX KOpHeil HeT. 3Ha-
9UT, TOCTPOEHHOE HAMU TI0JI€ KOPHEH 9TOr0 MHOTOUIEHA COTEPAKUT
POBHO ¢ = p"* 3JIEMEHTOB.

IlepBoe mokazaTesbcTBO TeopeMbl 3.16. UToObI 10Ka3aTh Cy-
[IECTBOBAHME HEIPUBOJINMOIO MHOTOUJIEHA CTEIIEHN N HAJl MOJIEM
GF(p), paccmorpum nojie GF(p™) uz p™ snementos. Mysbru-
JIMKATUBHAS IPYIIA ITOrO MOJIs IUKJIMYIEeCKas 1o Teopeme 3.44,
3HAYNT, €CTh TAKOU 3jieMeHT o« € GF(p™), cremenn KOTOPOro CoB-
HAJIAI0T CO BCEMU HEHYJIEBBIMU JIEMEHTAME TIOJIS.

ITo yrBepxknenuio 3.31 Munnmasibiast GyHKus m(q) — HEIpu-
BOAMMBIil MHOTOWIEH. JloKakeM, 9ro ee crenenb pasHa n. O6o-
snaunM d = degm(a). Bee crenenn o (T.e. Bce 371€MEHTHI OJIsK)
IpHUHAJIEKAT d-MepHOMY MOIIPOCTPAHCTBY ¢ Gasucom 1, a, a2,

a? ..., a% !, B koropom p? snemenTos. 3Haunt, d = n. U

Kak ofemano B Hadaje 3TOro pasjena, J0KaXKeM TeIlepb Cy-
MIECTBOBAHKUE HEITPUBOIMMOIO MHOTOYJICHA CTEIICHH 7 HAJL TTOJIEM
GF(p), He onupasicb Ha CyLIeCTBOBAHUE HOJIA U3 P SJIEMEHTOB.
D10 paccykeHne IaeT HE3ABUCUMBII CIIOCO0 JI0KA3ATETBCTBA CY-
MIECTBOBAHUS TI0JISI U3 P' 3JIEMEHTOB.
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Bynem JokasbiBaTh CymIeCTBOBAHHE HOPMUPOBAHHOIO (CTap-
it Koaddunuent 1) menpusogumoro muorodsieHa. st HOpMu-
POBAHHBIX MHOTOYJIEHOB BBIIOJIHIETCST AHAJIOT OCHOBHOI T€OPEMBbI
apuOMETHKI: KayKJIbIii HOPMHUPOBAHHBI MHOTI'OYJIEH OJIHO3HAYHO
pasJyiaraeTcs Ha IPOU3BEJEHUE CTEleHell HEIPUBOIUMBIX MHOIO-
wieHOB. JleificTBUTENIbHO, Pa3/I0XKeHe B €BKJINIOBOM KOJIbIIE OJI-
HOBHAYHO ¢ TOYHOCTBIO JI0 YMHOYKEHHUsI Ha, JIEJIUTEU eAuHuIbL (06-
paTuMble 3JIeMEHTHI). B cilydae KOJIbIla MHOTOYJIEHOB HAJ [IOJIEM
06paTUMbIE 3JIEMEHTHI — 3T0 KOHCTAHThI (MHOrO4JIeHbl crered 0).
Bruibop crapiero koadduimerTa ycTpanseT Ipou3BOJI B BHIOOpE
COMHOZKUTEJICH.

Mpb1I BBIBE/IEM CYIIIECTBOBAHIE HEIIPUBOIUMBIX HOPMUPOBAHHBIX
MHOTOYJIEHOB crenenu n Haj nojueMm GF (p) us pekyppenruoii ¢bop-
MYJIBL JIJIsT 9UCIA d, HEIPUBOIMMBIX HOPMUPOBAHHBIX MHOIOUJIE-
HOB CTEIeHU 7.

Jlemma 3.48. Zmdm =p".

m|n

HdokazaTeabcTBo. KaxmoMmy HETPUBOIMMOMY HOPMUPOBAHHOMY
MHOTOUJIEHY COITOCTABUM (POPMAIBHYIO IEPEMEHHYIO [y, TIIE 1 —
crereHb MHOTOWIeHa, ¢ = 1,. .., d,. [lockoJIbKY BCsKMit HOpMUPO-
BaHHBIN MHOTOYJIEH OJ[HO3HAYHO PACKJIA IBIBACTCS B IPOU3BEICHIE
crereHeil HEMPUBOIUMBIX HOPMUPOBAHHBIX, TO IMPOU3BOJIHLHOMY
HOPMUPOBAHHOMY MHOTOYJIEHY CTEIEHU 7 OJHO3HAYHO COIIOCTAB-
JIEH MOHOM

ks
S1 Sr —
Jitny o+ filn,» TpHUUEM E NpSy = N.
=1
[ToaToMy BCce HOPMUPOBAHHBIE MHOTOUJIEHBI IEPEIUCIIAIOTCST (hop-
MAJIbHBIM GECKOHETHBIM TPOU3BEICHUEM
(o]
k _ S1 Sp
iwn k=0
B nocitemaemM BbIpakeHHH MbI PACKDBLIN CKOOKH U ITE€PEIUCAJIN
OecKoHedHOe MPOU3BeeHUe B Buje (POPMAILHOTO psijga. PaBen-
crBO (3.9) — 310 ApYroil cocob CKa3aTh, YTO KAaXKIbIi HOPMU-
POBAHHBII MHOTOYJIEH OJHO3HAYHO PA3jiaraercsl B IMPOU3BEJIEHUE
HEIPUBOIUMBIX HOPMUPOBAHHBIX.
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Tenepsb caeraeM 3aMeHy IIEpEeMEHHBIX fi;, = t", KoTopas Jea-
€T BCe MHOTOWJICHBI OJIHON CTENeHN «OJMHAKOBLIMEY . IIpuBeieHune
HoJ00HBIX B IIpaBoil dacTu paseHcTsa (3.9) macr psaj or mepe-
mennoit t. Koaddunuent npu t™ B 3TOM psije paBeH UUCIY HOP-
MUPOBAHHBIX MHOTOYJIEHOB CTENEHH 71, KOTOpoe pasHO p". Jleii-
CTBUTEJIHHO, HOPMUPOBAHHBIA MHOIOYJIEH CTENEHU 7. OJHO3HATHO
3a7aercd ceoumu KodbdUIMeHTaMu ag, . . ., Gp—1 (TAK KaK cTap-
it ko3 dunuenr pasen 1).

Yro npouzoiiser ¢ JeBoii yacTbio pasencTsa (3.9) mocie 3ame-
HBI IepeMeHHbIX? Bee HepUBOAMMbIE MHOTOUJIEHBI CTETIEHH 1, [~
JIyT OJMHAKOBBI MHOXKHUTEJb (CyMMy GECKOHEYHOW reoMeTrpute-
CKoOIi porpeccun co 3uamenareseM t"). Ilosromy pasencrso (3.9)
[IPEBPAIACTCA B

I1 ( i t”k> Z P, (3.10)
n k=0

[Tpumenum dopMyity st cyMMBI OECKOHEUHON reoMeTpude-
CKOIl Tporpeccus K JieBOH u 1paBoii yactsam paseHcrsa (3.10).
ITonyaum paBeHcTBO

1 1
_ 11
1;[ (L—tr)dn  1—pt’ (3.1)

KOTOpOe U O3HAYAET, B CYIIHOCTH, UCKOMOE PEKYPPEHTHOE COOT-
Horenne. UToObI 3TO YBUIETD, MPOJIOTaApUMMHUPYEM €ro, MOTOM
npouddepernupyeM 1o ¢, ocjIe Yero CHOBa BOCIOJIb3yeMCs CYy M-
MOI reoMeTpUIecKOil nmporpeccuu. Bojee moapobHO:

Zd" In(1 —t") =1In(1 — pt),
nt"— 1 D
Z dn 1Tt 1- pt’
Zd nt™ 1tnk Zp9+1t9
an Y (3.12)

S

Pasencrso Koad)cbmu/leHTOB [IPY OJMHAKOBBIX CTEIEHSX ¢ B JICBON
u upasoit yactu (3.12) u ecTb yTBepXKIEHHUE JIEMMBIL. O
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3ameuanne 3.49. EauHcTBEeHHOE, YTO HYKHO OT T0JIsT KO3MD DU~
[MEHTOB B 9TOM JOKA3aTEIbCTBE — 3TO UHCJIO JIeMeHTOB. Tak
YTO YTBEPXKJIECHUE JIEMMbI CIIPABEJIUBO U IIPHU P, PABHOM CTEIEH!
IPOCTOrO.

Bropoe pokasareabcTtBo Teopembr 3.16. 3amerum, 4TO U3
semmbl 3.48 ciemyer HepaBeHCTBO nd, < p". Temepsr ocrasioch
cIenaTh MPOCTYIO OIEHKY:

n—1 n
-1
nd, =p" — > kdy >p"—2p’“=p”—p—1 > 0.
Ekln,k<n k=0 p=

Mpr pokaszanu, ato d, > 0. Ho 3T0 o3HavaeT, 4TO CyIIecTByeT
XOTsI ObI OJUH HEIPUBOIUMBIN MHOTOYJIEH CTEIEHH 7. [l

3amedvanue 3.50. 3 semMbl 3.48 BBHITEKAET, UTO IIPU 1. — OO Be-
smuansa d,, sxBuBasienTHa p" /n. Takum obpasom, npumepHo, 1/n
9aCcTh BCEX MHOTOUJIEHOB CTEIIEHW 1 HAJ MOJIEM U3 P DJIEMEHTOB
HEIIPUBOIMIMA.

3.8. EamHCTBEHHOCTH IIOJISI U3
p" 3JIeMEeHTOB

B sTom pasmesie Mbl JOKaxKeM BTOPYIO 9acTh TeopeMbl 3.15:
JIIo0OBbIe J1Ba, MOJII C OJMHAKOBBIM YHCJIOM 3JIEMEHTOB H30MOPQh-
ubl. JlokazaresbcTBO OYIET MCIOJb30BAThH TeopeMmy 3.38, yTBep-
2KJTAIONIYIO0, YTO BCE HEIPUBOIMMbIE MHOIOYJIEHBI CTEIIEHU 7 HAJ,
nosiem GF(p) siBisiioTes gemressvu Muorodiena P —x i ciesr-
crBue 3.36, KOTOpOe YTBEPKIAET MO CYTH, YTO HAJ, MoJeM u3 p"
5JIEMEHTOB MHOTOUJICH TP — 2 Pa3/Iaraercs Ha JUHEHbIe MHOKII-
TeJIN.

W3 nepsoro mokazaresnbcTBa TeOpeMbI 3.16, MpPUBEIEHHOTO B
[IPEBIAYINEM pa3iesie, MOXKHO IIOHATH, YTO JI000e KOHETHOE II0JIe
SIBJISIETCsI KOJIBIOM BBIUETOB KOJiblla MHOrowieHos GF(p)[z] mo
MOJIYJTI0 HEKOTOPOTO HempuBoguMoro MuorowieHa. Cdopmyaupy-
€M 9TO yTBEpPXKJIEHUE SBHO.

Teopema 3.51. ITycmv m — MUHUMAALHAA GYHKUUL IACMEH-
ma a € GF(p™) u d — ee cmenenv. Tozda nose GF (p)[x]/(m)
usomopgno nodnoao GF(p?), noposicdernomy cmenenamu o.
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JokasarenbctBo. Crenenn « NpuHAJIERAT d-MEPHOMY IIPO-
crpancTBy ¢ 6asucoMm 1, a, a?, ..., a?~1, koTopoe aBagETCA OO
JieM iosist GF(p™), MOCKOJIbKY 3aMKHYTO OTHOCUTEJHLHO CIIOZKEHUSI
1 yMHOXKeHHus u comepxkuT 0 u 1.

Uckombrit m3omopdmsnM ¢ oTobpazkaer seraer {zF} B af:

@: {2*} — aF, (3.13)

Ha OCTaJbHBIX daeMeHTax GF(p)lx]/(m) ero moxuo moompeze-
JINTD 1O JIMHEHHOCTH:

d—1 d—1
©: (Zak{xk}) — Zakak. (3.14)
k=0 k=0

U3 (3.14) sicro, 910 0TOOpasKEHNE ¢ B3AUMHO OJHO3HAYHO U $IB-
JIfIeTcs TOMOMOPMU3MOM I JUTUBHBIX IPYIIl PACCMATPUBAEMBIX

nosteit. Ocranoce nposeputs, uto p({f1Hg}) = o({fHe({g}).
Paznemum fg ma m ¢ ocratkom: fg = gm + r. Torga

p({He({g}) = fl@)g(@) = g(@)m(ea) +r(a) = r(a) = e({r}),

a B GF(p)|z]/(m) mbr umeem pasencrso {f}{g} = {r}. Urak,
ITOCTPOEHHOE OTOOParKeHne — n30MOpPGMU3M TOoJIe. O

PaccmoTrpuM Temnepb nBa IOJS C OJUHAKOBBIM KOJHMYECTBOM
sstementoB F' = GF(p)/(f) u G = GF(p)/(g), KOTOpBIE IO IpeIbI-
Jlylleit TeopemMe MOYKHO CUHATATh KOJIbI[AMU BBIYETOB II0 MOJY-
JIIO HENTPUBOJUMBIX MHOTOUIEHOB f U g cooTBeTcTBeHHO. CTereHn
STUX MHOI'OYJICHOB OJUHAKOBA, ODO3HAYMM €€ N.

[ockosbKy B mosie G MHOTOWIeH 2P — 2 pas/araercs Ha Jii-
HelHble MHOXKUTEN, €T0 MHOXKUTENb [ NMEeT B 9TOM I10JI€ KOPEHD
o. VI3 mennpuBoguMoOCTH f CIIeLyeT, 9TO OH fBJIgeTCS MUHIMAIbHOI
dyukiueit «. ITo Teopeme 3.51 yOexaeMcst, 9TO HAIIN JABa OIS
U30MOPQHBI.

3.9. llukauyeckue MOAMPOCTPAHCTBA

B npuioxkenusix Kk Teopun KOAUPOBAHUS MBI Oy/I€EM HCIIOIb30-
BaThb KOJIbIIO MHOIOWIEHOB HaJ GF'(p) 110 MOJLYIIIO TJIABHOT'O UJiea~
JIa, HOPOXKJIEHHOIO HEKOTOPBIM (HE 00:3aTeIbHO HEIIPUBOIUMBIM )
muorowreHoM f. [IpuBesem HEKOTOpBIE CBOWCTBA ITOTO KOJIBIA.
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CravaJgia JOKazKeM JBe TEOPEMbI O TOM, KAK yCTPOEHBI UIeaJIbI
B KOJIBIIE KJIACCOB BBIYETOB KOJIbIA MHOTOWIeHOB Hajg GF(p) mo
MOJLYJIIO TJIABHOTO HIEAJIA, HOPOXKIEHHOTO HEKOTOPBIM MHOTOUJIe-
soM f. Ecin f menmpuBomuM, TO KOJIBIO BBIYETOB SBJIAETCS TIOJIEM,
STOT CJIydail MBI YK€ PACCMOTPEU B MIPEIBIIYIIEM pa3Iesie.

BamernM, 9TO, KAK W PaHbBINE, BHIYETH 0OPA3yIOT BEKTOPHOE
upocrpanctso Hayg GF(p) muorowrenos crenenu e Bbime deg f.

Teopema 3.52. Ilycmv @ — nenpusodumwlii HOPMUPOSAHHBIT
MH0204A€eH, Komopuld deaum f. Tozda cosoxkynmocms 6cex Goi-
YEMo8, KpAmHuT , 00pasyem udeas 8 KoabUue KAACCO8 BbIHEMOS
n0 Modymo f u @ — eduHCMEEHHbLT HOPMUPOBAHNBIT MHOZOUAEH
MUHUMAADHOT, CMENENU 8 IMOM UJEGNE.

okazaresbcTBo. lIpoBepuM, UTO 3TO HACAIT:

{o} - {e} +{u} - {o} ={v+u}-{o},
{u}l-{v}-{o} = {uv} - {o}.

IToCKOJILKY Pa3HOCTD 3JIEMEHTOB HIEaJIa MPUHAICKAT HJIe-
ajry, a crapmmue Ko3h UIMEHTH HOPMUPOBAHHBIX MHOTIOYJICHOB
PaBHBI 1, 0OCTAIOCH IOKA3aTh, ITO B 9TOM HJIeajie HET MHOTOYICHOR
crertenn Menbe deg ¢. JJokaxkeM, 9TO JIOOOH HEHyJIEBOH MHOTO-
YJIeH CTEIeHN MeHbIIe deg (o He CPABHHUM 110 MOJLYJIIO f HH C KAKUM
KPaTHBIM . IIOCKOIBKY f = w(, TO MHOTOYJIEH, CDABHUMBI C
KPaTHBLIM ¢ 110 MogyJio f umeer Bug up—vf = (u—vw)p, creneHb
TAKOro MHOTOYJIEHA HE MEHbINE, YeM CTEIleHb (. O

Teopema 3.53. Paccmompum udear (@), noposcdenmnvili p — re-
npuBodUMBIM HOPMUPOSaHHBIM deaumenem f. ITycmo cmenens f
pasha n, a cmenensv @ pasua k. Tozda udean () — eexmoproe
NPOCMPAHCMB0 pasmeprocmy n — k.

JokasaTeabCcTBO. YTBepKIEHUE TeOPEMbI OYIET CJIeJ0BATh U3
TOrO, 4TO JII000ii ss1eMeHT niieasa () MOXKHO IIPEJICTABUTH B BUJE

{(ao + a1+ -+ ap_p_12" * " 1)p}, (3.15)

LIe g, ... ,an—k—1 — IPOU3BOJIbHBIE dsieMeHThl GF'(p).

Crenenb mMuorowiena (ag + a1z + -+ + ap_p_ 12" 1) e
Goubiie 7 — 1, nosromy Bce Bbraersl B (3.15) pasmuunbt. Ilycrs
{u} = {v}{¢}, a vy nemurcsa va f ¢ ocrarkom r. Torga

vo =uf+r=uwp+r,
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T.e.7 = (v—uw)p. Hosromy {u} = {r} u mbI HoKaza1H, uTO (3.15)
OLIMCHIBAET BCE 3JIEMEHTHI uieana (). O

Temepb M3ydnM KOJIBIIO BBIYETOB 10 MOJYJII0 MHOTOUJIEHA
™ —1.

Beenmem mnoHsiTHE IUKINYECKOro mHoAmpocrpaHcTBa. llycrs B
N-MEPHOM BEKTOPHOM IIPOCTpaHCTBe HAJ mojeMm F' dukcuposan
HEKOTOpBIi 6a3uc. Toraa 3To MPOCTPAHCTBO MOZKHO OTOXKIECTBUTH
¢ KOOPJMHATHBIM TPOCTPAHCTBOM F", TOYKH KOTOPOro — yIopsi-
Jo4genubie Habopsl (ag, - . - , Ap—1) daeMenToB F' punet n. Iomipo-
CTPaHCTBO KOOPIMHATHOIO MMPOCTPaHCTBa F'™ HazbIBaeTCsS yuK.Au-
weckuMm, ecau BMecre ¢ HabopoMm (ag,...,Gp—1) OHO COIEPIKUT
[UKJIMYECKUI CIBUT 9TOTO HAOOPA, T.€. (An_1,a0, .., Gp-2).

B kosbIte K/1accOB BBIYETOB MO MOJY/II0 MHOTOUWIeHA &' — 1,
paccMaTpUBaeMOM KaK BEKTOPHOE IMPOCTPAHCTBO HAaJl IIOJIEM
GF(p), ectb 6azuc {1}, {z}, ..., {z"1}. Hukmueckuit casur
KOOPJWHAT B 3TOM 0a3uce PaBHOCUJIEH YMHOXKeHWiO Ha x. Jleii-
CTBUTEJILHO,

{ap+arz+- - +an_12" '} {2} = {apz+ar2® +- - Fa,_ 12"} =

={an—1+ apx + arz® + -+ an_gxnfl}.

Teopema 3.54. B koavue KAacco8 6b14emos no Mooyao MHo20-
yaena ' — 1 nodnpocmpancmeo AGAAEMCA UUKAUMECKUM M020a
U MOALKO Mo2da, Ko20a 01O UJEAN.

JokazaTeabcTBo. Ecim noMpocTpancTBo — Healt, To OHO 3a-
MKHYTO OTHOCHTEJIbHO YMHOYKEHUST HA {T}, & yMHOKeHne Ha {x}
U €CTh IUKJIUYECKUN C/IBHT.

B Apyryio cTOpOHY, IyCTh 3JIEMEHT U IPUHAJIEXKUT ITUKIIIIe-

ckomy nognpocrpanctsy I. Torma v - {x}, v - {z?}, ... — nuxmm-
YecKHe CJBHIH, T.e. Takxke npuHajiexar I. S3uauwr, v - {u} €
st ro6oro MHOTOUIeHA u. [losTomy I — mumeadt. O

Paznoxkum muorodsen = — 1 ma menpusoguMble Hax GF(p)
MHOZKHTEJIH:

2 — 1= fi"(z)f3*(x)... f& ().

Ilo kuTaiickoit Teopeme 06 ocTaTKax KOJIBIIO KJIACCOB BBIUETOB TI0
MOyII0 MHOTOWIEHa =" — 1 m30MOp(MHO HpsIMOil CyMMe KOJIer]
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KJIACCOB BBLIUETOB IO MOAYMIO Muorowrenos f.'*(z). norma ta-
KOe Pa3JIoKEHNe OKa3bIBaeTCs MoJie3HbIM. [loaToMy paccMoTpmM
33129y pasoxkeHus: £ — 1 HA HEIPUBOAUMBIE MHOYKHUTEJIH.

Mpsr nokazasu B paszese 3.7, 9To Jir000it MHOrOWIEH ¢ KO3d-
dunuenramu uz GF(p) passiaraercs B HEKOTOPOM KOHEYHOM II0JIe
XapaKTEePUCTUKY P Ha JuHelinble Maoxkureau. [lycrs GF(q) — no-
Jle XapaKTEePUCTUKHA P, B KOTOPOM MHOTOWIeH " — 1 pasmaraercs
Ha JIMHEHHbIe MHOXKUTE M. [I0CKOJIbKY B I0JI€ XapAKTEPUCTUKHU P
BBINOJIHsIETCs paBencTso 2P — 1 = (xF — 1)P, umrepecen ciryuait,
KOTJIa 1 B3AaUMHO TIPOCTO ¢ p. B 3TOM ciydae y muorowiena x™ — 1
KPaATHBIX KOPHEH HET, TaK KAK OH B3AUMHO IIPOCT CO CBOEH Mpou3-
BojHOI ne™ L.

PaBencTBo 2" = 1 o3HaMaeT, 9TO MOPSIIOK SJIEMEHTA T B MYJ/Ib-
TUIUIMKATUBHOIL rpyie nossa GF(q) penur n. Mysnsrummkarus-
Hasl Ipyla KOHEYHOro IoJis Iwk/iandHa (Teopema 3.44). Kopuu
ypasrenns " —1 = 0 06pa3yoT HoArpyIILy 9Toi rpysl (rpyIa
KODHEl U3 eJIMHUIIBI CTEIICHHU 1), U 9Ta IOArPYIIIA TAKKE IUKJInIe-
ckast. Fe mopoxiaorue 3/ieMeHThbl HA3BIBAIOTCS NPUMUMUSHDMU
KOPHAMYU CTNENEH N.

[Moarpynma nopsijika n B IUKJIXYECKON TpyIIe CYHIeCTBYeT
TOTJ]a U TOJBKO TOTJIA, KOTJA N JEJUT TOPSIIOK ITUKJINIECKOi
rpymmnbl. Takum 06pa3omM, MbI IOJIydYaeM HEOOXOJAMMOE U JI0CTa-
TOYHOE yCJI0BHE TOro, 4To 1noje GF(q) colepxutr rpyuiy KopHeii
U3 eJIMHUIIBI CTEIeHU N: N JOJKHO OBITH jiesureseMm q — 1.

Y100bI BEPHYTHCS OT pa3Jioskenust £ —1 Ha JIMHEHHbBIE MHOXKU-
resn B ojie GF(q) K pa3jiozKeHuio Ha HEIIPUBOAUMbBIE MHOYKUTE,IH
B noste GF(p), Hy>KHO NOHATH, KAKUE KOPHU U3 €JIUHUNBI OYIyT
BXOJUTH B HenpuoauMmsblil nesurens f(x). Kak mbl yKe ycrano-
Busm (Teopema 3.41), ecam ypasuenue f(x) = 0 umeer KopeHs (3,
to u 3P, ﬁp2 u T. 1. Takxke OyayT kopuamu f(x). Takum obpasom,
KOJIMYECTBO U CTEIEHN HEIPUBOIUMBIX jejureseit £ — 1 MOXKHO
HaflTH, pa3dUB BBIYETHI 110 MOJIY/IIO 7 HA OPOUTHI OTOOPAKEHUS
t — pt mod n.

IIpumep 3.55. Paccmorpum erme pas pasjiozKeHHe MHOTOUICHA
215 —1 mag mosem GF(2). OTHOCHTETHHO YMHOYKEHHST Ha 2 BHIYETHI
10 MOAYJIIO 15 pasbuBaIOTCS HA TaKHe OPOUTHI:

{0}, {1,2,4,8},{3,6,12,9}, {5,10}, {7,14,13,11}.
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[osromy z'® — 1 pasmaraercst B IPOM3BEIEHAE OJJHOTO HEIIPHBO-
JIIMOIO MHOIOYJIEHA CTeleHH 1, OJHOrO HEIPHBOJMMOIO MHOIO-
YIEHA CTENeHN 2 U TPeX HENPUBOIMMBIX MHOI'OUJIEHOB CTeleHH 4
(cM. pazioxenue Ha c. 148).

IIpumep 3.56. PaccmorpuM pasioxkeHnme MHOrowieHa r2° — 1
uaz nosem GF(2). OTHOCHTEIbHO yMHOXKEHUS HA 2 BBIYETHI 110
MOYIO 23 pa3dbuBaioTCs HA TPU OPOUTHI:

{0}, {1,2,4,8,16,9,18,13,3,6, 12},
{5,10,20,17,11,22, 21,19, 15,7, 14}.

IosTomy 223 — 1 pasaraercs B IPOU3BEICHIE OTHOIO HEIIPHBOII-
MOT'0 MHOTOYJIEHA CTeIeHU 1 U ABYX HEMMPUBOIUMBIX MHOTOUJICHOB
crernern 11.

3.10. 3agaunm

3.1. Jloka3arh, YTO MUHMMAJBHOE IIOIIOJIE JIIODOrO TOJIs Xa-
pakTepuctuku ) n30MOpGHO MOJIIO PAITHOHAJIBHBIX TUCEJI.

3.2. JlokazaTb, 9TO MUHUMAJILHOE TIOJIITOJE JI00OTO TIOJIA Xa-
pakTepucTuku p uzomopduo noimo GF(p).

3.3. Pemuts ypasuenue 4x = 1 B nosie Z/(101).

3.4. Haitru 737! B mose Z/(103).

3.5. Pemuth cucremy ypaBHeHUIit

r+2z=1,
y+2z=2,
2r+z=1

B I10JI€ BBIYETOB 110 MOJYJIIO 3 U II0 MOJIYJIIO d.
3.6. Pemmurs cucremy ypaBHEHUIA

3r+y+2z=1,
T+2y+3z =1,
drx+3y+2z=1

B I10JI€ BBIYETOB IO MOJYJIIO 5 U II0 MOJLYJIIO 7.

3.7. HemnysneBoil BbIYeT a HA3BIBAETCH KBAIPATUYIHBIM BbIvue-

TOM TIO MOJLYJIIO P, €CJIH ypaBHEHHe T2 = a UMeeT pellleHne B 110J1e

Z/(p). B mpoTuBHOM CiIyYae BbIYET HA3BIBAETCS KBAPATUIHBIM
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HEBBIYETOM. ero 60JIbIe: KBAIPATHIHBIX BHIUETOB MU KBa/[pa-
TUYHBIX HEBBIYETOB?

3.8. lokazarb, YTO @ SBJISIETCS KBAJIPATHIHBIM BBIYETOM IIO
HEYETHOMY IIPOCTOMY MOJIYJIIO P TOLJa W TOJIBKO TOIJa, KOTJa
a?=Y/2 =1 (mod p).

3.9. Haiitu npousBesieHrne BCeX KBaJIPATUYHBIX BBIYETOB IIO
Momymio 71.

3.10. Haiitu cymmMy BceX KBaJIPATUIHBIX BBIYETOB IO MOJIYJTIO
67.
3.11. (Teopema Buibcona.) Jokazars, aro

(p—1)!'= -1 (mod p)

JUUISL TIPOCTOTO P.
3.12. okazarb, uro B nojie GF(p) BBIIOJIHSIIOTCS DABEHCTBA:

p—1 (p—1)/2 1
a) ) p=0(>2; 6 Y 5=0@p>3)
k=1 k=1
3.13. Haiiru 12006 4 22006 4 32006 4 ... 4 162006 110 Mmomyomio 17.
3.14. CKOJIbKO pelleHuii nMeer ypaBHEHUE 2 = a B mose

GF(2")?

3.15. lna kakux u3 uucesa n = 2,3,4,5,6,7 cymecTByeT noJie
U3 N IJIEeMEeHTOB?

3.16. B mnoJsie F' BeIosHeHo paBeHcTBO 5 = 21. BepHo Jm, uTo
B mojie F' BeImoiHeHo paBencTBo 7 = 157

3.17. MoxkHo 1 B oJie u3 64 371eMeHTOB HalTH 1mo/roJie u3 16
3JIEMEHTOB?

3.18. Jloka3aTb, 94TO IOJIE U3 P> JIEMEHTOB, I/le P — HIPOCTOE
YUCJI0, UMEET €IMHCTBEHHOE COOCTBEHHOE TIOIIOJIE.

3.19*.a) [okasarb, aTo ecam MHOrownensl f(z) u g(z) ¢ me-
JIBIMU KO3DDUITHEHTAMU B3aUMHO ITPOCTBI HAJT TOJIEM BBIYETOB 110
MIPOCTOMY MOJIYJIIO P, IIPUIEM XOTsI ObI OUH U3 CTAPIINX KO3 u-
[IMEHTOB HE JIEJINTCsI HA P, TO 9TH MHOIOYJIEHBI B3AUMHO ITPOCTHI
HAJI [T0JIEM PAIUOHAIBHBIX IUCEJ.

6) Ilokasarp Ha npuUMepe, YTO i JIOOOIO IIPOCTOrO YHUCIA P
oOpaTHOe yTBEPXKIEHNE HE BEPHO.

3.20. okaszarb, uro MHOrO4UwIeHb! f(x) u g(x) ¢ neasiMu K0adh-
dunmerTaMI TOTJA ¥ TOJBKO TOTJ@ B3AWMHO IIPOCTHI HAJ TOJIEM
PAIMOHAJBHBIX YHCEJ, KOTJa OHU B3AMMHO ITPOCTHI HAJT TIOJIEM

el
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BBIYETOB 110 MOJIYJIIO P, T7ie P — JII060€e MPOCTOe YUCIIO, UCKITFOUAS,
OBITH MOYXKET, KOHEUHOE MHOYKECTBO TAKUX THCEL.

3.21%*. Jlokazarb, uro ecau MHOrowien f(x) ¢ neabiMu Ko3dh-
dunmenTaMu MPUBOIUM HAJl TOJEM PAIMOHAJIBHBIX IUCEs, TO OH
IPUBOJMAM HaJ, IOJIEM BBIYETOB 110 JIIOOOMY IIPOCTOMY MOJLYJIIO P,
He JessieMy crapinuii koaddunment. I[IpuBectu npumep MHOTO-
YJIeHa, IPUBOJUMOIO HAJL II0JIEM PAIMOHAIBHBIX YHUCE/I, HO HEIPU-
BOJMMOIO HAJI, [I0JIEM BBIYETOB 110 MOJLYJIIO P, [JIE P JAEJIUT CTApIIuii
ko3 duriment.

3.22%*. CymecTByI0T MHOTOYJIEHBI C TEeJbLIMA KO3 pUImenTaMu,
HENPUBO/IMMBIE HAJL ITOJIEM PAIMOHABHBIX YUCE, HO IIPUBOIUMBIE
HAJI [IOJIEM BBIYETOB TI0 JIIOOOMY MPOCTOMY MOy p. Jlokasars,
410 TAaKNM Oy/1eT, Harpumep, Muorouten f(r) = 2t —1022+1. 910
MHOTOYJIEH HAMMEHBIIEH CTEeNeHHM ¢ HeJbIMH Kodduimentamu,
UMEIONUNA KOPEeHb (¥ = \/5 + \/§

3.23. Muorousen f(x) = 224+ax+b, a,b € GF(5), Henmpusomum
uajx GF(5). Bepuo s, uro f(r) nenpusomnm nag GF(125)7

3.24. [okazarb, 9To n! meaur

®" =" —p)E" —p*)...(p" —p" ).

3.25. Pemurs ypasuenne 2P — x = 0 B mone GF (p").

3.26. Pemuts ypasuenue 5x — 7 = 0 B mosie u3 169 semeHTOB.

3.27. Pemwurs ypasrenue z2 + x + 4 = 0 B mose GF(121).

3.28. Ckosbko pemrenuii mmeer ypasnerne 22 — 17 —1 =0 B
nosie GF(24)?

3.29. IlpoussBomuas muorowieHa f # 0 HaJ IOJIEM XapaKTepu-
cTukn p ToxaectBeHHo pasua (. /lokazaTh, YTO 3TOT MHOrOYJIEH
IIPUBOJIUMBINA.

3.30. /[okazarb, uTo MHOrOYJIeH f HaJ moJjieM F' xapakrepucru-
KU P, KOTOPBIl B3aMMHO IIPOCT CO CBOeil pousBoAHoii f’, nempu-
BOJIMM TOLJIa M TOJILKO TOIJIa, KOTJla ypaBHeHHe TP = x uMeeT B
koubrie F'[z]/(f) poBHO p pemeHuii.

3.31. Ilycrs (f,f') = 1 u v» = v B Koubnie Flz]/(f), v ¢
{0,1,...,p—1}. (Bmech p — xapakTepucTuKa moss Kodbdunnen-
toB F'.) Jlokazark, 4To TOrJa Jjisi HEKOTOPOro @ € F' MHOrOWIEHBI
v —a " [ UMET HeTPUBUAJILHBIA OOLIUI J1e/InTeb.

3.32. okasarb, yro Juobas dbyukius f: GF(p") — GF(p")
MOZKeT OBITH IIPEeICTABICHA MHOTOMIEHOM.
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3.33. dengerca mu x* + 1 HENIPUBOAUMEIM MHOTOWIEHOM HAJI
nostem GF(3)?

3.34. Mmnorowren x° 423422 +1 pa3IoXKUTh Ha HEIIPUBOIUMEIE
MHOKATEJIN HaJI [I0JIEM BBIYETOB II0 MOYJIIO 2.

3.35. Mmnorowren 3 + 222 4+ 4z + 1 pa3iIoKUTh Ha HEIPUBOIH-
Mble MHOYKUTEJIN HaJI [I0JIEM BBIYETOB II0 MOYJIIO 5.

3.36. Mrnorowren z* + 3 4 £+ 2 pa3IoKuTh Ha HEIPUBOIUMEIE
MHOXKHUTEJIN HaJ, IT0JIeM BBIYETOB IO MOIYIIO 3.

3.37. Munorounen x* + 322 + 222 + x + 4 pasIoXKuUThL HA HEIPH-
BO/IUMble MHOXKUATEJIN HaJI II0JIEM BBIYETOB II0 MOJYJIIO 5.

3.38. PaszioxuTh Ha HENPUBOAMMBIE MHOXKHUTEIN HAJ MOJIEM
BBIYETOB 10 MOJIYJIIO 2 BCE HOPMUPOBAHHBIE MHOTOYJIEHBI BTOPOH
CTEIIeH! OT .

3.39. PazioxkuTh Ha HENPUBOJIUMBIE MHOXKHUTEJIU HAJ MOJEM
BBIUETOB JI0 MOIYJIIO 2 BCe HOPMUPOBaHHBIE MHOI'OUJIEHBI TPEThE
CTeNeH: OT .

3.40. HaiiTu Bce HOpMUPOBAHHBIE MHOTOYJICHBI BTOPO# cTere-
HI OT T, HEIPUBOJUMBIE HaJI IIOJIEM BBIYETOB IO MOJIYIIO 3.

3.41. HaiiTu Bce HOpMUpPOBaHHBIE MHOTOYJIEHBI TPEThe cTerre-
HU OT &, HEIIpDUBOJMMBIE HA/T IIOJIEM BBIUYETOB IO MOIYJIIO 3.

3.42. a) lposeputs, uro F = GF(7)[z]/(2? + x — 1) asnzercs
nosieM. 6) Boipasure obparusiii k 1 — ¢ B F' B 6asuce 1, x.

3.43. HaiiTu nopsI0K 31eMenTa T + 22 B MyJIbTHILINKATHBHOL
rpyI1ie

a) noa GF(2)[x]/(z* + 2z +1);
6) mosa GF(2)[x]/(x* 4+ 23 + 1).
3.44. HaiiTu KOIUI€CTBO HEIPUBOIUMBIX MHOTOUJIEHOB
a) crenenu 7 HaJ nosem GF(2);
6) crenenu 6 maz nosem GF(5);
B) crenenu 24 uaz nosem GF(3).

3.45. Yemy paBHO IpOm3BeIeHHE BCEX HEHYJIEBBIX JIEMEHTOB
o GF(29)?

3.46. Yemy pasHa cyMMa Bcex aaeMenTos mous GF(37)?

3.47. Mmuorounen f € GF(13)[x] ceapmoil creneHu passara-
erca nag GF(13) Ha HenpuBoAUMbIE MHOXKUTEIU cTerneHu 3 u 4.
B kaxux mossx GF(13™) muorowsen f pasiaraercs Ha JHHEHHbIE
MHOXKUTEJIU !

3.48. HaiiTu HanMeHbIIee 1MoJIe XapaKTEPUCTUKA 2, B KOTOPOM
mHorousten o' — 1 pasnaraercs Ha JTMHEHHBIC MHOXKHTETH.
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3.49. IlocTpouth n30MOpPGU3M MEKIY MTOISIMEI
GF(7)[z]/(x* +x — 1) u GF(7)[z]/(z* + 1).

3.50. lokaszarb, uyro rpyimna aBroMopdusMos nous GF(p™) —
IUKJINIECKAs, & €€ TOPOXKIAIONIAM sBIseTcs aBToMopgusm Ppo-

Gennyca.
3.51. KoneuHnasa mpoeKTUBHAS IJIOCKOCTD IMOPSJIKA 1 — ITO Ta-
KO€ CEMENCTBO IOIMHOKECTB L1, . .., Ly, («IPIMBIX») KOHEYHOI'O

MHO2KECTBA «TO4Y€K» P, YTO BBIIOJHSIIOTCS CJIEIYIONINE CBONCTBA:
e yepe3 KaxK/IyI0 TOUKY IIPOXOIUT n + 1 mpsamasd;
e KaxKJas IpsMasl COIEPKUT 1 + 1 TOUKY;

e dYepe3 JIIOOBIE JIBE PA3JIMYHDBIE TOYKHU IIPOXOIUT POBHO OJIHA
psMas;

e JIIO0BIE JIBE PA3IUIHBIE TPSIMbIE TIEPECEKAIOTCS POBHO IO OJ1-
HOM TOYKE.

ITocTponTh KOHEYHYIO MPOEKTUBHYIO ILJIOCKOCTH TOPSIKA (,
rJie ¢ — CTeIeHb IIPOCTOTO YKCJIA.

3.52. Ilyctb p — mpocroe HedeTHOe umcsio. Ompemesnm st
ssieMenTa, ¢ 1oJist BerdetoB GF (p™) cumson Jleorcandpa x(a) Kak
0, ecotn a = 0, KaK +1, ecay ypaBHEeHHE T2 = @ MMeeT pellleHue B
nose GF(p™), u kak —1 B nporusHoM ciydae. Jlokazarsb

a) x(a)x(b) = x(ab);

6) eciiu p™ = 1 (mod 4), ro x(—1) = 1; ecoiu p™ = —1 (mod 4),
10 X(—1) =

B) Zaec:npm) x(a) = 0;

r) A7t m060ro b # 0 BBIIOIHEHO ¢ p(m) X(a)x(a +b) =
=—1.

3.53*. Marpuna Anamapa H mopsiaxa n COCTOUT U3 3JIEMEHTOB
41 u yIoBJIETBOPSET YCJIOBUIO

HHT =nI , riae I — equHUYIHAS MATPUIIA.

ITocTpours marpuiyy Amamapa mopsiaka n = p™ + 1, rae p —
IIPOCTOE, & N JEJUTCs Ha, 4.



I'maBa 4

Koapl, ncopaisionie onimoOKT

4.1. OcHoBHas 3a/ja49a Teopun
KO/INPOBAaHUA

[Iyctes ecth HaGop coobmennii S;, 1 < ¢ < n, KOTOPbIE HY¥XK-
HO IepeJlaBaTh 10 KaHajy cBsasu. CoolIenus O6ygaeM KoJIupOBaThH
HYJISIMU U €[IMHATIAMU, T. €. KaXKJOMY COOOIIEHUIO OYIeM COIIOCTaB-
JIATH €ro KOJ — CJIOBO u3 Hyseil u eiuuun (6uHapHbIil HaGOp),
KOTODBI OOBIYHO HA3BIBAETCH K0J08biM CA080M. Mbl OrpaHUIMM-
€SI TOJIBKO CJIy9aeM, KOTJIa BCe COODIEHMST KOAUPYIOTCS CJIOBAMU
OJIMHAKOBOI JyIHBI. BymeM camrarh, 9T0 owubku npu nepedaye
MOT'YT TOJIBKO U3MEHSITh 3HAUEHUS HEKOTOPHIX 6buToB. Boobiie ro-
BOpsi, 9TO He eIMHCTBEHHBIN BUJ OMMUOOK. Bo3MOXKHBI, HaIIpuMep,
BBINIAJIEHUST U BCTABKM — KAKON-TO M3 OUTOB MOXKET He JIOUTH J10
[IPUEMHUKA WU, HA000POT, U3-38 MOMEX MOXKET IIPOU30MTH JIOXK-
HOe cpabaTbIBaHUE MPUEMHUKA W TOJyIUTCs OUT, KOTOPOrO HU-
KTO He mochbLtajl. Mbl Takue CHUTyaIuu pacCMaTpuBaTh He OyieM.

Bajada cOCTOUT B TOM, YTOOBI MIOCTPOUTH KOJT MUHUMAJILHOM
JUIMHBI, [IPU epejade C MOMOIIbI KOTOPOro COODIIEHUEe MOXKET
OBITH OJHO3HAYHO BOCCTAHOBJIEHO IPHU YCJOBUM, YTO ITPOU3OIILIO
ue Oojiee T ONIHOOK.

Boutee ynobHO paccMaTpuBaTh APYTyIO 3aa4y: JaHbI 1 — JIJIH-
Ha KOJa, I' — MaKCHMAaJbHO JOILyCTUMOE YHUCJIO0 OImuboK. Tpedy-
eTCsl HAWTH MaKCUMAaJbHOE UUCJIO COOOIEHuit k, KOTOpOe MOXKHO
nepenaTh. PemmB 3aady MIpo MaKCHMAJILHOE YHUCTIO COODIEHNIH,
HETPY/JHO IMOJIYIUTH PelieHre U pellleHre IPEIbIAYINeil 3aadu
PO KOJT MUHUMAJIHLHO JJTNHBI.
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Mpb1 npuOJIMKEHHO PEeNuM 3Ty 3aJa9y IJjis TPOU3BOJIBHBIX 7
u r. Tounoe perenne Oyer AaHO JUINb JJis ciaydas n = 2™ — 1
ur =1, arakxe ga n = 23, r = 3 (cm. pazzgen 4.5). Beenem
paccmoarue MeXKIy OMHAPHBIMI HAOOPaMI

n
p(6,8) =3 lai - Bil.
i=1
rie & = (a1,...,0n), 8 = (B1,-..,0n), i, B € {0,1}. (Sro
PacCCTOsTHAE YaCTO HAZBIBACTCA Mempuroti Xommuneaa.)
Tosopst nonpocry, p(&, B) — 3TO YHUCJO KOOPIAHMHAT, IIO KOTO-
PBIM Pa3/IMIAoOTCsl HAGOPDL & 1 3.
BeeieMm errie oj1HO onpejesienne: Hopma ||¥|| — 3o dncio exu-
HUYHBIX KOOPAMHAT B 7.
YuTaTerio Ipe IJIaracTcs CAaMOCTOATEIHHO TPOBEPUTE CIIPABe/I-
JITBOCTD CJIEIyIOMIEro IPOCTOTO YTBEPIKICHHS.

Vreepxkaenue 4.1. p(d,ﬁ) =& @BH, 2de
adp= ((cr + B1) mod 2,..., (o + ) mod 2).

Tpmmep 4.2. @ = (101011), § = (000110, p(@, §) = 4, & § =
= (101101), ||a ® G| = 4.

BéubIias 4acTh TeOPUN KOAUPOBAHKS IOCTPOEHA Ha TaK HA3bI-
BaeMbIX I'PYTIOBBIX KOJAX, T. €. KOJaxX, 00pa3ylomux Tpymmy (ux
TAKIKe HA3BIBAIOT AUHediHbMU Kodamu). Ipyrumm cioBaMu, MHO-
JKECTBO KOJIOBBIX JToB {&', ..., &%} o6pasyeT TpyIITy OTHOCHTEb-
HO omeparuy B: I TOObIX KOJOBBIX CJIOB (', &7 BBINOJIHIETCS
a'®a’l = at, 1 <t < ¢ (I0CTaTOYHO IPOBEPUTD 3TO yTBEPIKICHNE,
TaK KaK HaJIM9Iue 06paTHOTO 3/1eCh OUEBUIHO — 3TO CAM JIEMEHT ).

Teopema 4.3. [Ipednosootcum, wmo movs umeem 2pynnooti Koo
{al,...,a9} ommocumeavno onepayuu @ (3decv u danee pac-
CMAMPUBAIOMCSHA 2PYNNBL MOABKO OMHOCUMEABHO ONepayuy @®).
JAst MUNHUMANDHO20 PACCTNOAHUSL MEAHCOY DPASAUMHBLMU KOOOBDILMU
CAOBAMU BVINOAHAENCA COOMHOWEHUE:

min p(a',&’) = min [|o/|].
i#£j at+#£0
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,ZLOKaBaTeJIBCTBo p(a al) = ||la* @ &’ = |a*||, npuuem
a* # (0,...,0) npu & # &’. Orciofa MorydaeM ONeHKY
min p(&*, &) > min ||o’].
i#j at=£0
fcno, uro sra onenka nocruraercs: wabop (0, .. .,0) obasaTesbHO
OPUHAIJIEXKUT TPYHIIOBOMY Koay, a ||a%|| = ||a* @ 0| = p(a*, 0).

IIycts mepemaBaiocs coobiienne
~i

&' = (..., i),

a TOJIyIeHO COODIeHmne

ﬁl = (ﬂliv e aﬁnz)
Mper mpenosioxuu, 4To yucio omubox He Gosbie 7. [Tosromy
p(ai, B <. 0

Onpepenenue 4.4. MunumaibHOEe PACCTOSTHIE MEXKLYy KOJOBbI-
Mu csoBamu Koma C' HazbIBaeTcst kK0006bim paccmosmnuem C.

CoBOKYIIHOCTB TAaKHX B, uro pla’ ' 3Y) < r mazoBeM wapom
Xommunea Sy.(&') ¢ meHTpoM B &' W pajmmycoM 7.

VYreepxkaenue 4.5. Muoowcecneo {al, ..., a4} obpasyem x0d ¢
ucnpasaenuem owubok, ecau Sp(&) N Sp(&7) = npu i # j.

JokaszaTeabcTBo. Eciu mpu mepemate coobmieHns &' cIeIaHo
ne Gosee r ommbOK, To HaGOp ocranercsa B mape S,(&'). Eciu
IIAPBI HE TIEPECEKAIOTCsI, TO MBI MOYKEM OJJHO3HAYHO BOCCTAHOBHUTH
IEHTP Iapa Mo J00H TOYKe U3 ITOTO IIapa. O

Orciofa cirejyer, 9To y KOfa, NCIPABJISIIOIIEro 1 OMNUOOK, KO-
JIOBOE paccTossHue He MeHbIne 2r + 1.

Urak, 94T00BI TOCTPOUTH KOJ, MaKCHUMAJIbHOI'O pa3mMepa, HC-
[IPABJISIIONTUI T OIMUOOK, HY?KHO BJIOYKUTH B MHOXKECTBO BCEX OU-
HapHBIX HabOpoB E" (6y.es kyb) MaKCUMAJbHOE UYHUCIIO Hellepe-
CEKaIoIuIXcs MapoB X3MMUHTa paguyca 7. B caygae n = 2™ — 1,
r = 1 MOYXKHO TaK PACIOJIOXKUThH IIapbl, YTOObI OHU ITOKDPBIBAJII
Ky0 E" u He mepeceKasuch. fICHO, 9TO TAaKOi KO/ MMeeT CaMblii
6osbIoft pa3mep. VHTepecern Bompoc, MpU KaKuX JAPYTUX N U T
MOXKHO pazbuenne E" na mapbl paguyca 7. OKa3blBaeTCs, TAKOe
BO3MOZKHO JINIIb €Ille IIPU OJHOI mape n m r: n = 23, r = 3
(eMm. pasgnen 4.5).
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Teopema 4.6 (Teopema Xammunra). IIpu 2r < n makcumanis-
Hoe wucao coobweruts k nHarodumea 6 caedyrowuxr npedeaax

2 <k < 2
R G ) N R G N ()

HokazaresbecTBo. [logcauraeM, CKOJILKO TOYEK MONAJAET B AP
pajmyca 7 — TO CaM IEHTP, BCE TOUKU C OJHON U3MEHEHHOU KO-
opauHaTOi (KOTOPYIO MOXKHO BHIOPATH (Tf) crocobaMu), Bce TOYKN
C IBYyMsl U3MEHEHHBIMY KOOPIUHATAMU (KOTOPBIE MOYKHO BLIOPATDH

(;L) crocobamMn), . . ., BCe TOUYKHU C T M3MEHEHHBIME KOODUHATAMU

(ux MOXKHO BBIGpATH (:L) cuocobamn). Tak Kak Imapbl He Hepece-
KaIOTCs, MOJIy9aeM BEPXHIOIO OIECHKY.

Jlyist OlleHKM CHU3Y IIOCTPOMM IIPHMEDP Koja (HerpyIoBoro).
BepeM IpousBoJIbHYIO TOYKY &' M CTPOMM BOKDYI Hee Iap pa-
quyca 2r. B kaugecrBe cieyiomeil ToYKU GepeM IIPOU3BOJILHYIO
TOYKy BHE 3TOTO mapa G2 ¥ CTPOMM CHOBa OKOJIO Hee Imap pa-
muyca 2r. Tperbio TOUKy BbIGEpEM BHE 3THX JBYX HIapos. Jlamee
AHAJIOTUYIHO. 3aMeThTe, UTO KayKIbIi HOBBIH Iap 3aHUMAET He

boJiee, yeM
" + " + ..+ "
0 1 o 2r

TOYEK. JHAYNT, YACJI0 TAKUX MIAPOB OyJIeT He MEHbIIe
2n
n n n
©) + @)+ + ()
OueBnIHO, YTO MIAPHI PAJAYCa T ¢ TIEHTPAMHU B IIOCTPOEHHBIX

TOYKAX HE [IEPECEKAIOTCs, TAK KAK B IOCTPOEHUN HUCIIOIH30BAJIACD
mapbl pajimyca 27. U

Temeps pasbepem ciaydait n =2™ — 1, r = 1.
Ilokaxkem, uTo
2n
n+1"’
T. €. IPU TAKUX 3HAYEHUSIX [TAPAMETPOB BEPXHSISI OIIEHKA B TEOPEME
X9MMUHT, JTOCTATAETCS.

Buauasie mocTpoum Koz, a IIOTOM OIIPEIETNM €ro KOJIOBOE pac-
CTOsIHUE.
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Paccmorpum Takyio Tabsuiry:

100... ... ...000 | 1100...000
010... ... ...000 | 1010...000
001... ... ...000 |1001...000
000... ... ...100 | 1111...101
000... ... ...010|1111...110
000... ... ...001 |1111...111

CrpaBa BBIIICBIBAIOTCS BCe OMHAPHBIE HAOOPDI JJIMHBL 1717, CO-
Jepzkalue 60jiee OQHON eIMHUYHOM KoopauHaThl. CiieBa — eu-
HUYHAs MaTpula pasmepa (2™ —(m+1))x (2™ —(m+1)). Paccmor-
pPUM MHOXKeCTBO HabopoB (OHO Ha3biBaercsd kKodom Xommunea),
KOTOPBIE TIOJIyIAI0TCS IPUA CyMMUPOBAHUM CTPOYEK ITOM TAOIHUITHI
BCEMH BO3MOXKHBIME criocobamu. B arom mHOxKecTpe 227 —(m+1)
HAOOPOB (PE3YJIbTATHI CJIOKEHUST PA3JIUIHBL I JIFOOOr0 MHOXKE-
CTBa CTPOYEK). 3aMeTUM, ITO
22"”71 on

om T 41

92 —(m+1)

Haitnem munrmmabaoe p(&',a7). Jlerko BueTs, 4to p > 3,
TaK KaK HOpMa JII000r0 HEHYJIEBOr0 HAbOpa, MOJIyIaeMOro CyMMU-
pOBaHHEM CTPOYEK TabOJIUIBI, HE MEHBIIE TPEX: €CJU CyMMHUPYeM
HE MEHee TpeX CTPOYEK, TO B JIEBOI YacTu OyJeT He MeHee Tpex
€JIMHHUIL; €CJIM CyMMUPYEM JIBE CTPOYKH, TO B JIEBOW YacTu Oyjer
JlBe eJMHUIbI, a B IpaBoil (Habopbl pasHble) — XOTsd ObI OJHA;
B JIIOOOI CTpOUKE TAOJUIIBI TAKXKE COMIEPIKUTCS HE MeHee Tpex
€JIHUII.

Pas paccrosinust MeK Ly KOJIOBBIMU HADOPAMU HE MEHBIIE TPEX,
mapbl pajuyca 1 ¢ IMeHTpaMu B 9THX HabOpax He IepPeceKaroTCH.

IIpumep 4.7. CocraBum Tabmiry Jiist KOJa XIMMUHT, JJIUHBL 7:

1{0(0j0|1]0|1
0O(1y0j0|1]110
0O(0o|j1j0j0]1]1
0(0j0j1)1]1]1

CxkJ1a1pIBaeM CTPOUYKH IIPOU3BOJIbHBIM 00Pa30M U HoJry4yaeM 16
BO3MOKHBIX KOMOMHaIHI. VM MOXKHO 3aK0aupoBaTh 16 co0bIIIE-
Huii, HanpuMep, Bce 10 mudp u 3Haku onepanuii. [Tpu nepemade ¢
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ITOMOIIBIO KOJIa XOMMUHTA MOXKHO UCIPABUTH OJHY OMIAOKY, BO3-
HUKAIONLYIO IIPU IIepegade.

4.2. IIukamdeckKkne KOIbI

O,HHOP'I U3 CaMbIX BazKHBIX KOHCprKHI/Iﬁ KOJOB ABJIAIOTCH ITUK-
JIM9EeCKHe KOIbI.

Omnpenesnenne 4.8. Kox C HazpIBaeTCs YUKAUMECKUM, €CITA OH
MHBAPUAHTEH OTHOCUTEIHLHO MUK/IMIECKHX CABHIOB: U3 TOTO, YTO
Habop («ao,...,Q,—1) upuHaexur C, ciegyer, 4TO U BCIKUil
HAOOD (Qus, Qsg1y. -y Qn_1,Q0,...,0Qs_1) npuHajexur C.

IIo Teopeme 3.54 nukandeckue JUHEHHBIE KOJbI COBIIAJIAIOT C
uneanamu B Kosble Faz]/(z™ — 1). Ilosromy mocTponTsh nukim-
JecKHUil KOJ MOXKHO TaK: BO3bMeM MHOro4wiIeH x' — 1, BbiOepeM
HEKOTOPBIi stesiuresib () 3T0ro MHONOYJIEHA U B KOJIbLE BbIUe-
TOB 110 MO0 & — 1 paccMOTpUM ujeast, MOPOXKIAEHHbIH ().
OxasbiBaercst, 4T0 IpU yJAadHOM BbIOOpe () KO3 DUIMeHTHI
MHOTOYJIEHOB, ITPUHAJJIEXKAIINX ITOMY UJeasTy, Oy/IyT JaBaTh XO-
pouuii Kof.

JaBaifTe pacCMOTPHUM IIPOCTOI TIPUMED.

IIpumep 4.9. Ilycrs n = 7. Sanumiem pa3joKeHNe Ha HEIIPUBO-
JIMble MHOXKUTEJIH:

" —1=1+2)1+22+23)(1 +z+23).

B kadecTBe (¢ BO3bMEM HOCTETHUI MHOXKUTEJb. ¥ MHOXKAsI €ro Ha
CTEIeH! T TIOJIyYNM OA3UC B IOAIIPOCTPAHCTBE, KOTOPOE SBJISETCS
KOJIOM:

(1101000) @
(0110100) Q-
(0011010) ©-x?
(0001101) @z’

Mo02KHO IIPOBEPUTD, YTO KOZOBOE PACCTOAHUE Il 3TOO KOJIA PaB-
HO 3.

B camoM geste, yMHOXKEHHE Ha & B KOJIBIIE BHIYETOB 10 MOLYJIIO
27 — 1 IPUBOMUT K MUK/IMUECKOMY CABHIY Kodbdduruentos. Eciu
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ecTh HABGOP KOI(PPUIMEHTOB € ABYMsI eINHUIIAMU, TO PACCTOSTHUE
MexKy ejuauiaMu B Habope He GoJibine 2 (b0 B OJHY CTOPOHY,
smbo B npyryio). Ho Torma ecrb Takoil UKIMIecKuil CIBUT 9TOr0
Habopa, y KOTOPOI'O €JMHUIIbI [IOMEMAI0TC B MitaJreil (JeBoii
HOJIOBHHE). 3HAYUT, 9TO JUOO MHOTOUJIEH CTEIIEHN He BBIIIE 2, 9ero
He MOXKeT OLITh 1O Teopeme 3.52, jm6o muorouwnen 1 + 23, Ho
1423 = 2 mod (1+ x4+ 2?), mosTOMY B HOC/IE/IHEM CITydae MBI Obl
MOJIYYUIM BCE KOJIBIIO BBIYETOB. TakmMm 00pa3oM, MUHUMAJIHHOE
9HUCII0 eauHul] (DABHOE KOJOBOMY DACCTOSHMIO) JJIsi 9TOIO KOJIA
paBHO 3.

Borpoc 0 K010BOM pacCcTOSHIH ITPOU3BOIBHOIO IIUKJINIECKOTO
Ko/1a Oe3naekHo TpyneH. Ho ecTh HECKOIBKO BasKHBIX KOHCTPYK-
Ui TIUKJITIECKUX KOJIOB C XOpOoImuMu napamerpamu. /lasiee Mbl
IIPUBOJIMIM HECKOJIBKO IIPUMEPOB.

4.3. Koagprt BYX

B srom pazzesie OyaeM paccMaTpUBATh KOJbI, UMEIOIINE JIJIU-
ny n = 2¥ — 1. OnuceiBaeMelil HUKe CI0CO6 CIIOCOD HOCTPOEHMS
«XOPOIIEroy KOJia, UCIIPABJISIONIET0 «MHOT'0» OIHOOK, IIPU/yMaH
Boyszom, Hoymnxypu n XokBunremom. [1oaToMy KOIbI, KOTOPHIE MbI
oty anM, HazbiBatoTcs bYX-kogammu.

Paccmorpum Takoe yTodHEHUE ONIMCAHHOM BhIIE CXeMbl. Bo3b-
MeM KaKOM-HUOYIb HEIPUBOAUMBI MHOTOWIEH W IIOCTPOUM IIO
HeMy mojie. HeHysieBbie 3JIeMeHTBI 10JIst, KaK ObLIO TOKA3aHO BhI-
e, 06pa3yoT IMUKINYECKYI0 T'PYIILY 110 YMHOXKeHu0. Bbibepem
[TOPOKIAIONIU SJIEMEHT STOM IPYNIBI ( U PACCMOTPHUM CTEIeH!
a, o?, ..., a®, tme r — 4nciao ommbOK, KOTOPhIE HY’KHO yMeTh
UCIPaBJISATh. Ul Termepb B pa3/iozKeHUU COOTBETCTBYIOIIETO MHOTO-
wreHa x'" — 1 BoIOepeM Takue HEMPUBOIUMBIE MHOXKUTEIH, ITOOBI
KaxK/asi M3 YKa3aHHBIX CTeleHeil ObLIa KOPHEM OJIHOTO W3 HUX.
OKa3pIBaeTCsI, ITO TO FAPAHTUPYET UCIPABJICHHE T OIMHOOK.

IIpumep 4.10. Bosbmem z'® — 1. IIpemmosioxKuM, UTO HyKEH

KOJI, MCIPABJIAIONII TPU OMUOKNA. 3HAYNT, Hy?KHO HANTH MHO-
FO4IEHBI, KOPHAMH KOTODPBIX SABJAIOTCH IIepPBbIE IIeCTh CTeleHei
ITOPOXKJAIONIETO jleMeHTa . ECIM MHOroWIeH nMeeT KOPEHb «,

TO TI0 TeopeMe 3.41 MOXKHO yKa3aTh BCe ero KopHH: «, a2, o, ob.
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3

AHaJIOTHYHO, €CJIH Y MHOIO'WIEHA €CTh KOPEHDb (°, TO y Hero OyIyT
3 .6 12

kopun o, a®, a'?, o”. Haxonern, ecim y MHOrO4/IeHa €CTh KOPEHb
a®, To y Hero TakKe ecTb KopeHb o'V,

IlepeMHOKHB TPH MHOTOWICHA, IHOAOOPAHHBIX O YKAZAHHBIM
MHOYKECTBAM KOPHeil, OIydIuM MHOTOWIeH 10-it cTenenn. 3HaqmnT,
u/easl o MOJLYJII0 STOTO MHOTOUJIeHa JIaeT HATH CTeleHeil cBobo-

1ol [TocTpoennstit Koz 6yaeT H-MepHBIM IPOCTPAHCTBOM.

Temepb poBeIEM 3TH pacCykaeHnst B OoJiee oOIeM BHIE.

Haunem ¢ mpocroit 9actu — HOCTpOEHHUsT KOJa, a 3aTeM yKe
OyIeM I0Ka3blBaTh, YTO OH JIEHCTBUTEIFHO UCIPABJISET OINTUOKH.

Nrak, momaraem n = 25 — 1. I3 pas/oKeHns: Ha MHOMKUTEJH
MHOTOUWIeHA " — 1

2" =1=p1(x) ... (). pp() (4.1)
BbIGEPEM Te COMHOMKUTENN, KOPHUA KOTOPBIX COAEPKAT CTEHEHN
a, 0?0, ... a2, (4.2)

[TepemmoO)Kast BBIOpAHHBIE COMHOXKUTEJIH, [TOJIyIaeM HCKOMBII MHO-
TOYJIEH (0, TTOPOXK A0 1ieas, KOTOPBIA U JACT HaM XOPOIINi
koj. Kakosa cremenn @7

Eciin Kakoii-T0 MHOTOYIEH UMeeT KOPEHb (v, 3HAYUT, OH TaKKe
uMeeT KOpeHb . U1 BOOOIIIE, eCiii MHOTOU/IEH IMeeT KOPEHb o,
TO OH HMeeT TaKXe U KopeHb «>°. Taxum o6pa3oM, HaM IIOTpe-
Oyercss He OoJiee 7 IMITYK MHOTOYIEHOB, ITIOTOMY YTO KaXKIbIH 13
BBIOMPAEMBIX MHOIOWIEHOB MMeEeT 10 KpaiiHeil Mepe JBa KOPHsI.
A crenens menpuBogumoro genurend £ — 1 we Gosbine k (Hamom-
HUM, 9TO 6bLT0 BRIGpamo n = 2F — 1). IlosTomy obas crenens
MIPOM3BeIeHUs BCEX BHIOPAHHBIX MHOTOWIECHOB He 60sbIe 1k, rae
k =logy(n+1), rk = rlogy(n + 1).

Wrak, umeasn, MOPOXKIEHHBIN 0, OyIeT UMETh Pa3MEPHOCTDb N
MUHYC CTEleHb MOPOKIAOIIEr0 TOJNHOMA, 3HAYUT TOYEK B 9TOM
ujeasie Oyger He MEHbBIIE, 9eM

2n
(n+1)r"

Ha camowm sieste 9Ta olieHKa HETOYHASI: B HEHl YIUTHIBAIOTCSA TOJIBKO
110 JIBa KOPHS M3 KAaXKJI0T'0 MHOIOUJIEHA, & UX MOYKET ObITh DOJIBIIIE.

JlokazkeM, 9TO PACCTOSTHIE MEXKJY TOUKAME KOJa HE MEHbIIIe,

qeM 27+ 1. 3aMerum, YTO BCe MHOTOUJIEHBI, BXOJIAIINE B HAII KOJI,

gn—r logy(n+1) _
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KpaTHEI . 1109TOMY KasKIbIil KOJZOBLINH MHOTOWIEH HMEET KODHI
a, o2, ..., o?". 3HaunT, HAM JOCTATOYHO JOKA3aTh CJICIYIONIee
yTBepKIeHNeE.

JIemma 4.11. Ecau (a®) =0 npul < s < 2r, mo y ¢ ne menee
2r 4+ 1 Henyseso20 xoagduyuernma.

HoxkazaresnbcrBo. Pacemorpum muorowren ¥(x) = ag + a1x +
+- -+ ay,_12" ', yrosaerBopsomuii aToMy yesaosuio. Ero xoad-
PUIUEHTH JAIOT pelieHne CJIEAYIONEeil CHCTEeMBI JIMHEHHbIX yPaB-
HEeHUH:

1 « a? o a1 ap 0
1 (?) (@®? ... (o)t ar [ _ [0 43
10[%(0&%)2(0[%)"71 o 0
Ecsin nabop a = (ag, ..., an—1) — peIIeHUE STOH CUCTEMBI, TO,

KaK HETPYIHO BUJETh, Mexiy |la|| crombrnamm marpump! cucre-
Mol (4.3) ecTb JuHeliHAs 3aBUCUMOCTD. [oaToMy JyIst HoKazaTes b
cTBa JieMMBI 4.11 JOCTATOYHO IIOKA3aTh, 9TO JIIOObIE 27 CTOJIOIIOB
3TOU MATpUIbl JIMHEHHO HE3aBUCUMEI.

Teopust perieHust TUHEHHBIX YPABHEHUIN HAJT KOHEIHBIM TI0JIEM
HUYEM HE OTJIMYAETCS OT MPUBBIYHON TEOPHUHU PEITeHNsT TUHEHHBIX
ypaBHeHuil HaJ nosieM zeiicrBuresbubix yuces R. (Ha camom zne-
Jie, OHa BOBCE HE 3aBUCHUT OT TOI'O, HAJ KAKUM IIOJIEM MBI PeliaeM
cucTeMy JIMHEHHBIX ypaBHeHuil.) B uwacrHocTH, suHeiinas 3aBu-
CHMOCTB MEXKJIy CTOJIOIAMU KBaJIPATHON MATPHUIIBI PABHOCUIHLHA
OOpAIEHNIO B HYJIb OMPEISNTE ITOM MATPHUIIHI.

Hasaiite Boibepem u3 marpurpl cucreMbl (4.3) crosbin jq,

J2, -, jor. Ilomydmm KBaJIpaTHYIO MATPHILY
adt al? o adzr
(a2)j1 (aQ)Jé o (a2)j2r
(QQT)Jl (QQT)Jz (QQT)er

Brinecem 13 Bcex aieMeHTOB cTOI011a ¢ OOIIMIT MHOXKATEIb 0t .
[Tosrygum, 9To OompeeMTe b HAIMEH MATPHUIBI C TOYHOCTHIO JI0
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HEHYJIEBOI'O MHOXKUTEJIS adi izt tize pagen

1 1 e 1
all al? . aJzr
V= (a9)? (ad2)2 .. (ad2zr)2 |, (4.4)

(@)2r=1 (a2)2r=1 . (ader)2rl
DTO XOPOIIO U3BECTHBI onpeennTesns Bamngepmonia. Beraucs-
eTCsl OH HaJl KOHEYHBIM [OJIEM TOYHO TaK »Ke, KaK U Ha/| IIPHBbIY-
HBIM R:
V = H (ajtg _ ajtl).
t1<t2

B mameM ciydae onpezesnTeb OTINYEH OT HyJIst: HALIOMHEM,
YTO MbI B3sJIH B KA4€CTBE (¢ IIOPOXKIAIOMIMIA 3JIEMEHT MYJIBTH-
[UIMKATUBHON TPYIIBL [OJIsl, TI09TOMY BCE CTEIeHH (v BILUIOTH JI0
(n — 1)-ii pas3uIHbL. O

Urak, mbr jjokazamm jgemmy 4.11. 3Ha9nT, HIOCTPOEHHBIH HAMEI
KOJI JIEfICTBUTEJILHO MCIPABJLET T OMMOOK (PACCTOAHUE MEXKILY
KOJIOBBLIMU CJIOBAMU HE MeHbIne 2r + 1).

4.4. KBaJapaTu4IHO-BbIYE€THbIE KOJbI

Ksagparudaao-BerdeTHBIE KOJIBI AIOT €Ie OJINH IIPUMEP XOPO-
UX UKJIAIECKUX KOJIOB.

B sToMm pasjene npe/osaraeM, YTo JUIMHA KOJIA IIPOCTOE UHC-
JIo, KOTOpoe JlaeT octaTok +1 or jenenus wa 8. ymHy KOoma B
9TOM pa3zzese OyimeM 0603Ha4aTh depe3 p = 8m + 1. Hamomuum
(cM. ¢. 164), uro HeHyJIeBOIi BBIYET ¢ HA3BIBACTCS KBAIPATHIHBIM
BBIUETOM II0 MOJLYJIIO P, €CJIM YPaBHEHHE T2 = @ UMeeT pelleHue
B noJie Z/(p). MHOXKeCTBO KBAIPATUIHBIX BHIYETOB [0 MOJLYJIIO 7
00603HaYNM Yepe3 (Jp, & MHOKECTBO KBaJIPATUIHBIX HEBBIUETOB —
gepes Np.

Ecm 22 = a, y2 = b B none Z/(p), o (xy~1)? = ab~?!. Ilo-
9TOMY KBaJIPATUIHBIE BBIYETHI 10 MOJLYJIIO P 00Pa3yIoT MOAIPYIITY
MYJILTUIUIMKATUBHON Ipyibl moJst Z/(p).

2

YrBepxkaenue 4.12. Ilycmv ¢ — newemmoe npocmoe wucaro. To-
eda 2 € Q4 moeda u Moavko moeda, Koeda ¢ = £1 (mod 8).
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Hoxkasarenbcrso (mo [21]). Ucnonb3yem pesyabrar 3amatu 3.8:
2 gBIsSeTcs KBAJAPATUYHLIM BLIYETOM II0 HEYETHOMY IIPOCTOMY
MOJIYJIIO ¢ TOLJa U TOABKO Torga, xorma 2(4-1/2 = 1 (mod g).
JIro6oe nosie xapakrepucTuku ¢ cojepxutr mnoamnoiae GF(q), no-
9TOMY yCJIOBHE MOXKHO IIPOBEPATH B JIIOOOM TAKOM IIOJIE.

Paccemorpum pacmupenue F' nonst GF(q), KOTOpoe COlEpKUT
rpyuiy KopHei 8-i crenenu u3 eauauipl (M. pasupen 3.9). O6o-
3HAYUM 9€pe3 (v IPUMHATUBHBIA KOPEHD 8-if CTENEHN U3 ¢ IUHUIIBL.
B moste F' vy 2 ecTb KBaIpaTHLIH KOpeHb. A mMmenno, 3° = 2, rie
8=a+a ' B camom nerne,

(a+a )2 =24+a2+a2=24+a2(a*+1)=2

(a* = —1 Tak KaK @ — IPUMHUTUBHBIA KOPEHb BOCHMOIi CTEIeHN ).
Teneps Ham HyzkHO BbrauciauTb (91 = 200=1/2 Tlycrs ¢ =
= 8m =+ 1. Torma

Bl=a+a ?=a* +aFt =3,

nosromy 3971 = 1.
IIycts ¢ = 8m = 5. Torga

1=l 4+a 9=at®4+a™ =_5,

nosromy 3971 = —1. O

Bosbmewm noste F' xapakTepucTuku 2, KOTOPOE COJIEPKUT I'PYII-
my Kopueit crenenu p. [[puMuTHBHBIIT KOpeHDb cTemeHn p 0H603Ha-
9UM Yepe3 w. PaccMOTpHM MHOTOYJIEHBI

fla)= [T @-uv), g@) =[] @-w)

i€Q, iEN,

B cuny yrBepxknenus 4.12 ecim p = 8m £ 1, To 2 sBiIgeTcs
KBa/IPATHIHLIM BBIYETOM 10 MOJYJIO p. YMHOXKEHHE Ha KBaJpa-
THYHBL BBIYET [EPEBOAUT MHOYKECTBO KBAJIPATHIHLIX BBIYETOB B
ceBsi 1 MHOXKECTBO KBaJIpATHYHBIX HEBBIYETOB B cebsi. Benomuuast
CTPYKTYDPY pasiioxkeHHst £ — 1 Ha HEIPUBOJUMBIE MHOXKHUTEJIN,
onmcaHHyI0 B pasjene 3.9, noiydaem, uro f(x) n g(x) siBisirorcst
muorowieHamn Haj noseMm GF(2). Takum obpasom, nag GF(2)
HMeeM Pa3JIoKeHne

et — 1= (z = 1)f(z)g(x). (4.5)
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Ounpenenenune 4.13. Keadpamuuno-6vuemubimu K00aMU HASHI-
BatoTCs uieassl kojbua GF(2)/(x™—1), nopoxaenusie f(x), g(x),

(z = 1)f(x), (z = 1)g(z).

Kon, nopoxennsiii f (), 6ymem 06030a9aTh (), & KOJI, HOPOXK-
nenubiit g(x), 6yuem oboznagars N.

Teopema 4.14. Kodosoe paccmosnue d xkodos Q u N ydosaemeo-
paem nepaserncmesy d* > p. Ecau p = 8m — 1, mo evnoanaemcs
6oaee cuavhoe nepasencmeo d> —d +1 > p.

JokasarenbctBo. [Ipexe Bcero ybemumcst, 970 KOIOBBIE PaC-
crosiaus kogoB @ u N ogunakosbl. [lycrs ¢(x) € @, a a — KBajpa-
TUYHBLA HEeBbIYET 110 MojyJo p. Toraa ¢(x) = c(x®) Gyner upuna-
nexkatb N. Bepro n obpatnoe. UToOBI TPOBEPUTDH 3TU yTBEPKIE-
HUsl, JJOCTATOYHO [IPOBEPUTH, YTO BO3BEJCHHUE B CTEIIEHD 0 MEHSIET
MecTaMu KopHu ypasHeruil f(z) = 0 u g(z) = 0. HeiicrBurens-
HO, KBaJPATUYHbIE BBIYETHI O0PA3yIOT IPYIILY 0 yMHOXKEHUIO.
[TosToMy mpousBeieHre KBAAPATHIHOTO HEBBIYETA HA KBaIPATHY-
HBIH BBIYET SIBJISIETCS KBAIPATUIHBIM HEBBIUETOM, & IIPOU3BEJIeHIE
KBaJIPATUIHOTO HEBBIYETA HA KBAJPATUIHBIA HEBBIUET SIBJISIETCS
KBAJPATUIHBIM BbIYETOM.

Paccmorpum npoussenenue c(x)é(x). OHO AenTes Ha B3AUMHO
npocTble MHOrOWIeHb! f(x) u g(x), a 3HAYNUT, U Ha WX IIPOU3BE/Ie-
HUe

P —1

=14+ 4Pl
z—1

f(a)g(z) =
Ecyin muorownen c¢(x) comep:kur d HeHy/IeBbIX KO3GbDMUIMEHTOB,
TO CTOJILKO YK€ HEHYJIEBBIX KO3(DMUIMEHTOB CoepKuT ¢(), a ux
IPOH3BEIEHIE COIEPKUT He Goiee d? HeHyIeBbIX KO3 MUINEHTOB.
Bnauut, p < d?.

B cnyuae p = 8m — 1 onenky MOXXHO yCHJIATH, €CJIA BHIOPATH
a = —1. 1o feiicTBUTENLHO HeBbIYeT, Tak Kak (—1)Em=1-1)/2 =
= —1 (em. zamady 3.8). lpu Takom Buibope ¢(z) = c(z~'). To-
r1a 3 d? npomssenennii, B cymme gaomux c(z)é(z), d mTyk
JTAIOT BKJIAJI B CBOOOMHBII 1ieH. [109ToMy KOIMIeCcTBO BOSMOXKHBIX
HenyJeBbx Koabdunuentos B ¢(x)c(r) e 6ombime d —d + 1. O
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4.5. CoBepnieHHbIil Koa I'oses

B srom pa3zjesie Mbl IOCTPOUM cOBepIeHHbIH Kojt Loes, T.e.
Koz, comepxxamuit 2'2 c1oB mmHBI 23, KOTODBII HCIpaBIseT 3
omubKn (KOJOBOE PACCTOSHEE PABHO 7). Borumcienmem MOXKHO
HaifT obbeM 23-MepHoro mapa pajuyca 3 B £23:

() ()

[TosTomy B Gyses Ky6 E23 moxmo BaoKUTL He Gosee 212 mapos
pammyca 3. Tak 4uTo ocTpoeHHbI Ko/t OyIeT pa3duBars Oy/ieB Kyo
E?3 ma mapnr pagmyca 3. (IT03TOMy OH 1 HA3BIBAETCS COBEPIIEH-
HBIM. )

DakTUIeCKN MBI y2Ke IIOCTPOUIN Takoi Koi. Obo3HaunM yepes
G123 KBaJIpATUIHO-BBIYETHBIN KOJI Ipu p = 23, KOTOPBI B 000-
3HAYEHUSIX IIPEJIBIILYIIEro pa3/ielia HOPOXKIeH MHOrowIieHoM f(x).

Teopema 4.15. Koauuecmeo kodoswx caoe 6 Gas pasno 22, a
Kx0dogoe paccmosHue pasHo 7.

HdokazaTeabcTBo. KBaIpaTHIHBIX BBITETOB, KOTOpbLIE 0Opa3y-
0T MOATPYIITY UHIEKCA 2 MYyJIbTUILINKATHBHON I'PYIIIIBI IOJIsSI BbI-
geroB GF(23) CTOJIBKO Ke, CKOJLKO U KBAIPATHIHBIX HEBHIYETOB
(CMeKHBIH KJIACC [0 9TOM HMOArpyIIe), crereHb Muorowiena f(x)
upu p = 23 pasua 11. 3uauut, pasmepuocts uneasa (f(x)) pas-
Ha 12 1 on comepxxkur 2'? sjemeHTOB.

W3 teopemsbr 4.14 cnenyer, aro d > 6, Tak Kak 23 = 8 - 3 — 1.

Temepb m0KaXKeM, 9ITO €CJU BeC MHOTOUIeHa u3 Koja loses
YeTeH, TO OH JenuTcs Ha 4. DTO O3HAYAET, B YACTHOCTH, UTO B
kojie Tostes mer cios Beca 6. Ilostomy d > 7. Ho w3 rpanums
Xommuara ciregyer, aro d < 7. Takum obpasom d = 7.

ITycrs ¢(x) — mEOrOwWIeH YerHOro Beca w. Torga ¢(1) =0, r.e.
(x—1) | ¢(x), orkyna ciemyer, aro c(z)é(z) = 08 GF(2)/(z* 1),
rae é(z) = c(z7 ).

W3 pasencrsa ¢(z)é(x) = 0 nosydaeM paBeHCTBa JIs KO3b-
dbunpenTor ¢; MHOrouneHa c¢(r), pacCMaTPHBAEMBIX KaK IEJIbIe

qucaa: g r =0, ...,22 umeem

E CiCj = QCLT, a; — 1eJble Jucia.
i—j=r mod 23
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Mensist MecTaMu ¢ 1 j, TIOJIy9aeM PABEHCTBA G, = Ao3—, UpHu 1 # 0.
ITosTomy

ww—1) = ZZQ@—?Z@T—ZLZCLT,

1=0 j#i

T. €. U3 YeTHOCTHU W CJIEAYET, 9TO W ACJIUTCA Ha 4. U

Mpur1 fokazasu cyriecTBoBaHue Kofa [osiest, HO He e bsIBUIN
ero siBHO. HarmmoMHuM, 9T0 KOHCTPYKITUST KBaPATHIHO-BEITETHOTO
KOJ1a BKJTIOYAeT B cebsl POM3Be IeHIe MOHOMOB BU/Ia T —w' 10 BeeM
KBaIPATUIHBIM HEBBIUETAM, TJI€ W — IPUMUTUBHBI KOPEHBb CTe-
nenu 23. Beruncienune xosdduipentos Muorowiena f(z) Heno-
CPEJICTBEHHO U3 3TOTO OINPEJIeJIEHUsT BeCbMa MydnTebHo. Ho mpo-
BEPUTH IMOJIYUIEHHBI OTBET JOBOJHHO Jierko. OKa3bIBAeTCs, ITO
HaJt osteM GF(2)

B 1=@-DE"+2° +2" + 2%+ 25+ 4+ 1)x
x (@M + a2 + a2+ 2% +at 2%+ 1) (4.6)

[TpoBepuThb 3TO pABEHCTBO MOXKHO IIPSIMBIM BBIUUCIEHIEM. B mpu-
BOJMMOI HU>Ke TabJIUIE MbI IIEPEMHOXKAEM JIBa IOCJIETHIX MHO-
KUTEJIsI, YKa3blBas TOJIBKO MOKA3ATE M MOHOMOB MHOTOYJIEHOB U
X KO3 PUITUEHTHI U OIycKast 0003HAUEHIE TTe€PEMEHHOMN

222120191817161514131211109876543210

0000O0OO0OOOO0OO0OO0O1O01011100011
0000O0OO0OO0OO0OO0O1O01O01110001100
0000O0OO0OO0O1O01O0111000110000
0000O0OO0OI1O0O1O01110001100000
0000O0O101O011100011000000
010101110001 10000000000
101011100011 00000000000
111111111111 11111111111

U3 pasencrsa (4.6) u npumepa 3.56 cieyer, 970 MHOKUTE/IHA
11-it crenenu, koropoie BxoasaT B (4.6), u ectb Muorowienst f(x)
u g(x) uz npenpaymero paszena. Kak ObLIo IOKa3aHO BBIINIE B
reopeme 4.14, uneanst (f(x)) u (¢(xr)) umeT ogUHAKOBOE KOO
Boe paccrosiane. [loaTomy J1000#f M3 HEUX MOXKHO BBIOPATDL JIJIsT
IIOCTPOEHUSI COBEPIIIEHHOIO KO/1a pa3MepHocTH 12 jiuHbl 23, nc-
MIPABJISIONIErO 3 OITHOKH.



4.6. Koapr Puna — CosomoHa 183

Wrak, kox [ostest 06pa3yror jinHeiiHbIe KOMOMHAIINN CTPOK, KO-
TOPBIE [TOJIYYaIOTCs UKJIMIECKUMU CABUTAMHA U3 CTPOKU

0000000000010101110001°1.

4.6. Koapr Puga — CosomoHa

o cux mop MBI pacCMaTPUBAJINA JTBOUIHBIE KOJBL: COOOITEHUS
KOJIUPOBAJINCH TocsetoBaresbaocTsMu 0 u 1. DToT ciydait Hanbo-
Jlee UHTepeceH B IPaKTUIeCKUX IIPUJIOKEHNAX, TaK KaK JIBOUYHAA
cucTeMa IIMPOKO IPUMEHseTCs B KoMibiorepax. Ho B mpuniume
HUYTO HE MeIIaeT pacCMaTpPUBATh KOJbI, KOTOPbIE HCIIOJIB3YIOT
JIJIsT KOJIMPOBAaHUsI DOJIbITIEE KOJTMIECTBO CUMBOJIOB. Feym ucnosib-
3yeTcs ¢ CUMBOJIOB, TO I'OBOPAT O ¢-UYHOM KOJIE.

Ha MHO>XKecTBe g-UYIHBIX CJIOB JIIMHBI 7 MOYKHO BBECTU METPUKY
X9MMUHTA: PACCTOSTHAE MEKJIY JIBYMs G-UIHBIMH CJIOBAMY PABHO
KOJIMYECTBY MO3UINI, B KOTOPBIX CJI0BA COJEPKAT Pa3Hble CUMBO-
sibl. OCHOBHaSI 3a/a9a TeOpUN KOJUPOBAHUST [1epedOPMYITHPYETCsT
JJId -A9HBIX KOJOB JIOCJIOBHO.

Ecmu ¢ — cremennb mpocToro 4mcia, TO MOHSTHE JIUHEHHOTO
KOJIa U BCE C HUM CBSI3aHHBIE OIPEJEJIEHUsI MOYXKHO epedopmy-
JIMPOBaTb W JId ¢-UYHBIX KOJIOB, €CJIU CUYUTATh, YTO CHUMBOJIBI
MPUHAJJIEZKAT TOJI0 U3 ¢ d7eMeHToB. OO6Iue pe3ybraThl, KOTO-
pble IIPUBEJIEHBI BBIIIE JJIS JBOMYHBIX KOJIOB, COXPAHAIOTCA U B
cJIydae ¢-W9HBIX KOJIOB, HHOTJA C HEDOJIBIIUMH U3MEHEHUSIMU.

Hamnpumep, Teopema XsMMHUHra nMeeT €CTECTBEHHBIH aHAJIOT
JUIS Q-I9HBIX KOZO0B. Hy>KHO TOJIBKO IPABUIBHO COCIUTATH 00bEM
N-MEPHOTO Iapa pajuyca 7.

Teopema 4.16 (g-uunasi Teopema Xsmmwuura). I[Ipu 2r < n
MAKCUMANDHOE YUCAO coobusenutl k Oaa q-unwnoir k0008 daunvs n
Hazodumea 6 caedyrowux npedesax

q <k< q

Sola =i T i@ -1

Jloka3aTe/IbCTBO AHAJIOTUYHO JI0KA3aTeIbCTBY TeopeMbl 4.6.
Hy>KHO TOJILKO 3aMETUTD, 9TO KOJUIECTBO TOUYEK Ha PACCTOSHUY 4
or pauuoii pasuo (g—1)* (?) (BbIOUpPaAEM 4 103UNUii U3 1, B KOTOPHIX

n n
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CHUMBOJIbI PA3JIMYAIOTCs, JJIs KaXKJI0H Takoil mosunuu ectb ¢ — 1
BApUAHT BLIOOPA CUMBOJIA).

Mu1 y2ke yHOMWHAJU, 9YTO 3HAYEHUs] HECOBIAIAIONIINX MHOIO-
“IEHOB HEOOJIBIIION CTEIEeHN JOJIKHBI Pa3JIMYaThCd BO MHOTHX
toukax. Ho 310 u ectb ycioBue ucnpapienus omudok! Koasr Pu-
na — CostomoHa cTposTest cieyonuM obpazom. Ilycts ¢ — cre-
neHb pocroro uucia, F'= GF(q) — noje u3 ¢ 3J/eMEHTOB. HEOT-
punaresnsnoe qucno. Kogom Puna — Comomona Ry (X, ) nasoseMm
Q-WYHBI KO, JUIMHBI 1, KOTOPBIH COCTOUT U3 HAOOPOB 3HAUEHUIH
MHOT'OYJIEHOB CTEIIeHN He BBINIE § B TOYKAX MHOXKECTBA

X =A{z1,...,2,} CF.

Jpyrumu cioBaMu, KaxkaoMmy mMuorowreny f € Flz], deg f < g,
COIIOCTABJICHO KOJOBOE CJIOBO

(f(z1), - f2n)-

Bo Bcex majpHEHINNX PACCMOTPEHUIX MBI IIPEIIIOJIATaeM, 9TO
n>g.

MHoOTOYJIEHBI CTEIIEHN HE BBIE g 00pa3yIT BEKTOPHOE IIPO-
cTpaHCcTBO HaJ mojeM F pasmepHoctu g + 1. Ilostomy B KojzE
Puna — Comomona, ¢91! Touex.

Teopema 4.17. Kodosoe paccmosrue 0as koda Puda — Coromona
PABHO

d=n-—g. (4.7)
HdokazaTeabcTBo. [10CKOMBbKY MHOTOUIEHBI CTEIEHH He BBIIIIE ¢,
coBHaJ@ONMe B g + 1 TOUKe, 33/aI0T OJAHY U Ty 2Ke (YHKIHUIO,
mosrydaeM orneHky d > n — g. [loctpouM MHOTOUJIEH CcTemeHn ¢,
UMEIOINI g KOpHeIt:

(x—z1) .- (—22)-...- (x —xg).

3Ha4unT, KOJI0BOE PACCTOSIHUAE HE IIPEBOCXOJIUT 7 — . d

st muHeHBIX KOIOB CIIPABEIJINBA CASTYIOIIAsT TPOCTAasT OT[eH-
Ka KOJIOBOT'O PACCTOSHUSI.

Teopema 4.18 (rpanuna Cunrirona). [Tyems ¢ — cmenens
npocmozo wucaa, 6 C' — Aunetnvt q-uuHul K00 dAUMbL N C KO-
doswvim paccmoaruem d, codeporcawyuti g° caos. Tozda

n—k>d-1.
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JMokazareabcTBo. C' sBJISIETCS BEKTOPHBIM [IPOCTPAHCTBOM Pa3-
MepHOCTH k Hag mojeMm F u3s q snemenTtos. IIpocTpancTBo pasmep-
nocru k umeer 6azuc (by, . .., by) u3 k 9/1eMEHTOB, IOTOMY MOKHO
3agarh F-nmmeiinoe oToGparkenume mpocTpancTsa p: FF — F"
obpazoMm Kotoporo oyjger C:

v: (0,...,0,1,0...,0) — b;.

i1 — 1 myuteit caesa ot 1

Matrpuria orobpakeHust ¢ uMeeT pasMep n X k U MOJHBII paHr.
ITokazkem, 9TO MOYXKHO HAWTH TaKOe HEHYJEBOE KOIOBOE CJIOBO,
y Kotoporo k — 1 myseit. Beibepem ijist 9TOro HEBBIPOXKIEHHYTO
moAMAaTpHILy pa3mepa k X k, MycTh ee CTPOKH COOTBETCTBYIOT II0-
SUIASIM B CJIOBE C HOMEPAMH i1, 19, ..., ik. DYJIEM HCKATh TaKO
u € F¥ aro p(u);, =1, o(u)i, =0, ..., ¢(u);, = 0. omyaaem
CUCTEMY JINHEHHBIX yPaBHEHUIA, MATPUIA KOTOPOIl HEBBIPOXKIEHA.
Buauut, pemenue u 3Toii cucreMpl cymecrsyer. Torma ¢(u) u ectb
HUCKOMOE KOJIOBOE CJIOBO € k — 1 HyssiMu.

Mur nokazamm, urod < n—(k—1)=n—k+ 1. O

Kak cinenyer u3 teopembr 4.17, na komax Puuna — Cosiomona
rpanuna CHHIJITOHA JOCTUTAETCs, T. €. HEPABEHCTBO B Heil obpa-
maeTcss B paBeHCTBO. B sroMm cmbiciae koawsl Puma — Comomona
onTuMaIbHbl. OIHAKO C TOYKM 3PEHUST OIEHKH B TeopeMe XOM-
MMHTA, €10 0OCTOUT MHAYE.

IIpumep 4.19. Ilycrs n = 4 (1.e. Mbl 6epeM 3HAYEHUS] MHOIO-
YJIEHOB B Y€TBIPEX TOYKaX 1oJs), g = 1. Kox obpasyior snagenus
JITHEHHBIX MHOTOYJIEHOB, KOIOBOE PACCTOSHUE 3, T. €. KOJI UCIIPaB-
Jister ojHy omunbOKy. Hammmmem rpanuiry XoMMuUHTa 11 TAKUX 18-
pPaMeTpoB:
4 4
q < q2 < q
~ ~ .
1+4(g—1)n+6(qg—1)2 1+4(¢g—1)

ITpu 6obIIUX ¢ YKUCIO KOAOBBIX CJI0B B Koje Puna — CojiomoHa
OIMrKe K HIDKHE TpaHuIle, 9YeM K BepXHEil.

IIpumep 4.20. Ilycrs n = ¢ (1.e. Mbl 6epeM 3HAYEHUS] MHOIO-
YJIEHOB BO Bcex Toukax nojs), g = 1. Koz ofbpasyror snadenus
JIMHEWHBIX MHOT'OYJIEHOB, KOJI0BOoe paccrosiaue ¢ — 1. Tak kak

2(¢—3)/2+1<qg—-1<2(g—1)/2+1,
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Takoii kox ucnpasiger (¢ — 3)/2 omubok. Hanuimem ouenku u3s
TEOpeMBbl XOMMUHTA JJI 3THX 3HAYCHHUNA [TapaMeTpPOB:
q" 2 q
<q° < .
q-3 i(m)y T g (e—3)/2 ;
>icola— 1)1(1) >izo (g - 1)1(7)
IIpu Gonbimux ¢ HUKHSIS OIEHKA OJIM3Ka K KOHCTAHTE

(1—2.5e" 17t~ 125,

n

MOIITHOCTh KOJ1a, HaMHOTO Ooibiie. Ho MOIHOCTH KOJa HAMHOIO
MeHbIIle BepXHeil OlleHKN u3 TeopeMbl X3ammuura. [lokakem, aro
oTHOIIEHNE ¢ K BepxHeil OlleHKe B TeopeMe X3MMUHIa CTPEMUTCH
K 0 pu ¢ — oo. Nmeem

#r S e (8) < ) <

=0

N
P I (1 _ _) 20 < 84~ (@-9)/24a=8)/2 _

q
(9-3)/2
4
=8 (—) — 0.
q

4.7. Koapl Puga — MaJepa

IIpuBemem erre ofHy OIEHKY /I KOJOBOTO PACCTOSIHUS.

Teopema 4.21 (rpanuna Ilnorkuna). Kodosoe paccmosrue d
106020 q-unH020 K00a dauns m, codepoicawezo qF Kodoswx caos,
ydosaemeopAem HEPABEHCTNEY

ng*(qg—1)
(¢F —1)q

HdokazaTeabcTBo. MuHUMAIBLHOE PACCTOSTHAE MEXKIY KOIOBDI-
MU CJIOBAMU HE TPEBOCXOJUT CPEJIHEr0 PACCTOSHUS:

1
déil Z p(z,y).

z#yeC

d < (4.8)

OueHuM, Kakoil BKJIaJ B CyMMY BHOCUT KayKJ/asl [TO3UIUS B KO-
JIOBOM cJjioBe. [ljist 3TOro Hy»KHO OIEHUTb KOJIUYECTBO IIApP CJIOB,
pazauyaromuxca B mosuiun i. ObosHaunMm depe3 F MHOXKECTBO
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CHMBOJIOB KOJIa, & JIsl KaXKJOTO % depe3 fq ; — KOJTIECTBO KOJO-
BBIX CJIOB, Y KOTOPBIX B mmo3uruu ¢ ctout a € F. Torma scHo, UTo
Zae g fai = ¢*, a KOJITIeCcTBO AP CJIOB, PA3IMYAIONINXCS B -
MTO3UINAN, PABHO

2
Z fa,ifvi = Zfa,i —fo,i:q%—fo,i-

aF#beF a€F a€F a€F

IIpu 3a7anH0i1 cyMMe dnces CyMMa KBaJIPATOB ITUX YUCET JOCTH-
raeT MUHAMYMa, KOT1a Bce Yucja pasHbl. [losTomy BKIa/1 KaXKI0i
IIO3UIUN HEe IIPEBOCXOJIUT

kN 2 2k
q q q—1 _
q2k_q_<_) :qQk_ :qQk :q2k 1(q_1).
q q q

Orcrona mosry4aeM UCKOMYIO OLIEHKY

(g - 1) = ng* '(g—1) _ng*(q-1)
q*(¢F - 1) gk -1 (¢" —1)q

O

Ecin g siBasiercst crenenbio mpocToro 4ucia, rpanurna [Laor-
KWHA JIOCTUTAETCs Ha Kojax Puma — MaJstepa mepBoro mopsiika.
Bossmem n = ¢ — 1. Torma coBy JIUHBI 7 MOXKHO OJHO3HATHO
conocrasuth Gyuxknuio F™\ {0} — F. Kod Puda — Maanepa
nepeozo nopadka 06Pa3yIOT TAKKUE CJIOBA, KOTOPBIM COOTBETCTBY-
o1 JimHeitHble onHOpoaHble dyHKImu u 0. KoamdyecTBo KOI0BBIX
CJIOB TakKe paBHo ¢ (nuHelinas oqHOpoAHAs DYHKIHS 381AeTCsT
m ko dunmentamu). [Tockonbky sobas ormunas or 0 JuHe-
Hasl OJHOPOAHAs (DYHKIMS IIPUHUMAET HyJIeBOe 3HAYEHHE POBHO
B ¢! ToUKax, KOmOBOe paccTosHUe I Koja Puma — Mastepa
HepBoOro mopsaka pasHo d = ¢™ — ¢ '. I'parnna IlnoTkuna B
9TOM CJIydae UMEeET BU/I

(" —1g™(g—=1) . 1
@ —-1g 7T
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1.1. Orser: ma. YkazaHue: pe3ysbTaT OIEPAIUU * — 3TO
obpaTHOe K CyMMe OOpaTHBIX

1 1 1
= — 4+ —.
Ty Ty
1.2. Orser: onepanus x+y = (14 2zy)(z+y) Ha MHOXKECTBE

LeJIbIX 9ucen Z.

1.4. JlokaxkeMm, 9TO BCSIKUI MPABBIil OOPATHBIN SABJISIETCS Jie-
BEIM OOPATHBIM: BO3BMEM PABEHCTBO T ' -z-2 1 = 27!, ymHOXKIM
ero crpasa Ha (1) 7!, momyuaem 271 -z = e.

JlokaxkeM, 9TO BCsIKasl IpaBas €IMHAIA, SBJISETCA JIEBON e/In-
HUIEH: ex = rzx Tl = ze = x.

Tenepb JIErKO MPOBEPSIETCA €IMHCTBEHHOCTH €QWHUIBI U 00-
paTHOTO.

Ilycrs e, € — e eqununpl. Torma e =¢e- ¢’ = ¢€'.

IIycts xy = 2 = e. IIoCKONBKY Y, 2 ABASIOTCSA TAKXKE JIEBHIMU
0OpaTHBIMHA, UMEEM: Y = Y€ = YTz = €2 = Z.

1.5. 1) na; 2) na; 3) ga; 4) na; 5) mer; 6) wer; 7) Her; 8) 1a;
9) mer; 10) ma; 11) nma; 12) mer; 13) ma; 14) ma; 15) ma; 16) ga;
17) mer; 18) na; 19) mer; 20) na; 21) na; 22) ja; 23) aa; 24) 1a;
25) mer 26) ma; 27) ma; 28) ma; 29) ma; 30) ma; 31) ma; 32) mer;
33) mer; 34) na; 35) mer; 36) xa; 37) mer; 38) ua.

1.9. IlpsMoe BbIUHCICHUE:
ab = aeb = a(ab)?b = a(abab)b = a*bab® = ba.

1.10. VYkaszamwue. Ilepsslit criocob: mokasars, 9ro |a| = 1 s
Joboro a u3 jannoit rpynnsl G nopsiaka n. [Ipu n > 1 B3gaTb B
G snement b = cos(y) +¢sin(ty)) ¢ HAUMEHBIINM TOJIOKATEJILHBIM
apryMeHTOM 1) U mpoBepuTh, uro G = {1,b,b% ... b" 1}
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Bropoit crmocob: mosb3ysick TeopeMoil Jlarpam:ka, Mmokasarhb,
uro a™ = 1 gy moboro a € G.

1.11. a) Oxna rpyuna — IUKJIXYIECKasl IPYIIIA TPETHEro 0~
pajiKa ¢ sjementamu {e,a,a’} u Tabuneit

a a2
4 a2
CL2 € a

B HpeLLCTaB.HeHI/II/I HepeCTaHOBKaMI/I MO2XKHO ITOJIOKHUTH:
e=(1)(2)(3), a = (123), a® = (132)

(e — eaunuIA).

Jloka3aTebCTBO €IMHCTBEHHOCTH CM. Ha C. 15.

6) CymecrByior ase rpyib mopsaika 4. ITo Teopeme Jlarpan-
2Ka MOPSAJIKA SJIEMEHTOB JIOJKHBI JIeJUThH 4.

[IepBast BO3MOXKHOCTB: CyIIECTBYET JIEMEHT Iopsijka 4. 910
[UKJIMYECKasi PYIIIAa YeTBEPTOrO MOPsiIKA C dJIeMeHTaMu {e, a,
a?, a®} u Tabmmmeit

€ a CL2 CL3
4 a2 a3 e
a2 a3 e a
CL3 € a CL2

B npeacTaBJACHUN IIepeCTaHOBKaMU MOXKHO ITOJIO2KUTD:
e=(1)(2)(3)(4), a = (1234), a® = (13)(24), a® = (1432)

(e — enunura.)

Bropas BO3MOKHOCTB: BCE HECUHUIHBIE 3JIEMEHThI IMEIOT T10-
psagok 2. ITosromy rpynna kommyrarusaa (3azada 1.9). Ecin
B34Tb JIIOObIE JBa HECUHUIHBIX 9JIEMEHTA d, b, TO YeTBEPTLIi 316
MeHT OyzeT ux npousseenueM: ¢ = ab. I1o 9TuM maHHbBIM TAO/UITA
YMHOYKEHUSI BOCCTAHABIUBAETCH OJHOZHAIHO:

e a b ab
ab

b ab e a

ab b a
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B npencrasiennn nmepecTaHOBKAMHU MOXKHO IIOJIOXKHATD:
e=(1)(2)B)(4), a=(12)(34), b= (13)(24), ¢ = (14)(23).

(e — enunuUIA).

OTa rpyma Ha3bBaeTcs deTBepHGi rpymmoit Kureitna V.

B) CyIecTByIOT JiBe IPYIIIbI HOPsiiKa 6: IUKJIMYecKasl IPYIIIa
Cg ¥ IpyIa nepecTaHOBOK TPEX JIEMEHTOB S3.

1.13. a) Ykazsanue. [IpoBepurs pasemncrso (1i) o (15) o (1i) =
~ (ij).

6) Ykasauue. [IpoBepurb, 4To IpOU3BEjEHNE IBYX TPAHCIIO-
3UIHil CiIe/Iy oM 00pa30M BBIPAKAETCsl Yepe3 TPOMHDIE IHKIIbL:

(ik) o (ij) = (ijk), (ij) o (k) = (ilk) o (ijk).

B) Pemenue. [lycrs G — noarpynna 3HaKONEPEMEHHON TPy IIIIbI
A, TOPOXK IeHHAST MHOZKECTBOM YKA3AHHBIX TPOWHBIX IIUKJIOB, U 1,
J, k — pasnuanble uncaa, 6osbimue qByX (Ipu n = 3 yTBEpXKIEHAE
OYeBUJIHO, a TIpU n = 4 JAHHOE HUXKE JOKA3ATEIbCTBO YIPOIIa-
ercs). Bmecre ¢ nukiom (124) rpymna G comep:kur obpaTHBII
sstement (i21), nosromy G comepKut

(j21) o (123) 0 (124) = (Lij), (12) e (i21) o (j21) = (2)).

I[Ipu n = 4 rpynna G yKe COIEPXKUT BCe TPOHHBbIE MUKJIBL. [Ipu
n > 4 OHA COJEPIKUT

(k21) o (147) o (12k) = (ijk).

Buauut, G COAEPKUT BCE TPOMHBIE MUKJIBL U [0 MYHKTY 6) coBIa-
naer ¢ A,.

1.14. Orser: 2.

[Ipu > 3 rpymnma S,, He KOMMyTATHBHA U IIOTOMY HE SIBJISI-
ercst mukmdeckoit. OcTasaoch ykazaTh JiBa 9JIEMEHTa, TOPOXKIa-
ronpx Sy,. dokaxem, uro a = (01) u b = (012...(n — 1)) mo-
POXKJIAIOT BCIO I'PYIIILY IIEPECTAHOBOK (3/1€CH YI00HO 3aHYMEPOBATh
9J1eMeHThl MHOXKecTBa, ducjamu or 0 go n — 1). Ilockoabky Sy,
nopoxkaaercd TpancnosunusaMu (cM. upumep 1.39 Ha c. 39), mia
JIOKA3aTeIHCTBA JJOCTATOTHO BBIPA3UTH JIIOOYIO TPAHCIIO3UIAIO Ye-
pe3 a u b.

CragaJia pacCMOTPHUM TPAHCIO3UIMKA COCETHUX IJIEMEHTOB
(i (i +1)). Tak kak nepecranoska b* nepesomut i B (i + k) mod n,
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JUIst IepecTaHoBKu blab™¢ mosydaem:
. b bt .
i 0 1+ 1,
. b* bt .
i+l1— 1507 7,
.o bt . a . b
ecmm k#i,1+1, to k—k—i—k—ir— k.

Buauur, (i (i + 1)) = bab™".
YT00BI BEIPA3UTH JIO0YIO TPAHCIIOSUINIO T€PE3 TPAHCIIOSUTIAI
COCEJIHUX, HYKHO WHYKTHUBHO IIPUMEHSITH PABEHCTBO

(ik) = (3k) o (ij) o (k).
IMpeosiozkum, uro Bee Tpancnosuimu Buga (i (i + j)) BbIpaxka-

I0TCsT depe3 TpaHcno3uimu coceauux mpu j < k. Torma mmeem
BbIparkeHue

GE+k)=((k—1)k)o(i(k—1)o((k—1)k)

st rpancnosunun (i (i + k), OTKyJa N0 UHAYKIUU 3aKJ0YaeM,
YTO BCAKAS TPAHCIIOZUIASA BLIPAYKAETCA Uepe3 TPAHCIOZHUIIUHA CO-
CeJIHUX.

1.19. a) Pacemorpum nonrpynny H nopsiaka d = n/k, nopox-
nennyio snemenrom a¥. Oma comepxur e, o, a?F, ..., ald=Dk,
Ecm (a®)? = e, To sd xparHo n, a s xparno k. Ilosromy mo-
PAJKHU TOArPYIII, TIOPOKAEHHBIX daementamu G\ H, ormuaiorcs
ot d. Ho BesIkas moArpyIna NUKIMYecKoil IPyIIbl — HUKJINYecKas]
(reopema 1.27 na c. 30). 3uaunur, H — eJuHCTBEHHAs IIOJAIDYIIIA
opsiaka d.

*

6) Cuemyer u3 a): 060t s1emenT nopsika d rpynnbl G 1o-
POXKIAET MOArPYIITY HopsaaKa d, KoTopas coBmagaeT ¢ H.

1.23. Vkazsanue a) Paccmorpers (ab)?” u (ab)?®, rne p — mo-
panok ab. 6) Pacemorpers (ab)?, rae p — nopsifiok ab, u mokasars,
qro a? = b7P =e.

Ipumep 1. Hus snemenToB a # e, b = a~' yciosue (1°)
BBIIIOJIHEHO, a (2°) — HeT. YTBepkaenue 6) He BBIIOJIHEHO, TAK
KaK IOPSJIKU ¢ U b PaBHBI MexKy co0Oii U He PaBHbBI €JMHUIE, &
OPSIIOK ab = e paBeH eIuHMUIIE.

ITpumep 2. Dementst a = (12)(3), b = (123) cummeTpuaecKoil
rpymmbl S5 MMET B3aUMHO IIPOCTHIE TMOPSIAKA 2 U 3. YCJIoBHE
(1°) me BbImOIHEHO, Tak Kak ab = (23), ba = (13), a ycioBue

1
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(2°) BobinosiHEeHO. YTBepKIeHUe §) He BBIIOJHEHO: G HOPsIKa 2,
b mopsinka 3, ab mopsaka 2.

B) O6e wacTu pasenctsa a’ = b" Bo3BecTH B CTeleHb s, paB-
HYIO HOPSIIKY b.

r) Ipumep 3. B nukimyeckoit rpynme Cg ¢ NOPOKIAIONUM @

3JIeMeHTHI @, a°, a® MMeIoT HOpsiIoK 8, HOo aa® = a* mopsaka 2,

aa® = ab nopsxa 4.

1.26. O6ozHadnM depe3 (1) KOTMIECTBO ITOPOKIAIOIIIX dJIe-
MEHTOB IUKJIn4ecKoil rpymibl Cy,. (1o uucio coBnagaer ¢ GpyHk-
nueit Ditiepa — KOJUUECTBOM HATYPAJILHBIX YUCEJ, MEHBIIUX 1 1
B3AMMHO IIPOCTLIX € 1. Bripouem, 31oT GakT B peIieHny HUKaK He
UCIIOJIB3Y€eTCs. )

Kazkpiit asiement a € C,, HOpOXKIaeT HOAIPYIILY {G) MOPsIKa
d(a). B MuKIM4eCcKoil TPyIIEe eCTh POBHO OJTHA MOArPYTIIA MOPSIJI-
ka d (3amaga 1.19), mosromy

n=3 ¢ (+)

d|n

(ceBa — Bee 9J1eMEHTBI IPYIIIbL, & CIPaBa — OHU ¥Ke, HO pa3buTbie
HA MHOXKECTBA [TOPOXKJAIONIUX SJIEMEHTOB HOJAIPYIIII).

Pacemorpum sstement nopsiika d. OH mOpOXKIaeT TOArPYII-
Iy mopsifgKa d, 3JIEMEHTBI KOTOPO#l JaroT d pelieHuii ypaBHEHMs
x% = e. JIpyrux permenuii 1o ycoBmio GBITH He MOKeT (110 Teopene
Jlarpanzxka d siesuT HOPsIZIOK IPYIbL). SHAYUT, [l JIE060r0 J1eJ1u-
Tess d TOPsiIKa TPYIIIDI 1 IUO0 BOOOIIE HET 3JIEMEHTOB TOPsiIiKa, d,
6o ectb poBHO (d) asmemenToB nopsaka d. Ilepsbiit ciyuait
HEBO3MOXKEH, TaK KaK MHAYE HAPYIIUIOCH Obl paBeHcTBO (k). ITo-
9TOMY B TPYIIIE€ €CTh JEMEHTHI MOPsiaKa d s JII0OOro eJin-
TeJisk N, B TOM 4ucje U jjisi camoro n. Ho 910 m o3nadaer, 910
IPYIIa — [UKJITIeCKas.

1.27. Tlopsimok J1000T0 3JeMEHTa TPYIIIBI JIEJTUT MTOPSI0K
IPYIIBI 7, & HOPSJIOK ITOPOXKIAIONIET0 SJIEMEHTA ITUKIMIeCKOM
IpyIIbI cTporo paseH 1. [losToMy mokasare b UKITIECKON IPYTI-
IIBI COBIIAJIAET C MTOPSIKOM.

B obmiem cirydae mokasaresib 1 He IPEBOCXOIUT MOPSIIIKA I'PYII-
bl n. PaccMorpum jesmress gucia r Bujga pt, rje p — IpocToe.
9TO0 03HAUYAET, YTO B I'PYIIIE €CTh 3JEMEHT Mopsijka p®k, T.e. p®
JIEJIUT TOPsAIOK Ipymnbl. Ho Torma u 7 AesinT HOpSJIOK T'PYIIIBI
(31ech UCHoJIb30BaHA OCHOBHAS TeopeMa apudMeTukn).
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Ecam r < m, TO KOJIMYIECTBO peleHnii ypaBHeHHs T = € COB-
HaJaeT C MOPSIKOM TPYIILI B 0OJbIne, ueM 7. Takas TpyImna He
ABJISIETCS IAKJITICCKOM.

1.28. 2) u 3) gzt 1); 4) u 11) ma 10); 1), 2), 3), 13), 14) gus
8); 15) mst 16); 20) u 21) ma 18); 20) mist 21); 24) st 23); 29)
u 30) mia 31); 34) moa 36).

1.30. BeckoneuHas NUKJIMIECKas IPyIIa, BCE IUKIMICCKUE
IPYIIBI TPOCTHIX MOPSJIKOB M €IMHAYHAS IPYIIIIA.

1.31. a) Cs = (a), (a?), (a®), (e);

6) Coy = <a>7 <a2>7 <a3>7 <a4>7 <a6>7 <a8>7 <a12>7 <6>;

B) V ={e,a,b,c = ab}, (a), (b), (c), (e);

') IPUMEHssl 3AIUCh [EPECTAHOBOK B IUKJIAX, IIOJIydUM IIOJI-
IPYIIIBL:

S, ((123)), (12)(3)), (13)(2)), (1)(23));

1) HOpMaJIbHBIME JiesiuTersamu oyayT Ss, ((123)), (e).

e) Ykazanue. Pazjioxkenue Ha IMKJIBI II€peCTaHOBKYU U3 Ay MO-
JKET COMIEPKATH JIUIIb UKJIbL JIJIMHLL 1 (TOXKeCTBEeHHAS [IepecTa-
HOBKA), JIBa MUKJa JJIUHBL 2 (MOPI0K 2) WM OMH UKL JJIMHBI
3 (nopsimok 3). IMosromy A4 He MMeeT MUKIMYIECKON HOAIPYIIIbL
HIECTOTO TOPSAJIKA, & BCE €€ 3JIEMEHTHI BTOPOIO IOPSJIKA [epecTa-
HOBOYHBI. 3Ha4unT, A4 He MMeeT HOArpyisl, n3omopdHoit S3. Ho
mobag Ipyla MIEeCTOro HOPsIKa JUOO ABJIAETCS IUKJINIECKON,
smbo uzomopdua Ss (3amaga 1.11 B)).

1.32. Beibepem B G anemeHT a # e, 3areM b ¢ {a, e}, 3aTem

c ¢ {e,a,b,ab}. Torna ocTaabHBIMHI 3€MeHTAME TPYTIIBL G GyIyT
ab, ac, be, abe. I'pynna G abenesa (3amaua 1.9). Ona umeer ciie-
aytomue 16 moxrpynm: {e}, {e,a}, {e,b}, {e,c}, {e, ab}, {e,ac},
{e,bc}, {e, abc}, {e, a,b,ab}, {e, a,c,ac}, {e, b, c,bc}, {e,a,be, abc},
{e,b,ac,abc}, {e,c,ab,abc}, {e,ab,ac,bc}, {e, a, b, ¢, ab, ac, be,
abc} =G.
1.33. B agmuruBHOI 3a1KcK BCe MOArPYIIIILI UMeroT Bui Gog =
<a‘>7 G1 = (pa), Gy = <p2a>7 RN Gr—1 = <pk71a>7 Gr =
(p*a) = (0). Oun 06pas3yIOT yOHIBAIONIYIO TIEMIOYKY TOTPYIIT
cooTBeTCTBEHHO HopskoB pF, pF~1 pk=2 . p 1.

VYkazanue. Vcnosnbzoars 3aga4dy 1.19 6) wiu nmokasars, 9To
noarpymma (na), e 0 < n < p¥, copmagaer ¢ moarpymmoit (p™a),
rae n =p™t, 0 < m < k u t He mesuTcd Ha P.

1.41. VYxkazanwme. Ilycte K — MHOXKECTBO BCEX 3JIEMEHTOB
rpyanel G, #He npuHayiexkamux H, u a € K. Ilokazars, 4dro,
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YMHOXKasl ¢ Ha Bce djieMeHThl u3 H, mosydum Bce smemeHThl K.
BriBecTu orcrosa, 94To, yMHOXKAsS @ HA BCe jleMeHThl u3 K, moJry-
qmM Bee dteMenTsl u3 H. B wactaocTn, a? mpunamesxur H.

1.42. IIpumepoM MOXKeT CJOyKUTH UeTBepHas rpymma V ¢
sJleMeHTaMu €, a,b, ¢ = ab (cm. orser 3amaun 1.11). Ona umeer
TPH [UKJIMIECKUE IOAIPYIIBI BTOPOro nopsiaka: {(a), (b) u (c).

Vkazanue. /lokazaTb, 94TO IpU BO3BEJEHUN B KBAJPAT BCEX
TPOMHBIX IUKJIOB MBI IIOJIyYUM CHOBA BCE TPOIHBIE IUKJIBI, U WC-
moJib3oBaTh 3agaun 1.13 u 1.41.

1.48. TomomopdusM OTHO3HATMHO OMpeesieTcs: 00pa30M Io-
POXKIAIONIET0 3j1eMeHTa a. HuKe yKa3aHbI BO3MOXKHBIE 0OPa3bI
9TOrO JEMEHTA: &) JIEO0OI JIEMEHT I'PYIIILL; YUCIO TOMOMOPMOU3-
MoB paBHoO 1; 6) e, b3, bS5, b2, b12, b'5; B) e, b, b2, b3, b, b; 1) e,
b°, b10; 1) e.

1.49. Paccmorpum romomopdusm ¢: QT — ZT. Ipexamnoso-
xkuM, uro 0 # = € Kerp, a y ¢ Kerp. Hekoropsie nenysieBbie
KpaTHBIE JIFOOBIX JIBYX PAIMOHAJBHBIX YUCEJI, OTJUIHBIX OT (), COB-
najaor: eciu ¥ = p/q, y = r/s, o qrx = pr = spy. losromy
©(spy) = 0 u npuxomum K TpoTuBopeunio (B ZT Her sjemen-
TOB KOHEYHOI'O MOPAIKA). 3HAuuT, Jubo s/po ¢ HyjeBoe, Jubo
cosmagaer ¢ Q1. B mocremneM ciyuae roMoMOPGU3M IePEBOIAT
Bce parmoHasbable ducia B 0. [lepBoiit cirydait HeBO3MOXKEH, Tak
KaK TOMOMOP(H3M C HyJEBLIM fIpoM 3a1aer msomopdmsm QT
C HEKOTOPOI MOATrpyIIoil GECKOHEYHON NMUKJIMIEeCKON TPYIIIHI, a
Bee Takue rpymibl — nukiaudeckue. (Cpymna QT we swisterca
[UKJIMYECKO — wmcsio 1/(2¢) He IpUHAIIEXKUT IIOArpyIINe, [0
POXKIEHHOIL p/q.)

1.53. a) Ykazanue. Kaxknomy Bpammenuio rerpasapa ABCD
COOTBETCTBYET IIepPeCTaHOBKA ero BepinuH. KomMmosurun 1Byx Bpa-
IEHNT COOTBETCTBYET KOMIIO3UIUS COOTBETCTBYIOIIUX IIepecTa-
HOBOK. /IByM pas/indHBIM BpAINEHUSM @ U b COOTBETCTBYIOT JIBE
pPA3JINYHbIE [EePECTAHOBKU, TaK KaK WHAYE HETOXKJIECTBEHHOMY
Bpammennio ab~! cooTBeTCTBOBaTA ObI TOXK/IECTBEHHAs IepecTa-
HOBKa, COXPAaHSIOIIAasi BCE BEPIIUHBI Ha MecTe. B rpyiie Terpa-
sapa 12 ajementoB (mpumep 1.28) u ona uzomopdHa moarpyIie
(IBeHaATOrO IOpsijiKa) CHUMMerpudeckoil rpymmsl Sy. dasee,
MOXKHO JTOO TPOBEPHUTDH, YTO BCE MME€PECTAHOBKU, COOTBETCTBYIO-
1€ BPAIEHUSIM TeTPa’ipa, YeTHbIe, JUOO0 UCIIOIH30BaTh 3a/1a-
qy 1.42.
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6) Pemenue. Ipymmnt Ky6Ga u okTasapa uzoMopdHbL (CM. Ipu-
mep 1.34). Kaxjomy BpaineHuio Kyba COOTBETCTBYET IepecTa-
HOBKa €ro 4YeThIpex auaroHajieil. Kommosuruum BpalieHmii coot-
BETCTBYET KOMIIO3UIMS COOTBETCTBYIONINX I[I€PECTAHOBOK. Bcero
Bparmenuil Kyba 24 (npumep 1.28). D10 TOKIECTBEHHOE BpAllle-
HE€, BOCEMb BDAIIEHU BOKPYT JuaroHaseil Ha yrubl 27/3 u 4w /3,
IIECTh BPAIIEHUIN BOKPYT OCElA, IPOXO/ISIIIUX Y€PEe3 CEPEINHY IPO-
TUBOTIOJIOKHBIX Pebep, Ha yroJ T, W JIE€BATH BPAIIEHUN BOKPYT
oceil, MIPOXOAINIX YePe3 IIEHTPHI IPOTUBOIIOJIOKHBIX I'DaHell, Ha
yrasl /4, 27/4, 3w /4. HenocpencrBeHHON IPOBEPKOii yOexkK 1a-
€MCsI, 9TO TOJIbKO IPU TOXKIECTBEHHOM BDAIIEHHH BCE YETBIPE
JIMaroHaJu OCTarTcst Ha MecTe. OTCIO/Ia 3aKJII09aeM, KaK B ILyHKTE
a), 9To rpyimna Kyba n3oMopdHa IpyIie MepecTaHOBOK YeThIPEX
3JIEMEHTOB, UMEIOIIEN MOPsAI0K 24, T.e. CUMMETPUUIECKON I'pyIi-
1Ie S4.

B) Pemenue. I'pynner jomekasgpa u ukocasupa u3oMOPQHBI
(mpumep 1.34). [ng kaxkporo pebpa MKOCAdIpa MMEETCS OJHO
IIPOTHUBOIIOJIOZKHOE TapaJjuleJibHOe eMy Pedpo M JiBe Imapbl IIep-
[IEHIUKYJISIPHBIX eMy pebep: pébpa OMHOI Mmapbl HAYUHAIOTCS B
BepIUHAX TpaHeil, TPUMBIKAOIMNX K JaHHOMY pedpy, a pédopa
JIPpYTOii Tapbl IPUHAJJIEXKAT I'PAHIM, AMEIONUM BEPITHHAMU KOH-
bl JTaHHOTO pebpa. Pebpa omHoit m3 THX map mapajieabHbl, a
Pa3HBIX IMap — NEPHEHIUKYISPHBI MeXIy coboi. Taxkum obpa-
30M, Bce 30 pebep JeATcs Ha HsITh CUCTEM II0 INECTh B KayK IO
cucteme. Pebpa ofmoit cucrembl OO MapasieabHbl, JUO0 mep-
[IEHIUKYJISIPHBI, a PEOpa pa3HBIX CUCTEM HE APAJIIeIbHBI U He
neprenuKyIapabl. C KaXKI0il cucreMoil pebep CBs3aH OKTa3Ip,
BEpIIMHAMEI KOTOPOI'O CJIy?KaT CepeInHbI pedep JTaHHON CHCTEMBI.
OTUM OIpeJIeIEHBI ISITh OKTA3POB, BIIMCAHHBIX B NKOCap. Kax-
JIOMY BPAIIEHUIO0 MKOCa3/Ipa COOTBETCTBYET IEPECTaHOBKA IISITH
YKa3aHHBIX cucreM pebep (MM COOTBETCTBYIOIIUX UM OKTAdI-
poB). Kommosuiu nByx BpallieHUii COOTBETCTBYET KOMIIO3UILUSI
COOTBETCTBYIOIIUX [IEPECTAHOBOK. Bpaienuii nkocasapa 60 (npu-
mep 1.28). D1o ToKIECTBEHHOE BpalleHue; 24 BPalleHus BOKPYT
KaXKJION W3 MIEeCTU OCel, MPOXOISIINX Yepe3 MPOTUBOIIOJIOKHBIE
BepiuHbl, Ha yriasl 27/5, 4w/5, 67/5 u 8mw/5; 20 BpameHuit
BOKDPYT KaXKJIOI U3 JIeCATH OCEH, IPOXOAAIUX 4Yepe3 LEHTPbLI
IPOTHBOIIOJIOXKHBIX T'paHeil, Ha yruibl 2w/3 u 4mw/3; 15 Bpaie-
HUA BOKPYT KaxKXJOH U3 IATHAAIATU OCell, IIPOXOALAIIUX dYepe3
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CepeHbI IPOTUBOIOJIOXKHBIX pebep, Ha yroJ 7. Hemocpeacreen-
HO¥ ITPOBEPKOil yOexK TaeMcst, ITO JIJIst KaXKI0I0 HETOXKIECTBEHHO-
ro BpallleHus Haiijercs pebpo, MepeBOMMAIIEeCs: JaHHBIM Bpalle-
HUEM B JIpyroe pebpo, He mapaJsiieJIbHOe U He IIEPIEeHINKYIIIPHOe
manHoMy pebpy. IlosTomMy TOJIBKO TOXKIECTBEHHOMY BPAIIEHIIO
COOTBETCTBYET TOXKJECTBEHHAs MOJCTAHOBKa cucreMm pebep. O-
CI0Zla, KaK B IIYHKTE a), 3aKJ/I0YaeM, 9TO TPYIIa HKOCA3Ipa
nzoMopdHa noArpyIe nopsaka 60 cuMMeTpudIecKkoil rpymmst Sy.
Ilo zagage 1.42 3Ta moarpymnma COBIAIAET CO 3HAKOIIEPEMEHHOMN
rpyunoii As.

1.60. IIoCKOIBKY CONPSKEHHBIN C MTPOU3BEJIECHUEM SBJISETCS
[IPOU3BEJEHIEM COIPSIKEHHBIX C MHOXKHUTEJISIMU:

glaraz...an)g~" = (garg~")(gazg™") ... (gang™"),

TO COIPSIZKEHHBI ¢ KOMMYTATOpPY @, b TOCPEICTBOM 3JIEMEHTa, ¢
ABJIAETCS KOMMYTATOPOM CONpszKeHHBIX gag ™' m gbg~!. Ilo Tem
JKe IPUIMHAM COTIPSI?KEHHBII C TPOU3BEJICHIEM KOMMYTATOPOB sIB-
JISIETCsI IPOU3BEIEHUEM KOMMYTATOPOB.

1.61. Jloxaxkem, uTo Jiobasi YeTHasl MTEPECTAHOBKA, SIBJISET-
Csl KOMITO3UIIMEH JBYX COIPSKEHHBIX MHBOJIONUH (IIepecTaHoOBOK
nopsizika 2). Orciona GyJer ciiegoBaTh yTBepXKICHUE 3a1a491, TaK
KaK o0paTHasi K MHBOJIIOIIUN COBIIAJIAET C HE.

Ucmosbzyem pasencTsa

(135 ... (1+2k)2k (2k —2) ... 2) =
= [(23)(45)...(%(1 +2k))} o [(12)(34)...((21@— 1)2/{)} ,

(%)

(135 ... (2k —1)2k (2k —2) ... 2) =
= [(23)(45)...((% —9)(2k — 1))}0 [(1 2)(34)...((2k — 1) 2/;)} ,
(%)

(124...2k(2k—1)(2k—3) ... 3) =
- [(1 2)(34)...((2k — 1) 2k)]o[(23)(45)...((2k —92)(2k — 1))] .
( % x)

PagencrBo (%) BbIpakaeT IUKJ HEYETHOW IJIMHBI B BHJE IIPO-
U3BEJICHUs] UHBOJIIOIMI OJIHOTO IUKJIOBOTO THUIA (CJIEIOBATE/IHHO,



OrBerbl, yKa3aHHUsI, PEIIEHUsT 197

CONpszKEeHHDIX ). PaencTBa (k%) U ( * %) BIPAYKAIOT IUKJI Y€THOM
JUIMHBI B BHUJIE IIPOU3BEIEHUsI MHBOJIIOINI, B KOTOPBIX UUCJIO IUK-
JIOB JjuHBI 2 paziundaercd Ha 1. [TosTomy mapy IUKIOB 4eTHO
JUINHBI MOYKHO TIPEJICTABUTH B BUJIE IPOU3BEJICHUST COTPSIYKEHHBIX
MHBOJIIOITUIA.

1.62. VYkazanue. Haunbosiee ecTeCTBEHHBIN IPUMED IIPEIOCTAB-
JISIOT ¢BOGOIHbBIe IpyIbl padra > 2. (Oupejesenue u CBOWCTBA
cBoGOHBIX TPy cM. B [15, 17].)

1.64. B rpynne S3 moarpynna {e, (12)(3)} nmeer unjekc 3,
HO He coJiepKuT 31emenTa (13)(2) nopsiaka 2.

1.69. VYkazanwus. a) [IpuMeHuTh KpuTepuil CONPSAKEHHOCTH,
omcanublii B npumepe 1.46. 6) [okazaTh, 9T0 KasKIblil CMEKHBIIH
KJIACC COJEPYKUT TOYHO OJIHY MOJCTAHOBKY, OCTABJISIONIYIO HA Me-
cTe 1nciio 4.

1.70. Ecnu B pa3yiokeHun JaHHON IEPECTAHOBKY 0 Ha HE3aBU-
CHUMbIEe KB BCTpevdaeTcs k; MUKJIOB JIUHBI Ng, ¢ = 1,2,...,m,
[IpUYEM YITeHbI BCE IUKJIbI, BKJIOYAs W IUKJIbI IJIMHBL 1, TO 9mC-
JIO TIEPECTAHOBOK, KOMMYTHPYIONIMX C IEPECTAHOBKON o, PaBHO
H;’ll(ki)!nfi. Cunras 0! = 1, MOXXHO HUCKOMOE YHCJIO 3aICATh
nnade. Ilycrth j; — YHCIIO TUKJIOB JIMHBL 4, BXOJMAIIUX B PA3JIo-
JKeHUe MePECTAHOBKU 0, T7e ¢ = 1,2, ..., M, U €CJIU [UKJIOB JIJTUHbI
1 B pa3joxkeHuu HeT, TO mojoxkuM j; = 0. Torma mckomoe 4ucyio
pasuo [ [, (ji)li.

Vkazauue. [lukiabl omHON M TOH 2Ke JJIMHBL 7', BXOISIINE B
pa3JIoKeHne O, IPHU COIPSI)KEHNN TIePECTAHOBKON &, KOMMYTHUPY-
IOMIell ¢ 0, MOTYT JIUIIb [IEPECTABJIATHCS MEXK Iy CODOM, mpudem
IIepBOE IUCJIO0 KAKOTO-JIN0O0 ITUKJIa MOYKET TepeiiTH B JTI000€ I1CJIO
JII0O0T0 TUKJIA TOH 2Ke JJINHBI, BXO/ISIIEro B PA3JI0XKEeHUe [epecTa-
HOBKHU 0.

1.71. VYkazanme. Paccmorpers KoMmMmyTaTop hq hghflhg L yrux
9JIEMEHTOB.

1.75. a) IIpsamo cieryer U3 OlpeesieHnsl HOPMAJIT3aTOPA.

6) I'pyuna G peficTByeT CONPSZKEHUSIMU HA MHOYKECTBE CBOUX
IO/ITPY I

g: H— gHg™ L.
Hopmanuzarop N(H) siBasiercs crabuinusaropoM H oTHOCHTEIB-

HO 3TOTO JEHCTBUS, & KOJUIECTBO MOATPYIII, COMPAKEHHBIX ¢ H
PaBHO MOIIHOCTH OpOouTHI H TIpu 3TOM JefCTBUM, KOTOpas PABHA
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ungekcy (G : N(H)) (cm. crencrsue 1.53 Ha c. 49).

1.76. Yxkaszanme. lcnons3oBars 3aqa4am: 1.74 B ciyqae a), 1.75
B ciaydae 0).

1.79. Ecnu B pa3yiokeHun JaHHON IEPECTAHOBKY 0 Ha, HE3aBU-
CHUMbIe IUKJBI BCTpedaeTcs k; MUKJIOB JIUHBI N, ¢ = 1,2,...,m,
[IPUYEM yUITEHBI BCE IUKJIBI, BKJIIOYAs U IUKJIbI JJIMHLI 1, TO HC-
KOMO€ UHCJIO PABHO

n!

OTO YMCJIO MOYXKHO 3alMCaTh MHAYE, MMOJIb3YsCh JIPYTUM BbIpaKe-
HUEeM 3HAMEHATEJIsI, yKa3aHHBIM B oTBere 3ajadu 1.70.

1.80. VYkazanwme. O603HAYUTDH Yepe3 Nj TUCTO KJIACCOB COIPSI-
JKEHHBIX 3/IeMEHTOB ¢ pF seMenTaMu 1, mosb3ysach 3a1aqeii 1.76,
[OKa3aTh, UTO Ny + N1p + nap? + - - = p™.

1.81. Vkazanwue. Eciu nopmasibablil geiurens H comepxkut
ks (o, 3,7), To H coneput u mo6oit npyroit 3-muka (o, 8',7').
ITokaxkure 910, paccMOTpEB colpsizKeHue HukJia («, [3,7y) mocpe-
CTBOM IIE€PECTAHOBKU

A 6 v 0 € ...
a/ 6/ ,Y/ 6/ EI . )

riae 0’ u €’ BeIOpaHBI TaK, 9TO NEpECTaHOBKa z deTHa. Jasee mc-
noJsb3yiite 3aga4dy 1.13 B).

1.82. Pemenue. a) Bee 60 Bpainenwuii, cocraBsionye rpy-
Iy MKOCa’d/pa, yKasaHbl B orsere 3ajza4du 1.53 B). Toxnecrsen-
HOE BpAIlEHWUE SIBJISETCS €JIUHUINEl TPYNIbI U COCTABJISIET OJUH
kaacc. ConpsizKeHHBIE 3JIEMEHTHI MMEIOT OJMHAKOBBIA IIOPSAIOK.
DJIeMEHTaMHU TSITOrO MOPSIIKA ABJISIOTCS 24 BpalleHust Ha, yTJIbl
2kn/5, k = 1,2,3,4, BOKpYr KaxKJIoil u3 IecTu oceii, IMpoxois-
HIUX YePE3 IPOTUBOIOJIOKHBIE BEPIIUHBL. 1101 BpaieHrnemM BOKpyT
BEpIIUHBI A Ha yros « OyjeM MOHUMATH BPAIEHUE BOKPYT OCH,
IpOXOJsAIIell depe3 A M IPOTUBOIOJIOKHYIO BEpIINHY, HA YTOJ
IPOTUB YaCOBOI CTPEJIKH, €CJIM CMOTPETh BJIOJb OcH OT A K mpo-
THBOIIOJIOKHOI BepimuHe. Y KarKI0# BepHIMHLI OTMETHM OJIUH U3
IIOCKUX YIVIOB ¢ JaHHoit Beprmunoii. Kaxkmoe Bparenune nkocasi-
pa BIOJIHE XapAKTEPU3YETCsl yKA3aHUEM BEPIIUHBI B, B KOTOPYIO
nepexonuT Jannas sepimaa A (B moxker coBuagarh ¢ A), u 1oc-
KOT'O yTJIa IIpu B, B KOTOPBII NepexouT OTMEUeHHbIH yroJ1 mpu A.
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[TosTomy Kaxkji0e Bpallenue x, nepesojgiiee A B B, mpejcrasiis-
ercsi B BUJIe KOMIIO3UIUU & = Yz, e Y IePEeBOJUT OTMEUYeHHbIH
yroJi ipu A B OTMeYeHHbII YroJi Ipu B, a 2z ecTh BpallleHue BOKPYT
sepmmnbl B Ha yroa o. O6parubii saement 2~ = 271y~ ! ectn
KOMTIO3UITNA Bpalenus 2z 1 BOKpyr B Ha yrosi (—a) u Bparie-
HIA Y~ 1, HepeBo/AIero OTMEUeHHBIi yroJl Ipu B B OTMedYeHHbII
yroa npu A. Ilycts Tenepb g — BpalieHue BOKPYT BepIIHHBI A
HA Yroj «, a T — Jo00il 3J/eMeHT I'pyIIbl, rnepeBojsmmii A B
B. llpencraBisist x B BUIe KOMIIO3UIINM & = ¥z, KaK YKa3aHO
BBIIIIE, HAAEeM, 9TO COIPAKCHHDBINA 3JIEMEHT z7 ! gxr = z’lgf1 qyz
SABJISETCS IIOBOPOTOM CHOBa HA YrOJI (v, HO y2K€ BOKDYT BepIIIHU-
bl B. B wacraocTn, eciiu A 1 B — IpOTHBOIOJIOKHBIE BEPIIUHBI,
TO TIOBOPOT BOKpPYrI' B Ha yroj « COBHIaJAeT C IIOBOPOTOM BO-
Kpyr A ua yroa 2w — «. Takum obpazoM, Bce BpallleHUsl BOKPYT
BepIIMH HA yIUIbl 27/5 u 87 /5 npuHaIeXKaT OJMHOMY KJIACCY CO-
[IPSPKEHHBIX 3JIEMEHTOB, TAK K€ KaK M BCE BPAIIEHUs Ha YIJIbI
47 /5 u 67/5. TlokaxkeM, 4TO BpalleHUs §; U (o BOKPYI' BEpIIU-
ubl A Ha yriabl 270/5 u 47 /5 npuHaIeRaT PA3IMIHbIM KIaCCaM.
Eciu x mepesogut A B npyryio sepmmny B, To g2 ecTb Bpa-
menne BOKpyr B u jmbo He Gyzuer BpalneHuneM BOKpyr A, jmbo
(eciim B uporusonosiokaa A) Gyzer BparieHueM BOKpyr A Ha
yron 87/5, T.e. x g1z # go. Ecrm e x — Bpallenne BOKDYT
A, TO g1 ¥ T — BJIEMEHTBI IUKJIMYECKOH (1, 3HAYUT, KOMMYTATUB-
HOif) MOArPYNIIBI Bpalnenuii Bokpyr A u cHosa x~lgix = g1 #
# go. VITak, BCce 3JIEMEHTHI [ISITOrO IOPsJIKa Pa30UBAIOTCS Ha 1B
KJiacca 1o 12 sjeMeHTOB. AHAJIOIMYHO, OTMEYasi 10 ILJIOCKOMY
YOIy KaXKJ0¥ T'paHd W II0 BEPIINHE KarkKJI0To pebpa, ybemmmcs,
qro 20 3JIEMEHTOB TPEThero Hopsijika (BpalueHus Ha yribl 27/3
u 47 /3 BOKpYT Oceli, NPOXOJLANIUX 9€Pe3 IEHTPhI IIPOTUBOIIOJIOXK-
HBIX I'PaHeii) COCTABJAIOT OJUH KJACC U 15 3JIEMEHTOB BTOPOIO
nopsizika (BpallleHusl HA yroJl 7T BOKPYI OCeil, NPOXOUSIIUX de-
pe3 cepeIHbL IIPOTUBOIIOJIOXKHBIX Pebep) TaKzKe COCTABIIAIOT OIUH
KJIACC.

6) HopMasbHBIA Je/uTeib JOJKEH COCTOATh U3 O0bLeJIuHe-
HUsl KJIACCOB COIPSI?KEHHBIX 3JIEMEHTOB, OH JIOJI?KEH COJEPXKATH
€JINHUILY, ¥ €r0 MOPAIOK JIO/KEH JEJUTD MOPsI0K 60 rpyIIIbl UKo-
casapa. Ilo myHKTY a) KJIacChl COUPSI2KEHHBIX JIEMEHTOB COJED-
KaT cooTBeTcTBeHHO 1, 12, 12, 20, 15 semenTtoB. V3 stux ducesn
MOXKHO COCTaBUTH JIUIIb JIBE CYMMBbI, CO/IepKaIue ciaaraemoe 1 u
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ngensue ducao 60, nmerno 1 u 60. 9To gaeT JUIMb 1Ba HOPMaJIb-
HBIX JIEIATENST — €IUHUIHYIO TIOATPYIIY U BCIO TPYIILY.

1.83. VYkazamue. [Ipumenurs 3aqa4au 1.53 B) u 1.82 6).

1.85. Orsernl. a) Hukinueckas rpynna nopsaka d; 6) muk-
JITUecKas MPYIIa MOPAIKa 5; B) MUKIMYECKasd IPyIina nopsjka 6;
I) IMKJIMYecKast rpynna nopsizka 2; 1) U x U (em. 3amaay 1.88);
e) aJIUTUBHAS IPYIIA JIEHCTBUTEJbHBIX THUCEJI.

1.88. VYxkazanus. B ciyuasx r), 1) u 3) paccMoTpersb 0T0Opa-
xenuu f(z) = 2", a B ciyuae e) — orobpaxenue f(z) = z"/|z|".

1.92. Ilycrs ¢: G — G — HEKOTOPHI aBTOMOPGU3M I'PYII-
uel G, a ¥: G — G — BHyTpeHHHIT aBTOMOPGU3M, ITO MO OIPe-
NleJIEHNIO O3HAYAeT 1) & — gxg '. [IpoBEpHM, UTO COpSIZKEHHE 1)
MOCPEJICTBOM (0 JTaeT BHYTPEHHUN aBTOMOP(MU3M:

povop Hz)=ypotp(y) =plgyg™") =
= o(9)eW)e(g™") = w(g)zplg) "

1.93. VYkazanue: 3aI0JHATE IPOOEJIBI B CIEAYIOMEM KPATKOM
pemenuu. I'pynna GL(2, GF(5)) auneitabix npeobpasoBanuil ABy-
MEPHOI'O IIPOCTPAHCTBA HA/[ II0JIEM U3 D JIEMEHTOB JeHCTBYET Ha
MHOZKECTBE OJJHOMEPHBIX IIOJIIPOCTPAHCTB ITOTO IIPOCTPAHCTBA.
Taxux moAIIPOCTPAHCTB 6 MITYK, TIOSTOMY 9TO JAefICTBHUE SBJISIETCS
romoMopdusmom GL(2, GF(5)) B S¢. Obo3naunm 06pa3 mpu 3roMm
romomopdusme uepes H. Moxkuo nposeputrs, uro (S¢ : H) = 6.
Ipymmna Sg jeficrByer Ha Kjaccax CMEKHOCTH IO moarpymme H
9TO 387aeT aBTOMOPGdU3M Sg. DTOT aBTOMOPGMU3M HE MOKET OBITH
BHYTPEHHUM: TPAHCIIO3UIUSI IEPEXOIUT IIPU STOM AaBTOMOPdU3-
Me B IIPOM3BEJIEHNE TPEX TPAHCIIO3UIINI HEIlepeCeKAIOXCs Iap
CMEYKHBIX KJIACCOB.

1.96. Vxazauue. IIpemnonoxus, uro G/Z — nukaundeckas
IpyIIa, BeIOPATh B KJacce, CJIyXKAIleM JiJIsd Hee MOPOKIAIONIIM
9JIEMEHTOM, 3JIEMEHT @ W I0Ka3aTh, 9TO ¢ U Z HOPOKJIAIOT BCIO
rpymmy G.

1.97. Pemenue. IIpuMeHnM WHAYKOWIO IO TOPSAIKY 7 TPYIIIBL
G. Ilpu n = 2 rpynna G — OuKJIAYECKasi BTOPOIO MOPSIKa, U
TeopeMa i Hee BepHa. IlycTh Teopema BepHa s BCeX IPYII,
MOPSIZIOK KOTOPBIX MEHbINe 1, U (G — rpyIina mopsijKa n.

[Iycte crauana G komMmyTaTuBHa. BodbmeM J1i060it 371eMenT a,
OTJIMYHBIN OT enuuUIBl e rpymnbl G. Ero nopsimok k > 1. Ecm k
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nesnrcst Ha p, k = pq, To s;emenT af umeer mopsnok p. Kemm k He
JlesiuTest Ha p, To nopsanok n' dakroprpymist G = G/{a) rpyumb
G 110 UKIMYEeCKOl oarpyie {a) paser n/k < n u JeJIATCI HA P.
ITo npeamonoxkenuto naayKun G’ comepKuT 3jeMenT b’ mopsaka
p. Ilyctb b — anement rpynmsl (G, BXOASNIMA B CMEXKHBI KJIacc
b. Uz (V)P =€, rme e — equauna rpyunsr G, crenyer, aro bP
coflepskuTes B oarpymie (a), T.e. bP = a', orkyma bPF = alF = e.
Ecrm b = e, To (b')¥ = ¢ m k neqmres ma mopsiiok p smemenTta
b, aro HeBO3MOXKHO. 3HaunuT, bF? = e, HO b # e, T.e. smement bF
uMeeT MOPSIIOK P.

[Iyctes Teneps rpynmna G HekomMmyTaTuBHa. Ecau cyriecTByer
noarpynna H, orauanas or G, HHAEKC KOTOPOI He JeJIUTCs Ha P,
TO Topsifok H Mewnbiie n u jemurcsa Ha p. [1o npesamnooKeHuio
uHAyKIua H CONEepKUT 3JIeMEHT Topsiika p. Feau ke MHIEKCh
BCceX MOArpymi rpynmbl G, OTauYHBIX OT G, JesATcsd Ha P, TO
YUCJIO SJIEMEHTOB, CONPSI?KEHHBIX C JIFOOBIM 3JIEMEHTOM I'pyIbl G,
He BxoggamuM B ee nentp C(G) (3amaga 1.59), menures na p (3a-
nada 1.74). Tak kak mopsagok n rpymibl G TakyKe JeJUTcs Ha P,
10 u nopanok nearpa C(G) aenurcd Ha p U MEHbIIE N, TAK KaK
G nekommyTtaruBHa. [lo npennosoxkenuto unayknuu C(G) conep-
JKUT JIEMEHT TOPSIJIKA P.

1.98. Vkazanme. Bocmosib3oBaThCs TpeabLayIeil 3amadeii.

1.106. a) (a) = (3a) + (2a); 6) {(a) = (4a) + (3a); B) {a) =
= (3a) + (4a) + (5a); r) {a) = (9a) + (100a);

1.107. VYxkazanue. B ciyuae B) ucrosp3oBars 3aaady 1.105 6).

1.108. VYkasamus. a) [Ipunars coorsercrsenno 3a A u B muo-
JKeCTBa BCeX 9JIeMeHTOB a u b u3 G, nyis koropwix pa = 0 u gb = 0;

6) paccMOTDETh DA3JIOXKEHUd N = plfl pIch ...p’s“-* IOpsAIKa 1
rpytibl G Ha OPOCTbIE MHOXKUTEIU U IPUMEHUTD &).

1.109. O6Goszuauum depe3 G(ni,ng,...,Ns) OIPAMYIO CYMMY
[MUKJIAIECKUX TPYII TOPSITKOB COOTBETCTBEHHO M1,M2, . . ., Ns.
Jlrobas koneunas abesieBa rpyuma uzomopdbua G(ni,na,...,ng),

e 9ucCJjia N paBHBI CTEIICHAM IIPOCTBIX YHUCEeJI (He 00s13aTeJILHO
pa3.HI/I‘IHbIX). B sTrux oboznauennsx IpuBeaeM OTBETDLI:

a) G(3); 6) G(4), G(2,2); B) G(2,3); r) G(8), G(2,4), G(2,2,2);

m) G(9), G(3,3); e) G(4,3), G(2,2,3);

%) G(16), G(2,8), G(4,4), G(2.2,4), G(2,2,2,2);

3) G(8,3), G(2,4,3), G(2,2,2,3);

u) G(2,3,5); ) G(4.,9), G(2.2,9), G(4,3,3), G(2,2,3,3);
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1) G(16,3), G(2,8,3), G(4,4,3), G(2,2,4,3), G(2,2,2,2,3);
M) G(4,3,5), G(2,2,3,5): 1) G(9,7), G(3,3,7);

0) G(8,9), G(2,4,9), G(2,2,2,9), G(8,3,3), G(2,4,3,3),
G(272727 73)7

n) G(4,25), G(2,2,25), G(4,5,5), G(2,2,5,5).

1.110. Ecnu C}, — nukindeckas rpymmna mopsijaka k u Z — Gec-
KOHEUYHAs ITUKJINYECKasl I'PYIINa, TO NCKOMOE MPSIMOe pa3JjIoyKeHne
daxroprpymmsr Z2/H umeer sua: a) Co + Oy + Cs3; 6) C3 + Cy;
B) Co+ C5+Cs;1) Ca+ Cy; n) Cy+ Z; €) Ca+ Co 4 Cs; k) Cs;
3) Z+ Z;w) Z; k) Z3)H — mynesas rpynma. VICKOMOTo pazioze-
HUSI HE CYIIECTBYET.

1.111. B) I'pyuna G eauHCTBEHHBIM OOPA30M DPA3JIaraeTcs B
npsiMyto cymmy moarpymi: G = Ay + Ag+-- -+ Ag, tie A; — 1uk-
JIM9ecKasi MOArPYIIa MopsiaKa p;. JIrobas noarpymma H rpyiis:
G, oTnu4Hasi OT HYJIEBO, SIBJISIETCsI TPSIMOI CyMMON HEKOTOPBIX
u3 noarpymi A;. Yucso Bcex moarpyum pasHo 2°.

Ykazamnue. Vcnosnp3oBars MyHKT 6) U IOKA3aTh, 9TO €cid h —
MTOPOXK AN 3j1eMeHT noArpymmnsl H, To H siBisiercst mpsMoit
CYMMOI Tex moarpymi A;, KOTOpbIe COJIEPKAT HEHYJIEBbIE KOMIIO-
HEHTBI 3JIeMeHTa h.

1.112. VYxkazanwme. B) s jokasarenbcrBa pasjoxkenus G =
= H + K B3sTb 11000i1 371eMeHT a1 BHe H, 3aTeMm Jr000ii 3j1eMeHT
ag BHe {H, a1} u T ., n nonoxurs K = {aj,az,...}.

r) Jliobas noarpynuna H nopsika p® pasjiaraercs B IPIMYTO
CyMMYy § IUKJIMIECKUX TOArPyII nopsaka p. Ilycrs 910 paszioxe-
HUE UMeeT BUJT

H = {a1) + (az) + - + (as).

Haxomum aucio Beex cucrem (aq,az, . .., as), OIPEIEJICHHBIX YKa-
3aHHBIM 0Opa3om s Becex moarpymnn H mopsaka p®. Tak kak
a1 # 0, TO I a; uMeeM p’C — 1 Bo3moxkuocreit. Tak kKak as
JIEZKUT BHE IUKJIMIECKOil TTOArpy sl (a1), To s ap umeem pF —
P BO3MOXKHOCTEH U T. . AHAJOMMYHO HAXOJUM YHUCJIO BCEX CH-
creM (a1, a9, ..., as), Jaomux ofny rpyumny H nopszaka p®. Yucio
BCEX TMOAIPYIII MOPsiiKa p° PABHO YACTHOMY JABYX HANJIEHHBIX
qucest.

1.113. Vkazanme. CHagaja pacCMOTPEThb CIydail mpuMapHOi
CPYIIIBI, 32T€M B3ATH PAa3JI0yKEHHEe TI'PYIILI Ha [IPUMapHbIE KOM-
HOHEHTHI U IPUMEHUTH 3a1ady 1.105 6).
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2.1. a) Kosbno. 6) Kosbro. B) Kosbuo. IIpu n = 0 norydaem
HYJIEBO€ KOJIBIIO, COCTOsIIIee U3 OiHOro uucia 0, KOTOpbIil Oymer
eJIMHATIEN KOJIbIA M caM it cebs IpOTUBONOJIOXKHBIM. HyrteBoe
KOJIBIIO He Oy/ieT ImojieM, Tak KaK II0JIe JIOJIKHO COJIepXKaTh 00-
Jee onHoro sjiemenra. 1) Ilose. n) Iose. e) Ilose. xx) Koubro.
3) ITose. u) Koumbuo. k) Iose. a) Kosbuo. M) Kossro. 1) Kosb-
1o. 0) Kosbro. n) Kosbno. p) Marpuipl ¢ palMoHaJIbHBIMUA @,
b obpazyroT mose, a ¢ JEHCTBUTENbHBIMA @, b — KOJIBIO, HO HE
noste. ¢) IloaMHOMBI OT CHHYCOB M KOCHHYCOB U IIOJIMHOMBI OT
OHUX KOCHHYCOB 00OPa3yIOT KOJBIO, 8 OT OJHUX CHHYCOB HE 00-
pasyior. (Ykazanue. B mocseznem ciydae uCHosb30BaTh TO, 4TO
[IPOM3BEJEHNE JIBYX HEYETHBIX (YHKIUN sBJIseTCss (DyHKIMER
YeTHOIA. )

2.2. 1) He o6pazyior. Ykazanue. Vcnoab3ys HempuBou-
MOCTb MHOTOYJIeHa T — 2 HaJ| HOJeM PAIlMOHAIBHBIX YHCe, J0-
KazaTh, 9To /2 - v/2 = /4 He IPUHAICIKUT PACCMATPUBACMOMY
MHOXKECTBY.

2.13. Henurenn nyns umeior Buj (a,0), rae a # 0 u (0,b),
e b # 0.

2.17. Marpuipl, B KOTOPBIX 3JIEMEHT B JIEBOM BEPXHEM YTJIy
OTJIMYEH OT HyJisi, He OyiyT JieBbIMU (HO OYIyT MPABLIMU) JIEJIU-
TeJIIMUA HYJIsI.

2.24. VYkaszanmue. /IByMsi pa3HbIMU CIIOCOOAMU PACKPBITH CKOO-
ku B npoussenenuu (a + b)(e + e).

2.26. Marpurnpl nopsgiaka n > 2 ¢ 3JeMeHTaMu U3 JaHHOI'O
IIOJIsI IIPU YCJIOBUH, YTO BCE CTPOKHU, HAYMHAS CO BTOPOM, COCTOSAT
U3 HyJell, 06Pa3yIoT KOJIbIO ¢ HECKOJbKIMHU JIEBLIMU €IIMHIIIAMUA,
a IPU aHAJOTMYHOM YCJIOBHH JJIS CTOJOIIOB — C HECKOJIbKHAMU
[IPABBIMU €IMHUIIAMU.

2.27. VYkazanue. [lokazatb, 9T0 eciiu a = ae, TO € — eJIUHUATIA.

2.28. a) @ = p B KOJIbIE BBIYETOB 10 MOJLYJIIO p?; 6)a=ps
KOJIBIIE BBIYETOB II0 MO/ p'. 311ech p — Ji0boe 1ejI0e Iuco,
6osbIee 1.

2.30. Ykaszanme. [lyis uncna a + by/—3 Bectu nopmy N(z) =
=2z = a® + 3b?. Joxazarnb, uro N(z1 - 29) = N(z1) - N(z2); ns
mauuoro M > ( cyIiecTByeT JIAIIb KOHEYHOE MHOYKECTBO UUCEJ 2 C
N(z) < M, nenuressiMu eJJMHUIIBI SBJISIIOTCA JUNIb +1, nesmresnb
C HaUMeHbIeil HOpMOit, 6oJibIlieli 1, SBJISIETCS TPOCTHIM.
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2.31. VYkazanme. PaccMOTpeTh pas3ioyKeHus
9 — 21/2 . 21/2 — 21/2 . 21/4 . 21/4 — .

2.35. a) PackpoeM cKOOKHU B IIpOU3BEIEHUN
(ao + a1t + azj + agk)(ao — a1t — asj — agk)

u ipuBeieM noso6ubie. [losyunTes Beipaskenne a3 + a2 + a3 + a3,
Tak Kak i2 = j2 = k% = —1, a ocTaJbHbIE CJIaraeMble COKDAIIa-
I0TCsI, TaK KakK 1 = —Jjt, tk = —ki, jk = —jk.

6) AKCHOMBI KOJIbIIa IIPOBEPSIIOTCS HEIIOCPEICTBEHHOI [01CTa-
HOBKOI1 B ompe/iesienns. JIerko Takzke MpoBEPUTH CIIPABE/JINBOCTH
ceyrorei (popMyJIbl Jijist 0OpATHOTO K h KBATEPHUOHA!

h=! = h/(hh).

B) ByjeM zanucbiBaTh KBATEPHUOH B BHJE CYMMBI <«JI€fiCTBU-
TeJIbHOI» W «MHUMOiII» dyactu: h = hg + h1, rme hg € R, a h; =
= a1t + azj + aszk paccmarpuBaeTcs Kak BEKTODP B TPEXMEPHOM
IIPOCTPAHCTBE C OPTOHOPMUPOBAHHBIM DaszucoMm i, j, k. VI3 ompe-
JIEJICHUsI YMHOYKEHUsI KBATEPHUOHOB CJIEJLYET, YTO

hq = (hoqo — h1 - h2) + hogy + qoh1 + hy X hy, (*)

31ech a - b — ckamsgpHoe, a @ X b — BEKTOpHOE IPOM3BEICHUE
BEKTOPOB.

[Iposepum, 9TO TOBOPOT Ha yroj f BOKPYT' OCH, 3a]1aBA€MOM
€JIMHUYHBIM BEKTOPOM ¥, B MPOCTPAHCTBE <«IUCTBIX» KBATEPHU-
OHOB (C HyJIEBOU JIefiCTBUTEJILHON YacTbio) 3alaercsa (POPMyYJIoil

h — (cos(0/2) + sin(0/2)v)h(cos(0/2) — sin(6/2)v). (*%)
IIpoBepKy mocTaTOIHO CAeATh B ABYX ciaydasax: h =v u h = u,
rjie u — eIUHUIHBIA BEKTOD, [epIeHInKyIapubiii v. Ha ocrasb-
HbIe BEKTOPBI (hOPMYJIa TIPOJIOJIXKUATCS [0 JTUHEHHOCTH.

B nepBom ciyuae geficTue (#%) He MEHSET BEKTOPA V: HCIIOJIb-
3yst (%), MOXKHO IIPOBEPHUTD, YTO

(cos(0/2) + sin(0/2)v)v(cos(0/2) — sin(0/2)v) = v.

Bo BTOpOM Ciy4ae BBIYHC/IEHUs] IPUBOJAT K CJIEAYIOIMIEMY De-
3yJIbTaTy

(cos(6/2) + sin(0/2)v)u(cos(0/2) — sin(8/2)v) =
= cosfu + sinf(v x u),
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T. €. U nepexoauT B cos fu + sinf(v X u), 9TO COBHAIAET C TOBO-
poroM Ha yroJ 6.

Ha dopmyiy (%) MoxkHO ocMoTpeTh nnaue: h — ghqg~!, rie
q — xBatepunon HopMbl 1. Ho KoMmmosumiust conpsizkeHuii mocpe/i-
CTBOM [IBYX KBATEPHHOHOB COBIIQJIAET C COIPSIXKEHUEM IOCPe/I-
CTBOM ITPOU3BEJICHUsT ITUX KBATepHUOHOB. OTCIONA U IOy daeTcs
TpedyeMbIii TOMOMOP(MU3M.

2.36. VYkazanwme. Haittu matpuner F, I, J, K, cooTBeTCTBY-
fomue eauaunaM 1, ¢, j, k 1 mpoBepuTh TaOIUIY YMHOXKEHUS JIJTsT
mx: [? =J? =K?=-E, IJ=-JI =K, JK = -KJ =1,
KI=-IK=.

2.44. Ecim ne # 0 gys jgoboro n # 0 u3 Z, TO ¢ — H30MOP-
dbusm, u p(Z) uzomopduo Z. Ecau ne = 0 gys nekoroporo n # 0
u3 Z u d — HauMeHbIIlee IOJIOXKUTEIbHOE UHCJIO, JJIs KOTOPOI'O
de =0, 1o ¢(Z) n30MOPMHO KOJIBILY BHIYETOB 110 MOILYJIO d.

2.45. a) Upeasn; 6) mOIKOJIBIO; B) HWieas; I') He SBJSIETCS
HOAIPYIION &IUTUBHON IPYIIILL; JI) IOAKOJBIO; €) HOAPYIIIa
QJUIUTUBHONM IPYIIIBI; 2K) MIEaJT; 3) HOAKOJbIO; U) UIeAJT; K) Uile-
aJI; JI) He ABJISIETCs HOAIPYIIION aJJINTUBHON TPYIIIIbL.

2.62. Vkazanme. Ilyctb @ — ssleMeHT KOJIbIIA, OTJIUYHBIN OT
uynsa. IlokazaThb, 9T0 COOTBETCTBHUE X — X, TJ€ & — JIIODOH dJ1e-
MEHT, $IBJISIETCSI B3AWMHO OJTHOZHAYHBIM OTOOpa’KEHHEM JTAHHOTO
KOJIBIIA Ha ceDsl.

2.65. (5 + 9V2 — V/4). Ykasanue. [l1s1 joKasaTeNbCTBA
OJIHO3HAYHOCTH MCHOJIB30BATH HEIPUBOIUMOCTh MHOTOUJIeHa 17 —
2 HaJ| moJIeM pAIMOHAIBHBIX dncest. Jjis oThICKaHusi 0OPaTHOTO
9JIeMEHTa IPUMEHUTH METOJI HEOIPEIeJIEeHHBIX KO3 MUITNEHTOB.

2.66. 27! = 1=(34 + 14V/5 + 13/25).

2.67. Ykazauwme. cmonpb30BaTh, 9TO HEMPUBOJIUMBIH MHOTO-
“YJIEH B3AUMHO IIPOCT C JIIOOBIM MHOTOYJIEHOM MEHBIIeHl CTereHu.

2.68. 7! = (101 + 37a + 4a?). Ykazanue. Iycts ¢(z) =
= 22 — 2 + 3. MeromoM Heolpe/eIeHHbIX KO3(DMUIIEHTOB Hail-
TH MHOTOWIEHBI f1(x) mepBoit creneHu u i () BTOPOI creneHu,
yaosaersopstoriue pasenctsy f(x)fi(x) + p(x)e1(z) = 1, u no-
JIOXKUTH B 9TOM PaBEHCTBE T = (.

2.71. VYxkazanme. PaccMoTrperh 00pas3bl €IUHUIBI, TEJIBIX U
JIPOOHBIX HHCET.

2.72. Vxkazanme. [lokasars, ITO MOJTOKUTETHHOE TUCTO, KAK
KBaJpaT JEHACTBUTEIBHOTO YHCJIA, [IEPEXOUT B IOJOKUTETHHOE.



206 OrBerbl, yKa3aHHUsI, PEIIeHUs

BareM J0Ka3aTh, 9TO JI0O0E JIEHCTBUTEIBHOE YUCIO IEPEXOIUT B
cebsi, UCIOJIb3Ysl TO, UTO JIF0OOE PAIMOHAIBLHOE YUC/IO EPEXOIUT
B cebs, U TO, YTO MEXKJLY JBYMsl PA3JIMYHBIMU JEHCTBATEILHBIMI
YUCJIAMU JIEXKUT PAIMOHATIBLHOE YUCIIO.

2.73. Bo03MOXKHBI JIUIIL JIBa TAKUX aBTOMOP(MU3MA: TOXKJIe-
CTBEHHBII U [EePeBOLAIINN KaKJ0€ YUCJIO B COIIPAZKEHHOE.

2.78. Orser: a(™™) — 1. Vkazanue: cM. JOKa3aTeJIbCTBO TEO-
pembr 3.37.

2.79. a)x+2;6) 1.

2.80. a) 1;6) bx + 1.

2.81. a) 2?4+ 2 —1;6) 1.

2.84. O6oznaunm depe3 (G Tpymiy OOPATHMBIX JIEMEHTOB
kosbita Z/(p"). Tak kax |G| = (p — 1)p"~!, us Teopembl 0 Ko-
HEYHBIX abeJsIeBbIX IpyIiax 3akmodaeM, 9o G =2 A x B, rae A
COCTOUT U3 3JIeMEHTOB (G, MOPSIIKKA KOTOPBIX neidar p— 1, a B — u3
seMenToB G, TIOPSIKH KOTOPBIX JeasaT p™ 1, mpuuem |A| = p—1,
|B| =p" 1.

Tenepb paccMOTPUM TIOCJIEI0BATEIBHOCTD

Hy>oHD>...H,_1 = {1}
moarpynn B G, e
Hy = {1+ prtia}.

W3 dbopmyser bunoma u HepaBencTB 3k > k+ 2, 2k +2 > k + 2,
CIpaBeIuBbIX 1pu k > 1, moaydaem

(l—i—pkx)p = 1+pk+1x—|— <§)p2kx2 = 1+pk+1x (mod pk+2) (%)

((5) memurcs ma p® npu p > 3).

PasencrBo (x) osmadaer, uro obpa3 Hi_1 Ipu BO3BEJEHUN B
crerenb p yiexkuT B Hy, Ho He jexut B Hy 1. [losromy B Hy ecTpb
ssieMeHT rnopsiaka p" ', 3uaunt, B = Hy u B — IUK/INYECKas.

Ipymna A usomopdua G/B = G/Hy. Ho nocnennss rpyn-
8 COBLAJAET C IPYNNOl rpymmoil obpaTuMbIx sjemeHToB Z/(p),
KOTOpast sIBJISIETCS MYJIbTUILIMKATUBHON IPYIIION MOJIsI U IIOTOMY
MUKJINIeCKas TopsaaKa p — 1.

Tenepp mukanaHocTh G ciemyer u3 Toro, 4ro G sIBAAETCS
IPSIMBIM [TPOU3BEIEHNEM [UKJIMIECKUX TPYIIT B3AUMHO IPOCTHIX
HOPSIJIKOB.
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2.86. 6) YerbIpe CMeXKHBIX KJIACCa, COCTOSIIIME U3 Yucet a+ bi
co cpoficrBamu: 1) a u b gernnr; 2) a 4erno, a b Hederno; 3) a
He4yeTHO, a b uerHo; 4) a u b HederHsl; B) Kjacc B, comepxaruii
1+ i, aBagercs gemureneM myid, mpudem B2 = 0.
3.4. Pemum ypasuenume 103z + 73y = 1 B 1esnbIx uunciax
pacumpenabiM ajaropurMom Eskimna (em. ¢. 108).
Brorauciienust yo6HO cBecTr B TaOJIUILY

Qi | Qi+1 | Gi+1 z Y
103 73 11-901|37—-1-(-90) =127
73 30 2 37| —16—2-37=-90
30 13 2| —16 5—2-(—16) =37
13 3 ) -1-3-5=-16
4 1 41 —1 )

IMosyuaem orser y = 127 = 24 (mod 103).

3.5. Ilo mojymio 3 cucreMa HECOBMECTHA, & [0 MOJLYJIIO 5 OHA
UMeeT eMHCTBEHHOe pelrenne & = 2, y = 3, z = 2.

3.6. Ilo momysio 5 cucrema HECOBMECTHA, & 110 MOJLYJIIO 7 OHA
MMeeT eJUHCTBEHHOE pelrenne r = 2, y = 6, 2 = 5.

3.7. Ilpu p = 2 xBagparuuHbIX BbIYeTOB Gosbine (1 > 0).
IIpu p > 2 KOJIMIECTBO KBAIPATUIHBIX BEIYETOB U KBAIPATUIHBIX
HEBBIYETOB OJMHAKOBO.

[TockombKy (—a)? = a?, Bo3BejieHHMe B KBAJIpaT ClAPHBAET
HeHyJIeBble 3JIeMeHThl. B Tose y ypasHenus 2 = a He 60/b-
e 1Byx KopHeil. [TosToMy KBaJIpaToB Cpe/i HEHYJIEBBIX BHIYETOB
POBHO ITOJIOBHHA.

3.8. Bce nenysenbie asiemenTs! oyt GF(p) gaBiasgores Kop-
HsIMA MHOTOYJIEHA

Pl 1= (x(p—l)/2 _ 1)(33(10—1)/2 +1).

Ho ns moboro BhIUeTa a MMeeM a = 2,

=Pl =1 IloaToMy KBajpaTUIHBbIE BHIYETHI — 3TO B TOYHOCTH
kopuu Muorowiena ¢P~1/2 — 1, a xBajpaTudHbBIe HEBBIYETHI —
KopHHI MHOrouwieHa xP~1)/2 4 1.
3.9. —1.
3.10. 0.
3.11. Jlna p = 2 yTBep:KIeHNe TPUBHAJILHO. PaccMoTpuM city-
qait mpocroro p > 2. HeHyjieBble BBIUETHI 110 MOJLYJIIO P SIBJISTFOTCS

sraunT qP~1/2 =
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kopuamu ypasaennst 2P~ —1 = 0 B mose GF(p). JIpyrux KopHeit y
9TOro ypaBHEHUs HeT (MHOTOYJIEH cTeleHn p — 1 umeeT He 6oJIbIne
p — 1 xopus). ITo Teopeme Buera npousseenne Bcex HEHYJIEBBIX
BLIUETOB PABHO CBOOOJHOMY wieHy (Tak Kak p — 1 4eTHO).

3.13. 2006-e cTerenn HEHYJIEBBIX BEIYETOB 0OPA3YIOT IIOATDYII-
1y MyJbTUILIMKaTuBHOM rpynusl nois GF(17). Tak kak 2006 He
nemures Ha 17—1 = 16, sra rpynma cobcrsennas. [Tosromy cymma
U3 YCJIOBUSI 33JIa9U MO0 MO0 17 paBHa HEKOTOPOMY KPATHOMY
CYMMBI 110 3JIEMEHTaM IOAIPYIIbI MYJIbTUIVIMKATUBHON IPYIIIIbI
uagekca k > 1. DTu 2jeMeHTbl, U B TOYHOCTH OHH, SIBJISIIOTCSI
kopusMu ypasuenus ¥ — 1 = 0. Ilo Teopeme Buera mx cymma
paBHa 0.

3.19. a) Pemenue. IIpeanonoxum, aro f(z) u g(z) umeror Ha
nojieM Q obmwmit genmrens d(x) nmosoxuTebHON crenenu. Torma
f(z) = a(z)d(z), g(x) = b(z)d(z), toe a(x), b(x), d(z) — mHO-
rousennl Hagl Q. BeiHoca obiue 3naMenaTesn n odmume Hanbob-
e JeJIUTe/ I 9ucjuTeiel Koa(OUIUeHTOB U IPUMEHsIS JIEMMY
Taycca 0 HPOM3BENEHUN NPUMHUTHBHBLIX MHOIOWICHOB, IIOJIyYUM:
f(x) = a1(z)di(z), g(x) = b1(x)d1(x), roe Bce MHOrOUIEHBI Me-
10T 1eable KodddunuenTsl, crenensb di(z) paBHa crenenu d(z)
u crapumii koaddunuent di(x) He genurca Ha p. Ilepexonsa x
HOJII0 BBIYETOB II0 MOJIYJIIO P, HOJLydIUM OBIIuil [esuresb 1o-
JoxkuTeIbHON crenenu st f(z) m g(xz) Ham TUM IOJIEM, YTO
HEBO3MOXKHO.

6) Muorounens! f(z) =z, g(x) = x + p B3aUMHO IPOCTHI HAJL
HOJIEM PAIMOHAJIBHBIX YMCEJ U PABHBI X, T. €. HE B3AUMHO [IPOCTHI,
HaJl I0JIEM BBIYETOB [0 MOJYJIIO P.

3.20. Vxkazanwe. Eciu f(z) u g(x) B3auMHO OPOCTHI, TO, 1O-
ayaus paseHcrBo f(z)u(z) + g(z)v(x) = e, rme u(x), v(z) —
MHOTOYWIEHBI C IEJBIMU KOI(MDPUIMEHTAMIA U ¢ — IIeJI0€ UHUCJIO,
JI0Ka3arh, 9o f(x) u g(x) B3aUMHO LPOCTHI HAJL IIOJIEM BBIYETOB
mo J1I0b0My TPOCTOMY p, He mensinemy c. [Ipm moxasareabcTse
00paTHOTO yTBEPXK/IEHUs UCIIOIH30BATh 3a1a41y 3.19.

3.21. VYkazanwme. IIpumenas nemmy l'aycca, u3 pazmorkeHus
f(x) ma nBa MHOXKHUTENS C PAIMOHAJLHBIMU KOI(DdUIMEHTAMY
HOJIyYUTh PA3JIOXKEHUe Ha JIBa MHOXKHTENS C HeJbiMu Koabdu-
nuentamu. Muorodnen f(z) = pr?+ (p+1)z+1= (pr+1)(z+1)
IPUBOJMM HaJl II0JIEM PAIMOHAJBHBIX YUCEJI, HO 110 MOJYJIIO D pPa-
BeH = + 1 U, 3HAYUT, HEIIPUBOIUM.
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3.22. Pemenne. CHavasa JoKakKeM JIeMMYy U3 T€OPUHU T'DYIIIL.
Ecin npa symemenTta a u b nukimaeckoit rpynmnbl G He sSIBJISIOTCS
KBaJIpaTaMu, TO UX IIPOU3BEJEHNE SIBJIsieTCs KBaJpaToMm. MHOXKe-
ctBo H anementoB u3 (G, SBJSIOMNXCS KBaJpATaAMU, €CTh I0/I-
rpyuna. ®akroprpynna G/H — mukianydeckas. Ecau D = dH —
ee mopoxkamomuit, To u3 d> € H caenyer D? = d*’H = H.
Buauut, wiu H = G, wm G/H — rpyumna Broporo mopsjika u
ab € aH -bH = H, T.e. ab ecTb KBaIpar.

Orciofa citeryer, 9To 1o JIIoOOMY IPOCTOMY MOJLYJIIO P OJTHO U3
qncen 2, 3, 6 cpaBHUMO ¢ KBaapaTroMm. B camowm peste, ipu p = 2
uveem 2 = 02, npu p = 3 Takke 3 = 02. Ecom p > 3, o 2
“ 3 MOXKHO PaCCMATPUBATh KAK 3JIEMEHTHI MYJIbTUILIUKATHBHOM
rpymmnbl G moJist BeraeToB mo mogyiito p. CorsracHo Teopeme 3.44
rpynna G — OUKJIAYecKasi U [0 JIeMMe, JIOKA3aHHON BBIIIe, eCJId
2 m 3 — me KBaJpaThl, TO 2 - 3 = 6 — KBaxpaT. Muorowren

(z—V2-V3)(x—V2+V3)(x + V2 - V3)(z + V2+V3) =
=z - 1022 +1

HEIPUBOIUM Ha/JI TI0JIEM PAIMOHAIBHDBIX YUCET, TAK KaK JIMHEHHbIE
MHOXKUTE/IA ¥ UX [TPOU3BEJICHUS 110 JBA HE ABJISIOTCS MHOTOY/ICHA-
MU € palpoHaJgbHbiMu Koddduimentamu. [lycrs GF(p) — none
BBIUETOB 110 POCTOMY MO0 p. 110 J0KAa3aHHOMY CYIIECTBYET
snement a € GF(p), ana Koroporo a? 2, wm a® = 3, wm
2=6.

Ecma a? = 2, to 2* — 1022 + 1 = (2% + 2az — 1)(2? — 2az — 1);
ecn a? = 3, to 2t — 102? + 1 = (2 + 2az + 1) (22 — 2ax + 1);
ecmn a? = 6, o vt — 1022 + 1 = (a:2—|—2a—5)( 2 -2a-5).

3.28. JIsa. Ypasuenne 223 — 2" — 1 = 0 umeer B 1oJie GF( )
CTOJILKO YK€ pelienuii, cKoabKo n ypasrenne x30 — 14 —1 = 0
(aBromMopduzm Ppobernyca). Vcnomssys pasenctsa 1° = 1 u
+1 = —1, ynpoctumMm ypaBHeHHE

2
_ z¢+x+1
2 g =gl 1=
x

[Mone GF(2%) conepwxut noamosne GF(22), B KoTOpoM y MHOTO-
wiena ¢2 + z + 1 1Ba KOpH:I.

3.29. Ilpomssommas monoma (1) = na"~! ToxmecTBeHHO
pasua 0 Tosbko ecau p | n. IlosroMy mokasarenu cremeneit Bcex
MOHOMOB MHOrouwleHa f mensit p, 3uaunt f(z) = g(aP) = gP(x).
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3.30. Ecju muOrowieH f B3aWMHO IIPOCT CO CBOEH MPOM3BO/I-
HOH, TO (yTBep}K,HeHI/Ie 3.47) OH 4BJISIETCHA IPOU3BEACHUEM HEIIPU-
BOJMMBIX MHOI'OYJICHOB fl B HepBOf/'I CTEIIeHU

f=fH-fo- i fi.

ITo xuraiickoii Teopeme 06 ocrarkax Fz|/(f) = Flz]/(f1)®
@F[x]/(f2)...® Flz]/(fi). Kaxaeiii comrOX)UTETH B 9TOH CyM-
Me fBJIeTCs 1ojieM (Tak Kak f; — HEeNPUBOJUMBIE). Y paBHEHUE
aP = x umeer p KOpHE# B JOOOM HOJI€ XapAKTEePUCTUKY P (B TOU-
HOCTH 3JjieMeHThI ooyt GF(p), Koropoe ecTh B JIIOGOM IOJIe
xapakrepucTuku p). Ilosromy uuciio pemenuii ypaBuenus P =
B Kosbne F[x]/(f) pasno p.

3.31. Hcnonb3yem obo3HadeHust mpenbiaymeit 3agagaun. Ko-
PEHDb ¥ MOXKHO 33JIaTh MOCJIEJ0BATENBHOCTBIO U1, . . . , Uy, OCTATKOB
or Jlesienus v Ha f; (kurajickas reopema). Tak kak vP = v, 10 v; €
{0,1,...,p—1}. Ecsm Bce v; oguuaxoser, To v € {0,1,...,p—1}.
Bes orpannuenus obmuiHoCTH cUnTaEM, 9To vy # vo. Torma v — vy
penurcs Ha f1 u He gemurca Ha fo. Iostomy (v — vy, f) # 1.

3.32. MoxkHO, HAITpUMED, UCIOJIH30BATH NHTEPITOJISIITMOHHBIH
muorouwieH Jlarpauxka (3.7):

[loecrpo o (@ =)

f(x) = f(a) .
’ ae;%p") Mhecrom @@ =0

3.34. (z+1)3(22+z2+1).
3.35. (x+ 3)(2? + 4z + 2).
3.36. (22 +1)(22 +2+2).

3.37. (2?2 + x4+ 1)(2? 4+ 2z +4).

3.38. fi=a2 fo=2?+1=(x2+1)?, fs=2+z=z(x+1),
f1 = 2%+ x + 1 HenrpuBoMM.

3.39. fi=12% fo=a23+1= (2+1)(2®>+a2+1), s=2+a =
=ax(x+1)?% f1 = 22 +22 = 22(z+1), f5 = 23+ 2+ 1 menpusomnm,
fo = 3 + 2% + 1 menpusomum, fr =23 + 22+ =2(2? + 2+ 1),
fa=2®+22+r+1=(x+1)>3

3.40. fi=22+1, fo=2?4+2+2, fy=a2+20+2.

3.41. fi=2>+20+1, fo =23 +20+2, f3 =23 + 22 + 2,
fa=a22+222 41, fs=a3+22+2+2, fs=a>+22+ 22 +1,
fr=a3 4202+ 2+ 1, fg=a3+22% + 22+ 2.
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3.48. Hykno maitrn namvenbiee k taxoe, aro 19 | 28 —1 o,
ato To xKe camoe 28 =1 (mod 19). Taxoe k Hy»HO HCKATH cpe/
nemareseit 19—1 = 18. Tak kax 2° = 2:162 = 2:9 = —1 (mod 19),
a20=4.2* = —12 (mod 19), To HE O/UH COOCTBEHHDIIT ICTHTEID
18 He moaxomur.

OTBeT: UCKOMOE T10JI€ UMEEeT 9JIEMEHTOB.

3.50. Paccmorpum nosie F' = GF(p)/(f), deg f = n. Knacc
BbIUeTOB @ = {x} sBJIsIeTCs KopHeM ypasHeHus: f(x) = 0 B 9TOM
noste. Ilo Teopeme 3.41 ocrajbHBIME KOPHSIMU 3TOIO ypPaBHEHUs
6yayT o . MHOXKECTBO KOPHEIl 9TOr0 ypaBHEHUs COXPAHSIETCS TP
JeficTBUHN JI000T0 aBTOMOP(U3MA.

JIroboit aBromopdusm @: F — F 1epeBOauT 3JeMEeHTHI MO/~
nosia GF(p) C F B cebs (tak ¢(1) = 1). Eciau p(a) = a, To Toraa
(0 — TOXKJIECTBEHHBIN, TAK KAK BCE JIEMEHTHI MOJI BHIPAYKAIOTCS
gepe3 1, a. 3Ha4nT, ecTh He Goslee OTHOIO aBTOMOpdU3MA, Iepe-
somstmiero o B o . Ho onun Taxoi aBTOMOP(MU3M TOYIHO €CTh —
9TO i-s1 cTeneHb aBroMopduzma Ppobenruyca.

Wrak, MBI 0Ka3a/d, 9T0 HUKAKUX aBTOMOPMOU3IMOB 1oJist F',
Kpome crerneneil aBromopdusma Ppobennyca, y mojs F Her.

3.51. PaccMoTpuM TpexMepHOe BEKTOPHOE IIPOCTPAHCTBO F3
maj mosieM F' u3 g smemenToB. «ToukaMmuy TPOEKTUBHOM MJIOCKO-
CTHU TIOPSIKa ¢ 6YIYT OXHOMEPHBIE HOMIPOCTpaHcTBa F'3, a «Ips-
MBIMIU» — JBYMEpHBIE TOAIpOocTpaHcTBa. OTHOINEHEe WHITAIEHT-
HOCTH <«IIpsIMasl IIPOXOJUT dYepe3 TOUKY» 3a/aJIUM OYEBUTHBIM
00pa3oM: ecju OJHOMEPHOE IOAIIPOCTPAHCTBO V COMEPKUTCH B
nBymepHoM nojmpocrpancrse W, to W npoxonut uepes V.

IIpoBepuM BBITIOTHEHE CBOCTB KOHEYIHOH MMPOEKTUBHOM TI/TOC-
KOCTH.

JI1obble Ba HECOBIA/AIONINX OJHOMEPHBIX IOJIIPOCTPAHCTBA
Vi, Vo comepxkarcs B aBymMepHOM mosnpocrpancTse Vi + Va, co-
CTOSIIIIEM U3 JTUHEHHBIX KOMOMHAIMI X BEKTOPOB. JI1000e npyroe
MTOIIPOCTPAHCTBO, cojepxkaiiee Vi u Vi, MOMKHO CONEpKATh U
V1 4+ Va. Orciona ciaemyer, 9To depes JIo0ble JBe Pa3InIHbIe «TOY-
KI» IPOXOUT POBHO OJHA «IIPSIMaST» .

JlBa pa3IMYHBIX JBYMEPHBIX moampocTpancTsa Wy # Wa 06s-
3aHbI IIePeceKaThCs 110 HeHy IeBOMY BeKTopy (uHade B F'° mamioch
6bl deTbipe JIMHEHO He3aBUCHMBIX BekTopa). OTcioma cieiyer,
9TO JIIOObIE J[BE€ PA3JIMIHBIE <IPSIMbBIE» IMPOXOIAT Yepe3 OJHY
«TOYKY».

218
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BbIGepeM HEKOTOPOE OJHOMEDHOE IIOJIIPOCTpancTBo V. C F3.
Ha daxroprpynme F3/V ecTecTBeHHO BBOJUTCA CTPYKTYpPa
BEKTOPHOI'O IIPOCTPAHCTBA HAJ oJieM F', 5T0 mpoCTpaHCTBO JIBY-
Mepro. Kanomrmaeckuit romomopbusm F? — F3/V yceranasim-
BaeT B3AMMHO OJHO3HAYHOE COOTBETCTBHE MEXKJy OIHOMEDPHBIMU
mopocTpancTBaMu B F2 ¥ JByMepHBIME IIOIPOCTPAHCTBAMMI
B F3, comepxxkamumvu V. Orciona y:Ke ciemyeT, UTO Ha KayKIOi
<IIPSIMO#» JIEKUT CTOJIBKO K€ «TOUEK», CKOJIBKO «IIPSIMBIX» IIPO-
XOJINT Yepe3 JAHHYIO «TOUKY». UTOOBI HAMTHU ITO YHCIIO, 3AMETUM,
YTO OJHOMEpPHOE HOJIPOCTPAHCTBO B F2? ONHOZHAYHO 3aaeTcs
JIIOOBIM CBOMM HEHYJIEBBIM BEKTODPOM, M KaK/IOMY TAKOMY IIPO-
CTPaHCTBY NPUHAJJIEXKUT POBHO ¢ — 1 HeHyJsieBoil BeKTOp. Beero
HeHyJIeBBIX BeKTOpoB B 2 mmeercs ¢? — 1 mryk. IlosTomy, Komn-
YeCTBO OJHOMEPHBIX IIOIIPOCTPAHCTB B F2 paBHO

¢ -1
q—1

3.52. a) Ecou a = 0 wiu b = 0, To paBeHcTBo oueBuaHO. st
HEHYJIEBBIX G, b OHO CJle[lyeT U3 TOro, 9TO MHOXKECTBO KBaJIpa-
TOB HEHYJIEBBIX 9JIEMEHTOB 110Jisi 00pa3yeT noarpyiy (uHuexkca 2)
MYJIbTUIINKATUBHOM I'PYIIIBI MOJIA.

6) Tak KaK My/JIbTUILIMKATUBHAs TPYIIIA [OJIS [UKITIECKAs,
KBa/IPAThI HEHYJIEBBIX 9JIEMEHTOB I10JISI ¥ TOJILKO OHHU YIOBJIETBO-
PSIOT PABEHCTBY

=q+ 1.

a1/ — 1.

Ecmu p™ = 4k + 1, To (=1)®"~1/2 = 41, uro u Tpebosasocs.
B) DTO PaBEHCTBO MOBOPUT, YTO B IOArPYIIE U ee (eAUHCTBEH-
HOM) CMEXKHOM KJIacCe OJIMHAKOBOE KOJMYECTBO HJIEMEHTOB.
r) Bruag a = 0 B cymmy nynesoit. Ecam a # 0, To 3anumem
a+b=acmu

> x(@)x(a+b) = x(a)x(ac) =

a#0 a#0
S CNONCES DY (RS B
a#0 a#0

ITpu a # 0 BeIpazkenue b/a IPUHAMAET BCE BOZMOXKHbIE 3HAYECHHS,
kpome 0. ITosTomy mociemmsss cymMMa OTJIMYAETCH OT CYMMBI K3
nyskTa B) Ha —x(1) = —1.
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3.53. IlpuBoaumast HIKe KOHCTPYKIMs Marpul, Aqamapa Ha-
3biBaercst Koncrpykupeit [edsun (em. [18]). Ona ucnosb3yer cBoii-
CTBa KBaJIPATUYHBIX BBHIYETOB B IPOU3BOJILHOM KOHEYHOM IIOJIE,
copMyJIMpOBaHHBIE B IIPEAbIAYINEH 3a1ade.

Buauasie mocrpoum marpuiy @ nopsiaka pt, CTPOKHU U CTOJIO-
IIbI KOTOPOM MHJIEKCHPOBAHBI JIeMeHTaMu 1oJst F' u3 p'™ 3j1eMeH-
toB. [loaraem Qqp = x(a — b).

Tak kak p™ 4+ 1 =0 (mod 4), ro x(a —b) = x(—=1)x(b—a) =
= —x(b — a), r.e. Mmarpuna () sABJIETCH KOCOCHMMETPUYECKOIL.
Kpowme Toro, BeimostHsI0TCS MATpUIHbIE paBeHcTBa QJ = JQ = 0,
rjie J — MaTpula U3 OJHUX €JINHUIl. DTH PABEHCTBA B TOYHOCTHU
O3HAYAIOT, YTO B KaXKJOW CTPOKE M KAXKJOM CTOJIONE KOJMIECTBO
+1 paBuo kosmvectBy —1 (IyHKT B) OpeabLayneii 3a1a4m).

Teneps mposepuyM, urto QQT = p™I — J. Jlas quaroHaIbHbIX
9JIEMEHTOB I10JIy YaeM

(QQT aa - Z Qab - 17

a JIJIsl BHEIMATOHAJIbHBIX IIPUMEHsIEM DABEHCTBO U3 ILYHKTA I') IPebl-
AyIiei 3a1a4m:

ZQachc—ZXCL—C b—C)
= Z x@)x(xz+b—a)=-1.
Wckomas maTpuna Anamapa uMeeT BHJ,

1 1
HZ(]_T Q—I)’

rae 1 — CcTpoKa W3 ONHUX €JUHUI] JJIUHBI p'"'. DJIEMEHTBI ITOM
Marpuns! pasHbl 1 10 mocrpoenmo. s HHT uveem

1 1 1 1
w= (e ot ) (i o) =

- (p 0+1 J+(Q—?)(QT—I))

Ho J+(Q-D1)(QT—1)=J+p™I—J-Q—-Q"+1= (p™ +1)I.
[TosToMy BBIMOAHAETCA MCKOMoe pasenctso HHT = (p™ + 1)I.
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— HEIPUBOAUMBIT 132
— TpuMHUTUBHBIN 134
MHoxkecTBO
— BEKTOPOB
—— JINHEWHO
HesaBucumoe 139
—— nopoxjatoniee 139
— MOPOXK,IAIOIIUX 32
Mogens 33
Monon 11

Haunboapmmit obmmit mesmnrens
103
Hopwma 101
— bunapuoro Habopa 170
Hopmamuzarop 26
Hyms 12

O6paz 11
Omnepamus 9
— n-apsas 10
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— OunapHas 9
Opb6ura 48
Orobpazkenne 10
— B3aMMHO OJTHO3Ha4YHOEe 17
— uHbeKkTHBHOE 131
—ma 11
— CIOpBEKTHBHOE 56
— ToxjecTBeHHoe 11
Omubxka pu niepegade 169

[TepBoobpasubrit Koperb 153
IIepecranoska 18
— "HevyeTHas 39
— gyeTHas 39
Iloarpymnma 25
— mHBapuaHTHad 46
— HopMmaJtbHas 40
— MOPOXKJIEHHAST
MHOZKECTBOM 32
— conpsizkeHHas 45
IToakoabio 93
Ilokazarenb rpynmbt 73
ITose 99
— T'amya 128
— BbIUETOB 128
— KOHe4uHoe 128
[Toayrpymma 10
TTopsimox
— rpyunsl 12, 29
— remenTa 23, 29
ITocsienoBarenbHOCTD
dbunurnas 89
IIpeobpazoBanue MaTpHIL
3jieMeHTapHoe 62
IIpumapuasa kommonenta 65
IIpouseeierne 9
IIpousseienue rpymnm
— mosynpsmMoe 59
— aupsamoe 36

IlpenmerHslit yka3zareib

IIpousBomnas MuorodaeHa 155
IIpoobpas 11
IIpocTpamncTBo

— BeKTOpHOe 138

— KOHe4YHOMepHOe 139

— KoopauHaTHOE 139

Pazmoxenne
— I'DYHIBI Ha MOATPYHIBI 58
—— mpsaMoe 58
Pazmepnocts 141
Penykmus muorowrena 134
Pednekcusnocts 42

CsaoiicTBo cokpaTumocTtu 13
Cumsoa Jlexkanapa 168
CummerpuyanocTh 42
Caencrsue (coorHommenuit) 59
Cioso 10

— KojoBoe 169

— mycroe 11
CwmexHbrit Kitacc 27

— JIeBbIl 27

— IpaBbIit 27
Coornorenust 32
Crabuimzarop 47
Crenenb MHOTOWIEHA 89
Cymma 9

— MOATPYIII 58
Cymma mpsimast

— abeJsieBBIX rpymi 57

— Kouterr 87

Tabmuna Kam 14, 34
Tabsuna yMHOXKEHUST — TO Ke,
qro u Tabauna Kaau
Tejo 98
Teopema
— Busbcona 165
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— Komm 81
— Ko 37
— Jlarpamxa 29
— O KOHEYHBIX abesIeBbIX
rpyumnax 66
— OCHOBHasl
—— aarebpsr 133
—— apudmeruku 110
TpamsutuBHOCTD 42
Tpancrozunus 39

QakToprpymima 51-53
QakTopuzarnus 51
Qopmyna Jleiionuma 155
Dynknus Jitnepa (n) 111

Xapakrepucruka 129

enTp 25

IMukuaeckoe
MIOJIIPOCTPAHCTBO 162

Huk1oBoe pazsioxenue 19

ITap Xsmmuara 171

OKBUBAJIEHTHOCTH
(orHOmIEHNE) 42
OKBUBAJIEHTHBIE CHCTEMBI
BeKTOpOB 141
Djement 9
— HUJIBIIOTEHTHBIN 116
— obparumsrit 91, 103
— obpaTubIit 12
— MOPOXKTAtoIIuil 22
— mpoctoit 106
— IPOTUBOIIOJIOKHBIN 12, 17
— cumMeTtpun 20
DJj1eMeHTBI
— accoruupoBaHHble 104
— IIePECTAHOBOYHBIE 72

— colpsizKeHHbIe 42
— cpaBHUMBIE 96
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This book is based on lectures of Yu. I. Zhuravlev that were
read in Moscow Institute of Physics and Technology. The second
part of the course “Discrete Analysis” is devoted to an introduction
to basic algebraic structures: groups, rings and fields.

The central topic is finite fields. They are the very important
tool in applications to combinatorics and computer science. As
an example of application of finite fields, a brief introduction to
error-correcting codes is given.

The book is supplied with large number of problems. Some
of them are mere exercises to check the understanding of basic
material in the book, some provide extra information on the
objects in study.

Level: undergraduates.

Kuura ocnoBana Ha Kypce Jeknuit, npountanubix F0. 1. 2Ky-
paBiéBbiM B MOCKOBCKOM (DU3MKO-TEXHUIECKOM WHCTUTYTE. DTO
BTOpasi 9acTh Kypca « MCKpeTHbII aHa 3> , OHA ITOCBSIIIIEHA, BBe-
JIEHUIO B BBICIIYIO ajreOpy, B Heil pPacCMATPUBAIOTCs OCHOBHBIE
CBO#ICTBa I'pYIII, KOJIEI] U II0JICH.

IlenTpasbHyIo pOJIb UTPAET TEOpUs KOHEUHBIX moJieit. Komed-
HbIE TI0JIS ABJISAIOTCS OJHUM U3 BayKHEHIINX UHCTPYMEHTOB B KOM-
bunaTopuke n Teoperndeckoii nadopmaruke. Kak mpumep mpu-
JIOXKEHUsI KOHEYHBIX IT0JIel ITPUBOIUTCS TEOPUsl KOJIOB, UCIIPABJIs-
IOIUX OIIUOKU.

Kuura comepkut maOrO 337249, HacTh U3 HUX — yIPaKHEHUA
Ha I[IOHMMAHUE MaTepHaJjia OCHOBHOI YaCTU KHUTH, YaCTh JAeT
[IPEJICTABJIEHUE O MTAJbHENINX Pe3yJIbTaTaX B TEOPUU I'PYIIIL, KO-
JIer, U TOJIel.

Kuaura npegnasnadena s n3ydeHuss OCHOB BBICIIEH areOpbl
CTyAeHTaMU MJIamux KypcoB. HanboJtee mojie3Hoil oHa OKayKeTcst
JUIs CTYJIEHTOB, CHENMAJU3UPYIOMNUXCA Ha IPHUKJIAIHON MaTeMa-
THKE.

10. U. >Kypassés,
0. A. ®aépos,
M. H. Baawi
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